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T«t£ ®]ôdLÞdÏ ®ûPLôQ ØVX Y¯ HtTÓ¡\Õ, 

 (iv) ®[dLj§tÏj úRûYVô] YûWTPeLs BeLôeúL 
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YûWVû\Ls. YûLLs. A¦L°u ÁRô] ùNVpØû\Ls. 
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(LôW¦Ls ÁiÓm YÚRp). CÚT¥d LôW¦Ls (LôW¦Ls 
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YhP Y¬ûN Uôt\eLs. úNoÜLs. L¦Rj ùRôÏjR±Rp. 
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ùRôPoØû\L°u NWôN¬Ls. ®¡RØß AÓdÏdÏ¬V DÚßl×j 
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Y¥Ym. ÕûQVXÏ Y¥Ym. ùTôÕ Y¥Ym. ×s°«−ÚkÕ 

YûWVlTÓm ùNeúLôh¥u ¿[m. úSodúLôÓL°u ùRôÏl×. 

CÚ úLôÓLÞdÏ CûPúV Es[ úLôQm. CWhûP 

úSodúLôÓLs. YhPm – ùTôÕf NUuTôÓ. ÕûQVXÏ Y¥Ym. 

ùRôÓúLôÓ. ùRôÓúLôh¥u ¿[m. ùRôÓúLôh¥tLô] 

¨TkRû]. ùRôÓúLôÓL°u ùRôÓ Sô¦u NUuTôÓ. 

YhPeL°u ùRôÏl× – ùTôÕ ûUV YhPeLs. ùNeÏjÕ 

YhPeLs  (23 periods) 



  

 (6) §¬úLôQª§ : A±ØLm. §¬úLôQª§ ®¡ReLÞm 

Øtù\ôÚûULÞm T-®¡ReL°u Ï±ÂÓLs. áhÓd 

úLôQeLs A ± B, UPeÏ úLôQeLs 2A, 3A, A/2. ùTÚdLûX 

áhPp ApXÕ L¯jRp Y¥®p GÝÕRp. ¨TkRû]dÏhThP 
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Ti×Ls. ØdúLôQeL°u ¾oÜLs (SSS, SAA, SAS UhÓm), 
úSoUôß §¬úLôQª§ Nôo×Ls (25 periods) 

 (7) Nôo×LÞm YûWTPeLÞm : Uô±−Ls. Uô±Ls. CûPùY°Ls. 

AiûUlTÏ§. Lôo¼£Vu ùTÚdLp. ùRôPo×. Nôo×. Nôo©u 

YûWTPm. ¨ûXdÏjÕdúLôÓ úNôRû]. Nôo×L°u YûLLs - 

úUtúLôojRp. JußdÏ Juß. NU². úSoUôß Nôo×. CÚ 

Nôo×L°u-CûQl×. áÓRp. ®j§VôNm. ùTÚdLp Utßm 

YÏjRp. Uô±−f Nôo×. ®¡RØß Nôo×. T¥dÏ±f Nôo×. 

RûX¸¯. GiQ[ûYf Nôo×. ÁlùTÚ ØÝ Gi Utßm Áf£ß 

ØÝ Gi Nôo×Ls. Ï±fNôo×. Jtû\lTûP Utßm 

CWhûPlTûPf Nôo×. §¬úLôQª§f Nôo×Ls. CÚT¥f 

Nôo×Ls. CÚT¥ ANUuTôÓ - NôoTLm Utßm ÅfNLm,  
(15 periods) 

 (8) YûL ÖiL¦Rm : Nôo× GpûX - LÚjRôdLm. A¥lTûPj 

úRt\eLs. Ød¡V GpûXLs. Nôo©u ùRôPof£ - JÚ ×s°«p. 

CûPùY°«p, ùRôPof£Vt\ Nôo×. YûLÂÓ-LÚjRôdLm - 
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Nôo×¨ûX ¨Lr RLÜ. áhÓ ¨Lr RLÜ. úTnv-u úRt\m 

(¨ìTQªu±) G°V LQdÏLs,  (12 periods) 
 
 



  

ùTôÚ[PdLm  

TdL Gi 

7. Nôo×LÞm YûWTPeLÞm 1 

 7.1 A±ØLm 1 

 7.2 Nôo×  5 

  7.2.1 Nôo©u YûWTPm 10 

  7.2.2 Nôo×L°u YûLLs 11 

 7.3 CÚT¥ ANUuTôÓLs 30 

8. YûL ÖiL¦Rm 39 

 8.1 Nôo× GpûX 39 

  8.1.1 £X A¥lTûPj úRt\eLs 42 

  8.1.2 £X Ød¡V GpûXLs 45 

 8.2 Nôo©u ùRôPof£ 56 

 8.3 YûLÂÓ-LÚjRôdLm 62 

  8.3.1 YûLdùLÝ-LÚjRôdLm 64 

  8.3.2 Yû[YûW«u NônÜ 66 

 8.4 YûL«Pp Øû\Ls 72 

  8.4.1 A¥lTûPf Nôo×L°u YûLdùLÝd LôQp 73 

  8.4.2 úSoUôß Nôo©u YûLdùLÝ 86 

  8.4.3 UPdûL êXm YûLdùLÝd LôQp 90 

  8.4.4 ©W§«Pp Øû\ êXm YûLdùLÝd LôQp 92 

  8.4.5 ÕûQVXÏf Nôo×L°u YûLdùLÝd LôQp 94 

  8.4.6 EhTÓ Nôo×L°u YûLdùLÝd LôQp 95 

  8.4.7 EVoY¬ûN YûLdùLÝdLs 97 



  

9. ùRôûL«Pp  104 

 9.1 A±ØLm 104 

 9.2 JÚT¥f Nôo×Ls - ùRôûL«Pp 108 

 9.3 ùRôûLÂÓ LôÔm Øû\Ls 113 

  9.3.1 ©¬jùRÝ§ ùRôûLd LôQp 114 

  9.3.2 ©W§«Pp Øû\«p ùRôûLd LôQp 120 

  9.3.3 TÏ§j ùRôûL«Pp 136 

 9.4 YûWVßjRj ùRôûL 173 

10. ¨LrRLÜ   185 

 10.1 A±ØLm 185 

 10.2 ¨LrRL®u YûWVû\ 188 

 10.3 ¨LrRL®u £X A¥lTûPj úRt\eLs 194 

 10.4 Nôo×¨ûX ¨LrRLÜ 199 

 10.5 JÚ ¨Lrf£«u áhÓ ¨LrRLÜ 209 

Ï±dúLôs ®]ôdLs 216 

®ûPLs    222 



 1

 

7, Nôo×LÞm YûWTPeLÞm 
(FUNCTIONS AND GRAPHS) 

7,1 A±ØLm  
 RtúTôÕ Sôm L¦Rj§p TVuTÓj§ YÚm Nôo×Lû[l Tt±V 

LÚjÕl T¥YeLû[ B«Xo (Leonhard Euler) (1707−1783) Gu\ úRokR 

L¦R YpÛSo RuàûPV úUuûUVô] BWônf£L°p ØRu 

ØRXôL TVuTÓj§]ôo, Öi L¦Rj§p Nôo× Tt±V LÚj§Vp. JÚ 

Ød¡VUô] LÚ®VôL TVuTÓ¡\Õ. 

 Nôo× Tt±V úLôhTôh¥û] ùR°YôdL. ARtÏ 

úRûYVô]Ytû\ ØR−p LôiúTôm, 
Uô±− Utßm Uô± (Constant and variable) : 
 JÚ L¦Rf ùNVp ØÝûUdÏm JúW U§l©û] ùTßm EÚ 

ApXÕ L¦Vm (quantity). Uô±− G]lTÓm, Ï±l©hP L¦Rf 

ùNV−p ùYqúYß U§l×Lû[ ùT\ CVÛUôß Es[ EÚ®û] 

Uô± GuúTôm, ùTôÕYôL Uô±−Lû[ a, b, c, … Gußm Uô±Lû[ 

x, y, z. Gußm Ï±l©ÓYÕ YZdLm, 
CûPùY°Ls (Intervals) : 
 ùUnùViLû[ Y¥Yd L¦Rj§p JÚ GiúLôh¥u ÁÕ Es[ 

×s°L[ôLd Ï±dLlTÓm, CÕ ùUndúLôÓ (real line) 
Gu\ûZdLlTÓm, 

 
TPm 7. 1 

 R Gu\ Ï±ÂÓ ùUnùViL°u ùRôÏ§ ApXÕ 

ùUndúLôh¥û]d Ï±dÏm, ùUndúLôh¥u EhLQUô]Õ 

Ïû\kRÕ CWiÓ GiLû[Ùm ARu CÚ Eßl×LÞdÏ 

CûPúVÙs[ Aû]jÕ ùUnùViLû[Ùm ùTt±ÚkRôp. ARû] 

JÚ CûPùY° G]Xôm, 

GÓjÕdLôhPôL. 

 (a) x > 6 GàUôß Es[ Aû]jÕ ùUnùViLs x-u LQm, 

 (b) −2 ≤ x ≤ 5 GàUôß Es[ Aû]jÕ ùUnùViLs x-u LQm, 

 (c) x < 5 GàUôß Es[ Aû]jÕ ùUnùViLs x-u LQm 

úTôu\ûY £X CûPùY°Ls BÏm, 

 B]ôp. Aû]jÕ CVp GiL°u LQm JÚ CûPùY°VpX, 

LôWQm. CÚ ®¡RØß GiLÞdÏ CûPúV ùLôÓdLlThP 
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LQj§p úNodLlTPôR GiQt\ ùUnùViLs Es[], CúRl 

úTôuß éf£VUt\ ùUnùViL°u LQØm JÚ CûPùY°VpX. 

CeÏ ‘0’ CpXôûUVôp. CÕ − 1, 1dÏ CûPúV Es[ JqùYôÚ 

ùUnùViûQÙm ùT\ RYß¡\Õ, 

 Y¥Yd L¦RlT¥ JÚ ùUndúLôh¥u ÁÕs[ L§oLs Utßm 

úLôhÓjÕiÓLû[ CûPùY°L[ôLd ùLôs[Xôm, úLôhÓj 

ÕiÓL[ôp Ï±dLlTÓm CûPùY°Ls Ø¥Üß 

CûPùY°L[ôÏm  (finite intervals), L§o Utßm ùUndúLôPôp 

Ï±dLlTÓm CûPùY°Ls Ø¥Yt\ CûPùY°L[ôÏm (infinite 
intervals), CeÏ Ø¥Üß CûPùY° GuTÕ Ø¥Üs[ 

Gi¦dûL«p ùUnùViLû[d ùLôiP CûPùY° G]l 

ùTôÚ[ôLôÕ, 

 JÚ Ø¥Üt\ CûPùY°Vô]Õ. ARu Cß§l ×s°Lû[Ùm 

ùTt±ÚkRôp ARû] ê¥V CûPùY° Gußm (closed interval) 
Cß§l ×s°Lû[ ùT\ô®¥p ARû] §\kR CûPùY° (open 
interval) Gußm á\lTÓm, §\kR CûPùY°ûVd Ï±dL NôRôWQ 

AûPl×d Ï±Vô] “(   )”-I TVuTÓjRlTÓ¡\Õ, ê¥V 

CûPùY°«û] Ï±dL NÕW AûPl×d Ï±Vô]  “[   ]”-I 

TVuTÓjRlTÓ¡\Õ, GÓjÕdLôhPôL. 3∉ (3, 4), 3∈[3, 4] 

CûPùY°L°u YûLLs : 

 Ï±ÂÓ LQm YûWTPm 
Ø¥Üt\ûY  (a, b) 

 [a, b) 

 (a, b] 

 [a, b] 

{x / a < x < b} 

{x / a ≤ x < b} 

{x / a < x ≤ b} 

{x / a ≤ x ≤ b} 

Ø¥Yt\ûY  (a, ∞) 

 [a, ∞) 

 (− ∞, b) 

 (− ∞, b] 

 (− ∞, ∞) 

{x / x > a} 

{x / x ≥ a} 

{x / x < b} 

{x / x ≤ b} 

{x / − ∞ < x < ∞} 
ApXÕ 

ùUnùViL°u 

LQm 
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Ï±l× :  

 ∞ ApXÕ − ∞-I TVuTÓj§ JÚ ê¥V CûPùY°ûV GÝR 

CVXôÕ, CûY CWiÓm ùUnùViLû[ Ï±lTûYVpX, 

AiûUl TÏ§ (A) Ñtßl×\m (Neighbourhood) : 
 JÚ Gi úLôh¥p. JÚ 

×s°«u (ùUnùVi) 

AiûUl TÏ§Vô]Õ   
ùLôÓdLl ×s° SÓl×s°VôLd ùLôiÓ YûWVlTÓm, ªLf£±V 

¿[Øs[ JÚ §\kR CûPùY°VôÏm, 
 JÚ R[j§p. JÚ ×s°«u 

AiûUl TÏ§ Al×s°ûV ûUVôLd 

ùLôiÓ YûWVlTÓm ªLf±V 

BWØûPV JÚ §\kR YhPj RhPôÏm,  
 JÚ ùY°«p. JÚ ×s°«u 

AiûUlTÏ§ Al×s°ûV ûUVUôLd 

ùLôiP ªLf£±V BWØûPV JÚ 

§\kR úLô[UôÏm, 
 

TPm 7. 2 

NôWô Utßm NôokR Uô±Ls (Independent / dependent variables) : 
 ØkûRV YÏl×L°p. Sôm TX ãj§WeLû[ Tôoj§Úd¡ú\ôm, 

CYt±p ©uYÚm £X ãj§WeLû[ GÓjÕd ùLôsL, 

  (a) V = 
4
3  πr3 (úLô[j§u L] A[Ü) (b) A = πr2 (YhPj§u TWl×) 

(c) S = 4πr2 (úLô[j§u ×\lTWl×)   (d) V = 
1
3  πr2h (ám©u L] A[Ü) 

 CeÏ (a), (b), (c)-p r-u TpúYß U§l×LÞdÏ V, A, S Gu\ 

Uô±Ls TpúYß U§l×Lû[ ùTßYûR LY²dLÜm, G]úY V, A, S 

B¡VYtû\ NôokR Uô±Ls Gußm. r R²jÕ ùNVpTÓYRôp 

ARû] NôWô Uô± G]Üm áß¡ú\ôm, ãj§Wm  (d)-p r, h GuT] 

NôWô Uô±L[ôLÜm V NôokR Uô±VôLÜm Es[Õ, 

 JÚ Uô± GkRùYôÚ (Ru²fûNVôL) U§lûTÙm ùTßUô]ôp 

AÕ NôWô Uô± G]lTÓm, 

 JÚ Uô±«u U§l× Ut\ Uô±Lû[ Nôok§ÚdÏùU²p AÕ 

NôokR Uô± G]lTÓm, 

 “ùTtú\ôoL°u CuTm ReL°u ÏZkûRLs úRo®p  ùTßm 

U§lùTiLû[f Nôok§Úd¡\Õ,” 
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Lôo¼£Vu ùTÚdLp (Cartesian product) : 
 A={a1, a2, a3}, B={b1, b2} GuL, LQeLs A, B«u Lôo¼£Vu 

ùTÚdLp A × B G]d Ï±dLlThÓ 

 A × B = {(a1, b1),  (a1, b2),  (a2, b1),  (a2, b2), (a3, b1),  (a3, b2)}  G] 

YûWVßdLlTÓ¡\Õ, 

 CqYô\ôL (a, b), a ∈ A, b ∈ B Gu\ YûL«p AûUkR Y¬ûNf 

úNô¥L°u LQm. A Utßm B Gu\ LQeL°u Lôo¼£Vu ùTÚdLp 

Guß AûZdLlTÓ¡\Õ, 
  Y¬ûNlTÓjRlThP úNô¥L[ô] (a,b)Ùm  (b,a)Ùm UôßTôPô]ûY, 

G]úY ùTôÕYôL  A × B ≠ B × A  
 (a, b) Utßm (b, a) Gu\ Y¬ûNf úNô¥Ls NUUôL CÚdL 

úYiÓUô«u a = b Gu±ÚdL úYiÓm, 

G,Lô, 7.1: A = {1, 2}, B = {a, b} G²p A × B, B × A B¡VYtû\d LôiL, 

¾oÜ :  A × B = {(1, a) , (1, b) , (2, a) , (2, b)} 

   B × A = {(a, 1) , (a, 2) , (b, 1) , (b, 2)} 

ùRôPo× (Relation) : 
 SUÕ Au\ôP YôrdûL«p. CWiÓ SToL°u E\ÜL[ô] ‘ULu 

E\Ü’, ‘RkûR E\Ü’, ‘NúLôR¬ E\Ü’ úUÛm CWiÓ ùTôÚhLû[ 

ùRôPo×TÓjR ‘,,,®Pd Ïû\Yô]Õ’, ‘,,,®Pl ùT¬VÕ’úTôu\ 

YôojûRLû[ TVuTÓjÕ¡ú\ôm, CÚ ùTôÚhLû[ CûQdL 

úYiÓUô«u ‘ùRôPo×’ êXm CûQdLXôm, 

 A, B GuT] CÚ LQeLs GuL, A «−ÚkÕ BdÏ Es[ 

ùRôPo©û] A → B Guß Ï±dLlThÓ “A to B” Guß T¥dLlTÓm, 

CjùRôPo× A × B Gu\ Lôo¼£Vu ùTÚdL−u EhLQUôÏm, 

G,Lô, 7.2:  A = {1, 2}, B = {a, b} G²p A → B Utßm B → AdLô] £X 

ùRôPo×Lû[d LôiL, 

¾oÜ : 

 A-«−ÚkÕ B-dÏ Es[ ùRôPo× A × BGu\ Lôo¼£Vu 

ùTÚdL−u EhLQUôÏm, 

 A × B = {(1 , a) , (1, b) , (2 , a) , (2 , b)}  

 ∴G]úY A × B-u EhLQeL[ô] 

 {(1 , a), (1 , b), (2 , a), (2 , b)}, {(1, a), (1, b)}, {(1, b, (2, b)}, {(1 , a)} 
GuTûY A«−ÚkÕ BdLô] £X ùRôPo×Ls BÏm, 
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 CúR úTôuß B × A = {(a , 1), (a , 2), (b , 1), (b , 2)} Gu\ LQj§u 

EhLQeL[ô]  

 {(a , 1), (a , 2), (b , 1), (b , 2)},  {(a, 1), (b, 1)}, {(a, 2), (b, 1)} GuTûY 

B-«−ÚkÕ A-dLô] £X ùRôPo×Ls BÏm, 

7,2 Nôo× (Function) : 
 ùRôPo©u JÚ £\lTô] YûL Nôo× BÏm, ùLôÓdLlThP 

ùRôPo©p Es[ Y¬ûNf úNô¥L°p. GkR CÚ Y¬ûNf 

úNô¥LÞdÏm JúW ØRp Eßl×m. úYßThP CWiPôm Eßl×m 

CpXôU−Úl©u AkR ùRôPo©û] Nôo× G]Xôm, ARôYÕ Nôo©p 

Es[ Y¬ûNf úNô¥L°p JúW ØRp Eßl×dÏ CWiÓ 

®j§VôNUô] CWiPôm Eßl× CÚdL Ø¥VôÕ. 

 ARôYÕ JÚ Nôo©p a1 = a2, b1 ≠ b2 GàUôß (a1, b1), (a2, b2) Gu\ 

Y¬ûNf úNô¥Ls CPmùT\ CVXôÕ,  

 {(3 , 2), (5 , 7), (1 , 0), (10 , 3)} Gu\ 

ùRôPo©û] GÓjÕd ùLôsúYôm, CeÏ 

GkR®R CWiÓ úNô¥L°Ûm ØRp 

Eßl× NUUôL CÚkÕ CWiPôm Eßl× 

úYßThPRôL CpûX, CRû] ARtÏ¬V 

TPj§u (TPm 7.3) êXm ×¬kÕ 

ùLôsÞRp G°Õ, 
 

TPm  7. 3 

 G]úY CkR ùRôPoTô]Õ JÚ Nôo× BÏm, 

 úUÛm {(3, 5),  (3, − 1),  (2, 9)} Gu\ 

ùRôPo©û] GÓjÕd ùLôsúYôm, CeÏ  
(3, 5) Utßm (3, − 1) Gu\ Y¬ûNf úNô¥L°u 

ØRp Eßl× 3 G] NUUôL CÚkÕ 

CWiPôm Eßl×Ls 5, − 1 G] úYßTôPôL 

AûUkÕs[Õ, (TPm 7.4). 

 

 
TPm 7. 4 

 G]úY ùLôÓdLlThP ùRôPo×. Nôo× CpûX 

 G]úY A Gu\ LQj§−ÚkÕ B Gu\ LQj§tÏ 

YûWVßdLlTÓm Nôo× f GuTÕ. A-p Es[ JqùYôÚ Eßl×  

x-dÏm B-p f(x) Gu\ JÚ R²jR Eßl©û] ùLôÓdÏm JÚ 

ùRôPoTôÏm ApXÕ ®§VôÏm, 

 CRû] Ï±Âh¥p,   f :  A  →  B 

                                i.e.  x  →  f(x) G]d Ï±l©PXôm, 
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 Nôo×Lû[d Ï±dL f, g, h úTôu\ 

GÝjÕLû[ Sôm TVuTÓjÕ¡ú\ôm, 

CqYô\ôL A-«u JqùYôÚ Eßl×m B-«u 

JúW JÚ Eßl×Pu ùLôiÓs[ ùRôPo× 

NôoTô¡\Õ, LQm A-«û] f Gu\ Nôo©u 

NôoTLm (domain) G]Üm B-«û]  
 

TPm 7. 5 

ÕûQf NôoTLm (co-domain) G]Üm AûZdLlTÓ¡u\], A-«p Es[ 

x Gu\ Eßl×dÏ B-«p ùRôPo×s[ f(x) Gu\ Eßl©û]  ‘f-u ¸r x-

u NôVp’ ApXÕ ©mTm (image) Guß AûZlTo, A-«u Aû]jÕ 

Eßl×L°u NôVpL°u LQm.  ‘Nôo× f-u ÅfNLm’ G]lTÓ¡\Õ, 

ÅfNLUô]Õ ÕûQf NôoTLj§u EhLQm GuTûRd LY²dLÜm, f-
u ÅfÑd LQm. ÕûQf NôoTLj§tÏf NUUôL CÚdL úYi¥V 

AY£VªpûX, Nôo×dÏ Be¡Xj§p ‘mapping’ GußùUôÚ ùTVo 

EiÓ, 

G,Lô, 7.3 : A = {1, 2, 3}, B ={3, 5, 7, 8}. A-«−ÚkÕ B-dÏ f Gu\ 

ùRôPo×  f : x → 2x + 1    ARôYÕ   f(x) = 2x + 1 G] 

YûWVßdLlTÓ¡\Õ. G²p 

 (a) f(1), f(2), f(3)  LôiL, 

 (b) A-«−ÚkÕ B-dÏ Es[ ùRôPo×. JÚ Nôo× G]d LôhÓL, 

 (c) NôoTLm. ÕûQfNôoTLm. A-«p Es[ JqùYôÚ Eßl©u 

NôVpLs. f-u ÅfNLm B¡VYtû\d LiP±L, 

 (d) ÅfNLUô]Õ ÕûQf NôoTLj§tÏ NUUô]Rô GuTRû] 

N¬TôodL, 

¾oÜ : 

  (a)   f(x) = 2x + 1 
   f(1) = 2 + 1 = 3, f(2) = 4 + 1 = 5,     f (3) = 6 + 1 = 7 
(b)  CeÏ ùRôPoTô]Õ{(1,3), (2, 5), (3, 7)}  

BÏm, 
 CeÏ A-«p Es[ JqùYôÚ Eßl×m 

JÚ R²jR NôVûX B-«p ùTt±ÚlTûR 

ùR°YôL LôQ Ø¥¡\Õ, G]úY f JÚ 

NôoTôÏm, 

 (c) NôoTLm A = {1, 2, 3} 
   ÕûQf NôoTLm B = {3, 5, 7, 8} 

 
TPm 7. 6 

  1-u NôVp  3 ;  2-u NôVp 5 ;  3-u NôVp 7 
  f-u ÅfNLm {3, 5, 7} BÏm, 
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(d)   {3, 5, 7} ≠ {3, 5, 7, 8} 

  G]úY f-u ÅfNLØm ÕûQf NôoTLØm NUUpX, 

G,Lô, 7.4: 

 ‘d’ Gu\ JÚ RkûRdÏ a, b, c Gu\ êuß ULuLs Es[]o, 

ULuL°u LQjûR A G]Üm RkûRûV JÚ Jtû\Ùßl× LQm B 

G]Üm ùLôiÓ 

 (i) ‘ULu E\Ü’ Gu\ ùRôPo A → BdÏ JÚ Nôo× G]Üm 

 (ii) ‘RkûR E\Ü’ Gu\ ùRôPo× B → AdÏ JÚ Nôo× ApX G]Üm 

¨ì©dL, 

¾oÜ : 

(i) A = {a, b, c},   B = {d} 

  a GuTYo ddÏ ULu 

  b  GuTYo ddÏ ULu 

  c GuTYo ddÏ ULu 
TPm 7. 7 

 CkR E\Ü êXm (a, d), (b, d), (c, d) Gu\ Y¬ûNf úNô¥Ls 

¡ûPjÕs[], CeÏ A-«p Es[ JqùYôÚ Eßl×dÏm B-p JÚ 

R²jR Eßl× ¡ûPdLlùTt±ÚlTûR Lôi¡ú\ôm, G]úY ‘ULu 

E\Yô]Õ’ A-«−ÚkÕ B-dÏ JÚ NôoTôL AûU¡\Õ, 

(ii)  d Vô]Yo adÏj RkûR 

  d Vô]Yo bdÏj RkûR 

  d Vô]Yo cdÏj RkûR 

 CkR E\Ü êXm (d, a), (d, b), (d, c)  
Gu\ Y¬ûNf úNô¥Ls ¡ûPjÕs[], 

CeÏ Y¬ûNf úNô¥L°p  ØRp  EßlTô]  

 
TPm 7. 8 

‘d’ JußdÏ úUtThP 3 Eßl×Ls a, b, cÙPu ùRôPo× 

TÓjRlThÓs[ûUVôp. Nôo©u YûWVû\«uT¥ CkR E\Ü 

NôoTpX, 

G,Lô, 7.5: JÚ YÏlTû\«p 7 ùTgÑLs Es[], AqYÏl©u 

UôQYoL°u Gi¦dûL 35 BÏm, JÚ ùTg£p  6 úTo EhLôW 

CVÛm, UôQYoLs LQj§−ÚkÕ ùTgÑLs LQj§tÏ 

YûWVlTÓm ‘AUoRp’ Gu\ ùRôPo× JÚ Nôo× G]d LôhÓL, 

úUÛm LQeLû[ Uôt±VûUjRôp HtTÓm ùRôPo©u ¨ûX VôÕ? 
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¾oÜ : 
 NôoTLd LQm UôQYoL°u LQUôÏm, ÕûQf NôoTLd LQm 

ùTgÑL°u LQUôÏm, JqùYôÚ UôQYàm JúW JÚ ùTg£p 

UhÓúU AUW CVÛm, úUÛm Aû]jÕ UôQYoLÞdÏm EhLôW 

CPØs[Õ, G]úY Nôo©u ùLôsûL«uT¥ '‘JqùYôÚ UôQYàm 

JúW JÚ (unique) ùTg£u ÁÕ AUo¡\ôu’. G]úY ‘AUoRp’ Gu\ 

ùRôPo× UôQYoL°u LQj§tÏm ùTgÑL°u LQj§tÏm 

CûPúV JÚ Nôo× BÏm, 
 Sôm LQeLû[ T¬Uôt±]ôp ùTgÑL°u LQm. NôoTL 

LQUôLÜm UôQYoL°u LQm ÕûQf NôoTLd LQUôLÜm 

Uôßm, CeÏ JúW ùTg£p JußdÏ úUXô] UôQYoLs 

(©mTeLs) AUW Ø¥Ùm, CÕ Nôo©u ùLôsûLdÏ ØWQô]Õ, 

ARôYÕ NôoTLj§Ûs[ JqùYôÚ Eßl×m JúW JÚ ©mTj§û] 

UhÓúU ùLôi¥ÚdL úYiÓm, G]úY LQeLû[ T¬Uôt±]ôp 

HtTÓm ‘AUoRp’ ùRôPo× JÚ NôoTpX, 

Ï±l× : 
  f :  A  →   B Gu\ Nôo©û] GÓjÕd ùLôsúYôm, 

  ARôYÕ     x  →  f(x).  CeÏ   x ∈ A,  f(x) ∈ B. 
 ‘f(x)’-I ‘f of x’ G]l T¥dL úYiÓm, f Gu\ Nôo©u x-CPjÕ 

U§l× f(x) BÏm, (CÕ f-u ¸r x-u NôVXôÏm) y = f(x) G] Sôm 

GÝÕmúTôÕ. f Gu\ Ï±ÂÓ Nôo©u ùTVûWÙm x GuTÕ NôWô 

Uô±«û]Ùm Utßm y GuTÕ NôokR Uô±«û]Ùm Ï±d¡u\Õ, 

 ùR°YôL. f(x)- p f GuTúR Nôo©u ùTVWôÏm, f(x) GuTRpX, 

B«àm Nôo× f GkR Uô±«]ôp EÚYôdLlThPÕ GuTûR ùR¬kÕ 

ùLôsÞm YûL«p Sôm Nôo©û] f(x) Gußm Ï±dLXôm, 

G,Lô, 7.6: f : R → R Gu\ NôoTô]Õ y = f(x) = x2
 G] 

YûWVßdLlThPôp. Nôo©u ùTVo. NôoTLm. ÕûQf NôoTLm. 

NôWôUô±. NôokR Uô± Utßm ÅfÑLm CYtû\d LôiL, 
¾oÜ : 
 Nôo©u ùTVo-YodL Nôo× 
 NôoTLd LQm - R 
 ÕûQf NôoTLd LQm - R 
 NWôUô± - x. 
 NôokR Uô± - y. 
 x-B]Õ GkR JÚ ùUnùViûQÙm Ru U§lTôLd ùLôsÞm, 

B]ôp CÕ YodL NôoTô]Rôp y-B]Õ ªûL ùUnùVi ApXÕ 

éf£VjûR UhÓúU U§lTôLd ùLôsÞm G]úY f-u ÅfNLd LQm 

Ïû\«pXô ùUnùViL°u LQUôÏm, 
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G,Lô, 7.7: ©uYÚm Nôo×L°p Nôo©u ùTVÚm NôWô Uô±«u 

ùTVÚm LôiL, 

 (i) f(θ) = sinθ (ii) f(x) = x   (iii) f(y) = ey      (iv) f(t) = loget 
¾oÜ : 
  Nôo©u ùTVo NôWô Uô± 

 (i) ûNu (sine) θ 

 (ii) YodLêXm x 

 (iii) T¥dÏ± y 

 (iv) UPdûL t 
NôoTLjûR Uôt±VûUjRp 

      y = f(x) Gu\ Nôo©u NôoTLm ùY°lTûPVôL YûWVßdLlTP®pûX G²p. 

ùLôÓdLlThP YûWVû\ êXm y-dÏ ùUn U§l×Lû[j RÚm. x-u 

U§l×L°u ªLlùT¬V LQm NôoTLUôLd LÚRlTÓm, 

 NôoTLjûR YûLTÓjR ®Úm©]ôp. Sôm ¨TkRû]ÙPu 

NôoTLjûR YûWVßdLXôm, 

 ©uYÚm AhPYûQ. £X Nôo×L°u NôoTLm Utßm 

ÅfNLj§û]d LôhÓ¡\Õ, 

Nôo× NôoTLm (x) ÅfNLm  

(y ApXÕ f(x)) 

y = x2 (− ∞, ∞) [0, ∞) 

y = x  [0, ∞) [0, ∞) 

y = 
1
x  R − {0} éf£VªpXô 

ùUnùViLs 
R − {0} 

y = 1 − x2  [− 1, 1] [0, 1] 

y = sinx (− ∞, ∞) 





− 

π
2, 

π
2   ØRuûU NôoTLm 

[− 1, 1] 

y = cosx (− ∞, ∞) 

[0, π] ØRuûU NôoTLm 
[− 1. 1] 

y = tanx 




− 

π
2, 

π
2   ØRuûU NôoTLm 

(− ∞, ∞) 

y = ex (− ∞, ∞) (0, ∞) 
y = logex (0, ∞) (− ∞, ∞) 
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7.2.1 Nôo©u YûWTPm (Graph of a function): 
 JÚ Nôo× f-u YûWTPUô]Õ y = f(x)  Gu\ NUuTôh¥u 

YûWTPUôÏm, 

G,Lô, 7.8: f(x) = x2
 Gu\ Nôo©u YûWTPjûR YûWVÜm, 

¾oÜ : 

 y = x2
-I ¨û\Ü ùNnÙm £X úNô¥ (x, y) U§l×Lû[ 

AhPYûQlTÓjRÜm, Ï±dLlThP ×s°Ls Y¯VôLf ùNpÛm 

JÚ G°V Yû[YûWûV YûWVÜm, 

x 0 1 2 3 − 1 − 2 − 3 
y 0 1 4 9 1 4 9 

Ï±l×  : 
 úUtLiP TPj§tÏ Sôm JÚ 

úSodÏjÕdúLôÓ YûWkRôp. AÕ 

Yû[YûWûV JúW JÚ ×s°«p UhÓúU 

Nk§d¡\Õ GuTûRd LY²dLÜm, 

ARôYÕ. JqùYôÚ x-dÏm JÚ R²jR y 

Es[Õ, 
 

TPm 7. 9 

Nôo×LÞm AYt±u YûWTPeLÞm (¨ûXd ÏjÕdúLôÓ úNôRû]) 

 Sôm YûWÙm JqùYôÚ Yû[YûWÙm JÚ Nôo©u YûWTPUpX, 

JÚ Nôo× f-B]Õ ARu NôoTLj§Ûs[ JqùYôÚ x-dÏm JúW JÚ 

R²jR f(x) (= y)-I UhÓúU RÚm, Ko úSodÏjÕd úLôPô]Õ 

Yû[YûWûV JÚØû\dÏ úUp ùYhPôÕ, ARôYÕ ‘a’ Gu\ Eßl× 

f-u NôoTLj§p CÚkRôp x = a Gu\ ¨ûXd ÏjÕdúLôÓ f Gu\ 

Nôo©u YûWTPjûR (a, f (a)) Gu\ JÚ ×s°«p UhÓúU ùYhÓm, 

 ©uYÚm YûWTPeLû[ GÓjÕd ùLôsL : 

 
TPm 7. 10 

 y2 = x, (ApXÕ y = ± x )-u YûWTPjûRj R®W Ut\ Aû]jÕ 

YûWTPeLÞm Nôo©u YûWTPeL[ôÏm, B]ôp y2 = x-p x = 2 G] 
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JÚ ¨ûXdÏjÕd úLôh¥û] Sôm YûWkRôp. AÕ Yû[YûWûV 

( )2, 2   Utßm ( )2, − 2  B¡V CÚ ×s°L°p Nk§dÏm, G]úY. y2 = 
x-u YûWTPm JÚ Nôo©u YûWTPUpX, 

G,Lô, 7.9: x2 + y2 = 4-u YûWTPm JÚ Nôo©u YûWTPUpX G]d 

LôhÓL, 

¾oÜ : 

 x2 + y2 = 4 Gu\ NUuTôÓ B§ûV ûUVUôLÜm BWm 2 

AX¡û]Ùm ùLôiP YhPj§û]d Ï±d¡\Õ, 
   x = 1 GuL, 

   y2 = 4 − 1 = 3 

   y = ± 3  
 x = 1 Gu\ U§l©tÏ y-B]Õ  

 3 , − 3 G] CÚ U§l×Lû[l 

ùTß¡\Õ, CÕ Nôo©u YûWVû\ûV 

Áß¡\Õ,  

 TPm 7.11-p x = 1 Gu\ úLôÓ  
 

TPm 7. 11 

Yû[YûWûV  ( )1, 3  , ( )1, − 3   Gu\ CWiÓ ×s°L°p Nk§d¡\Õ, 

G]úY. x2 + y2 = 4-u YûWTPm JÚ Nôo©u YûWTPUpX, 

7.2.2 Nôo×L°u YûLLs : 

1. úUtúLôojRp Nôo× (Onto function) 

 JÚ Nôo©u ÅfNLØm. ARu ÕûQf NôoTLØm NUm G²p 

NôoTô]Õ ‘úUtúLôojRp Nôo×’ G]lTÓm, CpXô®¥p. AÕ JÚ 

‘úLôojRp Nôo×’ (into) G]lTÓm, 

 f:A→B-«p f-u ÅfNL ApXÕ NôVp LQm f(A) B]Õ ÕûQf 

NôoTLm B-dÏ NUm G²p   (f(A)=B) Nôo× f, úUtúLôojRp NôoTôÏm, 

G,Lô, 7.10 

 A = {1, 2, 3, 4}, B = {5, 6}. f Gu\ Nôo× ©uYÚUôß 

YûWVßdLlThÓs[Õ, ARôYÕ f(1) = 5, f(2) = 5, f(3) = 6, f(4) = 6 

G²p f JÚ úUtúLôojRp Nôo× G]dLôhÓL, 

¾oÜ : 

 f = {(1, 5), (2, 5), (3, 6), (4, 6)} 
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 f-u ÅfNLm  f(A) = {5, 6} 
   ÕûQf NôoTLm  B = {5, 6} 
  ARôYÕ f(A) = B 
 G]úY ùLôÓdLlThP Nôo× JÚ 

úUtúLôojRp Nôo× BÏm,  
TPm 7. 12 

G,Lô, 7.11: X = {a, b}, Y = {c, d, e}, f = {(a, c), (b, d)} G²p f JÚ 

úUtúLôojRp Nôo× ApX G] ¨ì©. 

¾oÜ : 
 ùLôÓdLlThP ×s° ®YWeL°uT¥ 

RÏkR TPj§û] YûWVÜm, 
 f-u ÅfÑ = {c, d} 
 ÕûQf NôoTLm = {c, d, e} 
 CeÏ ÅfNLØm ÕûQf NôoTLØm 

NUUôL CpXôûUVôp CkRf Nôo× JÚ 

úUtúLôojRp Nôo× ApX, 

 
TPm 7. 13 

Ï±l× : 

 (1) JÚ úUtúLôojRp Nôo©u ÕûQf NôoTLj§Ûs[ 

JqùYôÚ Eßl×dÏm (NôVp) Juß ApXÕ JußdÏ 

úUtThP ©W§f NôVpLs (pre-image) NôoTLj§p CÚdÏm, 

 (2) úUtúLôojRp (onto) Nôo× Be¡Xj§p ‘surjective’ Gußm 

AûZdLlTÓm, 

YûWVû\ : f Gu\ Nôo× úUtúLôojRp NôoTôL CÚdL 

úYiÓùU²p ÕûQf NôoTLj§Ûs[ JqùYôÚ Eßl× b-dÏm. 

ùRôPo×s[ a Gu\ JÚ Eßl× (ApXÕ JußdÏ úUtThP 

Eßl×Ls) b = f(a) GàUôß NôoTLj§p CÚdL úYiÓm, 

2. JußdÏ Ju\ô] Nôo× (One-to-one function) : 

 JÚ Nôo©u ÅfNLj§Ûs[ JqùYôÚ Eßl×m NôoTLj§Ûs[ 

R²jR Eßl×Pu ùRôPo©û] HtTÓj§«Úl©u AfNôo×. 

JußdÏ Ju\ô] Nôo× G]lTÓm, 

 ARôYÕ NôoTLj§Ûs[ CWiÓ ùYqúYß Eßl×L°u 

NôVpLs ÕûQf NôoTLj§p ùYqúY\ôL CÚdÏm, 

 ARôYÕ. a1 ≠ a2    ⇒    f(a1) ≠ f(a2)    a1, a2 ∈ A,  

 ARôYÕ. f(a1) = f(a2) ⇒  a1 = a2 
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 G,Lô, 7.11-p YûWVßdLlThÓs[ Nôo× JußdÏ Ju\ô] Nôo× 

BÏm, B]ôp G,Lô, 7.10-p YûWVßdLlThÓs[ Nôo× JußdÏ 

Juß ApX, 

G,Lô, 7.12: A = {1, 2, 3}, B = {a, b, c} G²p f = {(1, a), (2, b), (3,c)} G] 

YûWVßdLlThÓs[ Nôo× JußdÏ Ju\ô]Õ G] ¨ì©, 
¾oÜ : 

 NôoTLj§Ûs[ Eßl×L[ô] 1, 2, 3 

B¡VûY ÕûQf NôoTLj§p Es[ 

Eßl×L[ô] Øû\úV a, b, c-ÙPu 

ùRôPoûT HtTÓj§Ùs[Õ, 

 CeÏ f Gu\ Nôo©u¸r A-p Es[ 

ùYqúYß Eßl×LÞdÏ B-p ùYqúYß  

 
TPm 7. 14 

©mTeLs Es[ûUVôp CÕ JußdÏ Ju\ô] NôoTôÏm, 

G,Lô, 7.13: y = x2 Gu\ Nôo×. JußdÏ Ju\ô]Õ ApX G] ¨ì©, 
¾oÜ : 
    x-u ùYqúYß U§l×L[ô]  1, − 1-dÏ 
Sôm y-dÏ ùTßYÕ JúW U§lTô]  

1 BÏm, ARôYÕ NôoTLj§u ùYqúYß 

Eßl×Ls ÕûQf NôoTLj§p JúW 

Eßl©û]f NôVXôLl ùTß¡u\Õ, 

JußdÏ Ju\ô] Nôo©u 

YûWVû\«uT¥. CÕ JußdÏ Ju\ô] 

Nôo× ApX, (ApXÕ)  

 
TPm 7. 15 

  y = f(x)  = x2 

  f(1) = 12 = 1 

  f(− 1) = (− 1)2  = 1 
 ⇒ f(1) = f(− 1)          
 B]ôp 1 ≠  − 1. G]úY CÚ úYßThP NôoTL Eßl×Ls ÕûQf 

NôoTLj§p JúW NôVûXl ùTtßs[Õ,  

 G]úY CfNôo× JußdÏ Ju\ô]RpX, 

Ï±l× : (1) JußdÏ Ju\ô] Nôo©û] Be¡Xj§p ‘injective’ 
Gußm AûZlTo, 

 (2) JÚ Nôo× JußdÏ Ju\ôLÜm úUtúLôojRXôLÜm 

CÚl©u ARû] Be¡Xj§p ‘bijective’ Gußm 

AûZlTo, 
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 (3) GÓjÕdLôhÓ 7.12-p á\lThP Nôo× JÚ 

JußdùLôu\ô] úUtúLôojRp BÏm, B]ôp  

G,Lô, 7.10, 7.11, 7.13-p YûWVßjR Nôo×Ls 

JußdùLôu\ô] úUtúLôojRpLs ApX, 

G,Lô, 7.14. f : R → R Gu\ Nôo× f(x) = x + 1 G] YûWVßdLlT¥u CÕ 

JußdùLôu\ô] úUtúLôojRp G] ¨ì©, 

¾oÜ : 
 f GuTÕ JußdùLôu\ô] úUtúLôojRp G] ¨ì©dL 
 (i) úUtúLôojRp 
 (ii) JußdÏ Ju\ô]Õ G] ¨ì©jRp úTôÕUô]Õ, 
 (i) ùR°YôL. CeÏ ÅfÑdLQm R BÏm, AúR úTôuß 

ÕûQfNôoTLØm R BÏm, G]úY ùLôÓdLlThP Nôo×. 

úUtúLôojRp Nôo× BÏm, (ApXÕ) b ∈ R GuL,  

  Sôm f(b − 1) = (b − 1) + 1 = b BL CÚdLmT¥ b − 1 Gu\ 

Eßl©û] R-p LôQ CVÛm, ∴f JÚ úUtúLôojRp Nôo× 

BÏm, 

 (ii) NôoTLj§p Es[ CÚ ùYqúYß Eßl×Ls. ÕûQf 

NôoTLj§p ùYqúYß NôVpLû[d ùLôiÓs[Õ, G]úY f 
JÚ JußdÏ Ju\ô] Nôo× BÏm,  

  (ApXÕ) f(a1) = f(a2) ⇒ a1 + 1 = a2 + 1 ⇒ a1 = a2 . G]úY f  JÚ 

JußdÏ Ju\ô] Nôo× BÏm, 

3. NU²f Nôo× (Identity function) : 
 JÚ LQm A-«−ÚkÕ AúR LQm AdÏ YûWVßdLlTÓm Nôo× f. 
Aû]jÕ x ∈ AdÏm f(x) = x G] CÚdÏUô]ôp. f JÚ NU²fNôo× 

BÏm, 

 ARôYÕ NU²f Nôo×  f : A → A, GpXô x ∈ A-dÏm f(x) = x  G] 

YûWVßdLlTÓ¡\Õ, NU²f Nôo©û] IA ApXÕ I G] Ï±dLXôm, 

G]úY GlúTôÕm I(x) = x BÏm, 
 

NU²f Nôo©u YûWTPm : 
    NU²f Nôo× f(x)=x-u YûWTPUô]Õ  

y = x Gu\ Nôo©u YûWTPUôÏm, CkR 

YûWTPm y = x Gu\ úSodúLôh¥û]d 

Ï±l©Ó¡\Õ,  
TPm 7. 16 
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4. Nôo©u úSoUôß Nôo× (Inverse of a function) : 

 f Gu\ Nôo©u úSoUôß Nôo× f−1 G]d Ï±dLlTÓm, CRû]  

‘f inverse’G]l T¥dL úYiÓm, JÚ Nôo×dÏ úSoUô±f Nôo× 

YûWVßdLlTP úYiÓUô«u AÕ úUtúLôojRp Utßm JußdÏ 

Ju\ô] NôoTôL CÚjRp úYiÓm, 

 A = {1, 2, 3}, B = {a, b, c, d} Gu\ Nôo©û] GÓjÕd ùLôsúYôm,  
f = {(1, a) (2, b), (3, c)}.  CeÏ NôVpL°u LQm ApXÕ ÅfNLm  

{a, b, c} BÏm, B]ôp CÕ NôoTLm {a, b, c, d}dÏ NUUô]RpX, 

G]úY CÕ úUtúLôojRp Nôo× ApX, 

 ARôYÕ f : A → B G²p f−1 : B → A JÚ NôoTôL úYiÓUô«u 

YûWVû\«uT¥ JqùYôÚ Eßl×m ÕûQfNôoTLj§p JÚ 

NôVûXl ùTt±ÚdL úYiÓm, B]ôp f−1
-u NôoTLUôL AûUkÕs[ 

B-p Es[ d-dÏ NôVp A«p CpûX, G]úY f−1
B]Õ JÚ NôoTpX, 

Nôo× f B]Õ úUtúLôojRp Cu± AûUkRúR CRtÏ JÚ LôWQm, 

 
TPm 7. 17 a 

  f(1)  = a 
  f(2)  = b 
  f(3)  = c 
A-«p Es[ Eßl×LÞdÏm 

NôVpLs Es[],  

 
TPm 7.17 b 

 f−1(a) = 1 

 f−1 (b) = 2 

 f−1 (c) = 3 

 f−1 (d) = ? 
    ‘d’ Gu\ Eßl×dÏf NôVp  

CpûX,  

 úUÛm JußdÏ Juß CpXôR JÚ Nôo©û] GÓjÕd 

ùLôsúYôm, 

 ARôYÕ f = {(1, a), (2, a), (3, b)}, CeÏ A = {1, 2, 3}, B = {a, b} 

 CeÏ ‘1’, ‘2’B¡V úYßThP Eßl×LÞdÏ ‘a’ Gu\ JúW 

EßlúT ©mTUôL AûU¡\Õ, G]úY CÕ JußdÏ Juß CpXôR 

NôoTôÏm, 
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 B]ôp ÅfNLm = {a, b} = B. G]úY úUtúLôojRp Nôo× BÏm, 

 
TPm 7. 18 

   f(1) = a 
   f (2) = a 
   f(3) = b 
CeÏ A-«p Es[ GpXô 

Eßl×LÞdÏm R²jR ©mTeLs 

Es[], 

   f−1(a) = 1 

   f−1 (a) = 2 

   f−1 (b) = 3 
 Eßl× ‘a’dÏ 1, 2 CWiÓ 

©mTeLs AûU¡u\], CÕ 

Nôo©u YûWVû\dÏ 

ØWQô]Õ, 
 CRu LôWQm. GÓdLlThP Nôo× JußdÏ Juß ApX, 

 G]úY, ‘f−1
 ¡ûPdL úYiÓUô]ôp f úUtúLôojRp Utßm 

JußdÏ Ju\ô] NôoTôL CÚdL úYiÓm, CRu UßRûXÙm 

EiûUVôÏm, 

Ï±l× : 
 (1) GpXô Nôo×LÞm ùRôPo×L[ôRXôp. Nôo©u úSoUôß 

Nôo×m JÚ ùRôPoTôÏm, úUtúLôojRp Utßm JußdÏ 

Ju\ô] Ti×Ls CpXôR Nôo×dÏ úSoUôß Nôo× 

¡ûPVôÕ, 
 (2) JÚ Nôo©u úSoUôß Nôo©u YûWTPjûR YûWV Nôo©u 

BVjùRôûXl ×s°Lû[ Uôt±VûUjÕd LôQXôm, 

 L¦R Øû\lT¥ JÚ Nôo©u úSoUôß Nôo©û] YûWVßdL 

‘Nôo×L°u CûQl×’ Tt±V LÚjÕÚ SUdÏj úRûYlTÓ¡\Õ, 

5. Nôo×L°u CûQl× (Composition of functions) : 
 A, B, C Gu\ HúRàm 3 LQeLû[ GÓjÕd ùLôsL,  
f : A → B, g : B → C GuT] HúRàm CÚ Nôo×Ls GuL, CeÏ g-u 

NôoTLm. f-u ÕûQf NôoTLUôL CÚlTûR LY]j§p ùLôsL, 

ClúTôÕ (gof) : A → C Gu\ ×§V Nôo©û] Aû]jÕ a ∈ AdÏ  
(gof) (a) = g(f(a)) GàUôß YûWVßdLÜm, CeÏ f(a) GuTÕ B-u 

EßlTôÏm, G]úY g(f(a)) GuTÕ JÚ AojRØs[ Ju\ôÏm, 

Cl×§V Nôo× gof-I f, g Gu\ CÚ Nôo×L°u CûQl× G]Xôm, 
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TPm 7. 19 

Ï±l× : 
 gof-p Es[ £±V YhPUô]Õ ‘o’ CÚ Nôo×Lû[ CûQdÏm 

ùNV−VôÏm, 

G,Lô, 7.15: A = {1, 2}, B = {3, 4}, C = {5, 6}, f : A → B,  g : B → C Gu\ 

Nôo×Ls f(1) = 3,  f(2) = 4, g(3) = 5, g(4) = 6 GàUôß 

YûWVßdLlThÓs[Õ G²p gof-Id LôiL, 

¾oÜ : 

 gof  GuTÕ A → C G] 

AûUÙm NôoTôÏm, 

 gof-u ¸r A«u Eßl×L°u 

NôVpLû[ LôQ úYiÓm, 

 (gof) (1)  = g(f(1)) = g(3) = 5 

 (gof) (2) = g(f(2)) = g(4) = 6 

ARôYÕ A-«p Es[ 

Eßl×L[ô] 1, 2-dÏ gof-u ¸r 

NôVpLs Øû\úV 5, 6 BÏm, 

∴  gof = {(1, 5), (2, 6)}  

TPm 7. 20 

Ï±l× : 

 úUtÏ±l©hP f, g-u YûWVû\L°uT¥ fog-I Sôm LôQ 

CVXôÕ, £X Ï±l©hP f, g Nôo×LÞdÏ fog, gof B¡V CWiÓ 

CûQl×f Nôo×LÞdÏm LôQ CVÛm, ùTôÕYôL fog ≠ gof, ARôYÕ 

Nôo×L°u CûQl× T¬Uôt\j RdLRpX (ùTôÕYôL), 

G,Lô, 7.16: f : R → R, g : R → R Gu\ Nôo×Ls  

            f(x) = x2 + 1, g(x) = x − 1 G] YûWVßdLlTÓ¡u\] G²p 

fog Utßm gof-I YûWVßjÕ fog ≠ gof G] ¨ì©, 
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¾oÜ : 

   (fog) (x) = f(g(x)) = f(x − 1) = (x − 1)2 + 1 = x2 − 2x + 2 

   (gof) (x) = g(f(x)) = g(x2 + 1) = (x2 + 1) − 1 = x2 

   (fog) (x) = x2 − 2x + 2 

   (gof) (x) = x2 

  ⇒ fog ≠ gof 

G,Lô, 7.17: f, g : R → R Gu\ Nôo×Ls f(x) = 2x + 1, g(x) = 
x − 1

2   G] 

YûWVßdLlTÓ¡u\]. G²p  (fog) = (gof) G]d LôhÓL, 

¾oÜ : 

   (fog) (x) = f(g(x)) = f 



x − 1

2   = 2



x − 1

2   + 1 = x − 1 + 1 = x 

   (gof) (x) = g(f(x)) = g(2x + 1) = 
(2x + 1) − 1

2   = x 

   (fog) (x) = (gof) (x) 

  ⇒ fog = gof 
 CkR ERôWQj§p (fog) (x) = x and (gof) (x) = x , G,Lô, 7.17I GÓjÕd 

ùLôsúYôm, CeÏ YûWVßdLlThÓs[f, g Gu\ Nôo×LÞdÏ 
(fog)(x)= x Utßm (gof)(x) = x. G]úY NU²f Nôo©u YûWVû\«uT¥ 

fog = I. gof = I  ARôYÕ  fog = gof = I 
 RtúTôÕ Sôm JÚ Nôo©u úSoUôß Nôo©û] YûWVßdLXôm, 

YûWVû\ : 

 f : A → B GuTÕ JÚ Nôo× GuL, g : B → A Gu\ Nôo× (fog) = IB 
Utßm (gof) = IA GàUôß AûUÙùU²p. g-Vô]Õ f-u úSoUôß 

Nôo× G]lTÓm, f-u úSoUôß Nôo×  f−1
 G]d Ï±dLlTÓm, 

Ï±l× : 
 (1) f, gGu\ Nôo×L°u NôoTLm Utßm ÕûQf NôoTLeLs 

NUm G²p úUtLiP ¨TkRû]ûV fog = gof = I G] 

GÝRXôm, 

 (2) f−1 ¡ûPdÏUô]ôp f -B]Õ úSoUôt\jRdLÕ BÏm, 

 (3) f o f −1 = f −1o f = I 

G,Lô, 7.18: f : R → R Gu\ Nôo× f(x) = 2x + 1 G] YûWVßjRôp f −1
I 

YûWVßdL, 
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¾oÜ : 

   g = f −1
 GuL, 

   (gof) (x) = x Q gof = I 
   g(f(x)) = x    ⇒   g(2x + 1) = x 

   2x + 1 = y    ⇒  x = 
y − 1

2   

   ∴    g(y) = 
y − 1

2    ApXÕ   f −1(y)   =  
y − 1

2   

  y-I xBp ©W§«P. 

   f−1 (x) = 
x − 1

2   

6. CÚ Nôo×L°u áÓRp. L¯jRp. ùTÚdLp Utßm YÏjRp : 
 CÚ Nôo×L°u NôoTLm Utßm ÕûQf NôoTLeLs Øû\úV 

NUUôL CÚl©u CÚ Nôo×L°u áÓRp. L¯jRp. ùTÚdLp Utßm 

YÏjRp ùNVpTôÓLû[ YûWVßdLXôm, 

 f, g : A → B Gu\ CÚ Nôo×LÞdÏ ¸rdLôiTûY 

EiûUL[ôÏm, 
 (f + g) (x) = f(x) + g(x) 
 (f − g) (x) = f(x) − g(x) 
 (fg) (x) = f(x) g(x) 

   



f

g   (x) = 
f(x)
g(x)  CeÏ g(x) ≠ 0 

   (cf) (x) = c.f(x) CeÏ c JÚ Uô±− 
Ï±l× : CÚ Nôo×L°u ùTÚdLp GuTÕ CÚ Nôo×L°u 

CûQl©−ÚkÕ UôßThPÕ, 

G,Lô, 7.19: f, g : R→R Gu\ Nôo×Ls f(x)=x + 1, g(x)=x2
 G] 

YûWVßjRôp. f + g,   f − g,    fg,   
f
g  ,   2f,   3g B¡VYtû\d LôiL, 

¾oÜ : 
 Nôo× YûWVû\ 

 f f(x) = x + 1 

 g g(x) = x2 

 f + g (f + g) (x) = f(x) + g(x) = x + 1 + x2  

 f − g (f − g) (x) = f(x) − g(x) = x + 1 − x2  

 fg (fg) (x) = f(x) g(x) = (x + 1)x2 
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f
g  



f

g   (x) = 
f(x)
g(x)  = 

x + 1

x2 ,  

(x ≠ 0-dÏ UhÓúU YûWVßdLlTÓm,) 

 2f (2f) (x) = 2f(x) = 2(x + 1) 

 3g (3g) (x) = 3g(x) = 3x2 
7. Uô±−f Nôo× (Constant function) : 
 JÚ Nôo©u ÅfNLm JÚ Jtû\ Eßl×d LQm G²p. AfNôo× 

JÚ Uô±−f Nôo× Gu\ûZdLlTÓm, ARôYÕ.  

 f : A → B B]Õ Aû]jÕ a ∈ AdÏm f(a) = b G] AûUkRôp f JÚ 

Uô±−f Nôo× BÏm, 

 
 A = {1, 2, 3}, B = {a, b}GuL, f Gu\ 

Nôo× f(1) = a, f(2) = a, f(3) = a  G] 

YûWVßdLlThPôp. f JÚ Uô±−f Nôo× 

BÏm, 

 

 
TPm 7. 21 

 G°ûUVôL. f : R → R Gu\ Nôo×  
f(x) = k G] YûWVßdLlTÓùU²p AÕ 

JÚ Uô±−f NôoTôÏm, ARu YûWTPm 

(7.22)-p ùLôÓdLlThÓs[Õ, 
 ULuL°u LQj§tÏm AYoL°u 

RkûRûVd   ùLôiP   Jtû\Ùßl×  
 

TPm 7. 22 
LQj§tÏm CûPúV EÚYôdÏm ‘ULu E\Ü’ Gu\ Nôo× JÚ 

Uô±−f Nôo× GuTûRd LY²dLÜm, 
8. JÚT¥f Nôo× (Linear function) ApXÕ úSodúLôhÓf Nôo× : 
 f : R → R Gu\ Nôo× f(x) = ax + b G] YûWVßdLlThPôp 

AfNôo× JÚT¥f Nôo× G]lTÓm, CeÏ a, b GuTûY Uô±−L[ôÏm, 

G,Lô, 7.20: f : R → R Gu\ Nôo× f(x) = 2x + 1 G] YûWVßdLlT¥u 

ARu YûWTPm YûWL, 
¾oÜ : 
 f(x) = 2x + 1-I ¨û\Ü ùNnÙm £X úNô¥ (x, f(x))Lû[ 

AhPYûQlTÓj§ GÝRÜm, 

x 0 1 − 1 2 
f(x) 1 3 − 1 5 
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 ×s°Lû[d Ï±jÕ. Cl×s°Ls 

Y¯f ùNpÛm Yû[YûWVô]Õ JÚ 

úSodúLôPôL AûUYûRd LôQXôm, 

Ï±l× : 
 (1) JÚT¥f Nôo©u YûWTPm JÚ 

úSodúLôPôÏm, 
 (2) JÚT¥f Nôo©u úSoUôßf 

Nôo×m JÚ JÚT¥f NôoTôÏm, 

 
TPm 7. 23 

9. TpÛßl×f Nôo× (Polynomial function) : 

 f : R→R Gu\ Nôo× f(x) = an xn + an − 1 xn − 1+ …+ a1x + a0 G] 

YûWVßl©u f JÚ n-T¥Ùs[ TpÛßl×f Nôo× G]Xôm, CeÏ  
a0, a1,…, an ùUnùViLs, úUÛm an≠0, 

 f : R → R Gu\ Nôo× f(x) = x3 + 5x2 + 3 G] YûWVßl©u CRû] 3 

T¥Ùs[ TpÛßl×f Nôo× G]Xôm, 

10. ®¡RØßf Nôo× (Rational function) : 
 p(x), q(x) GuTûY CÚ TpÛßl×d úLôûYf Nôo×Ls GuL,  

q(x) = 0BLdá¥V x-u GpXô U§l×Lû[Ùm R-−ÚkÕ ¿d¡V ©u]o 

¡ûPdÏm LQj§û] S GuL, 

 f : S → R Gu\ Nôo× f(x) = 
p(x)
q(x) , q(x) ≠ 0 G] YûWVßdLlThPôp. 

ARû] JÚ ®¡RØßf Nôo× G]Xôm, 

G,Lô, 7.21: f(x) = 
x2 + x + 2

x2 − x
  Gu\ ®¡RØß Nôo©u NôoTLjûRd 

LôiL, 

¾oÜ : 
 NôoTLm S B]Õ R-−ÚkÕ g(x) = 0  Gu\ ¨TkRû]dÏhThP 

GpXô x-U§l×Lû[Ùm ¿d¡V ©u]o ¡ûPlTRôÏm, 

 CeÏ q(x) = x2 − x = 0 ⇒  x(x − 1) = 0 ⇒ x = 0, 1     

 ∴ S = R − {0, 1} 
 G]úY ùLôÓdLlThP ®¡RØß NôoTô]Õ 0, 1-I R®ojR 

Aû]jÕ ùUnùViLÞdÏm YûWVßdLlTÓ¡\Õ. 

11. T¥dÏ±f Nôo×Ls (Exponential functions) : 

 GkRùYôÚ Gi a > 0-dÏm f : R → R Gu\ Nôo× f(x) = ax G] 

YûWVßdLlTÓUô«u CRû] T¥dÏ±f Nôo× G]Xôm, 
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Ï±l× : JÚ T¥dÏ±f Nôo©u ÅfNLm GlùTôÝÕm R+
 

(ªûLùViL°u LQm) BLúY CÚdÏm, 

G,Lô, 7.22: f : R → R+ Gu\ Nôo×  

     (1)  f(x) = 2x        (2)  f(x) = 3x        (3)  f(x) = 10x
  

G] YûWVßdLlThPôp ARu YûWTPeLû[ YûWVÜm, 
¾oÜ : 
 x = 0 Gàm úTôÕ 

Aû]jÕf Nôo×LÞdÏm 
f(x) = 1 BÏm, G]úY  
y = 1 Gu\ CPj§p 

Aû]jÕm y-Af£û] 

ùYhÓ¡\Õ, úUÛm x-u 

GkR ùUnU§l©tÏm f(x), 
éf£VUôY§pûX, G]úY 

úUtLiP 

Nôo×LÞdLô] JjR 

Yû[YûWLs. x-u ùUn 

U§l©tÏ       x-Af£û] 
TPm 7. 24 

Nk§lT§pûX (ApXÕ x-Af£û] − ∞Cp Nk§d¡\Õ G]Xôm) 

 Ï±lTôL 2 < e < 3 GuTRôp f(x) = ex Gu\ Yû[YûW f(x) = 2x,  

f(x) = 3x
 CûPúV CÚlTûRd LôQXôm, 

G,Lô, 7.23: 

 f(x) = ex
 Gu\ T¥dÏ±f Nôo©u YûWTPm YûWL, 

 
¾oÜ : 
 x = 0 Gu\ U§l©tÏ f(x)=1 

BÏm, ARôYÕ Yû[ 

YûWVô]Õ y-Af£û] y = 1 

Gu\ ×s°«p ùYhÓm, úUÛm  
x-u ùUnùVi U§l©tÏ f(x) 
éf£VUôLôÕ, ARôYÕ 

ùUnùVi x-dÏ. x Af£û] 

Yû[YûW Nk§dLôÕ, 

 

 
 

TPm 7. 25 
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G,Lô, 7.24: 

 ¸rdLôÔm UPdûLf Nôo×L°u (Logarithmic function) 
YûWTPeLû[ YûWVÜm,  

 (1)  f(x) = log2x        (2)  f(x) = logex            (3)  f(x) = log3x  

 

 

¾oÜ : 

 UPdûLf Nôo×Ls. ªûL 

ùUnùViLÞdÏ UhÓúU 

YûWVßdLlTÓm, 

    NôoTLm   :  (0, ∞) 

    ÅfNLm    :  (− ∞, ∞) 

TPm 7. 26 

Ï±l× : 

 T¥dÏ±f Nôo©u úSoUôß Nôo×. UPdûLf NôoTôÏm, UPdûLf 

Nôo©u ùTôÕ Y¥Ym, f(x) = logax, a ≠ 1, a GuTÕ ªûL GiQôÏm, 

UPdûLf Nôo©u NôoTLUô] (0, ∞). T¥dÏ±f Nôo©u ÕûQf 

NôoTLUôLÜm. UPdûLf Nôo©u ÕûQf NôoTLUô] (− ∞, ∞) 
T¥dÏ±f Nôo©u NôoTLUôL AûUÙm, CÕ úSoUôß Ti©u 

LôWQUôL AûU¡\Õ, 

11. JÚ Nôo©u RûX¸¯ ApXÕ RûX¸r Nôo×  

     (Reciprocal of a function) : 

 g : S→R Gu\ Nôo× g(x) = 
1

f(x)  G] YûWVßdLlTÓUô«u g(x) 

B]Õ f(x)-u RûX¸¯ G]lTÓm, CfNôo× f(x) ≠ 0 Gu\ x-dÏ UhÓúU 

YûWVßdLlTÓm, f(x)-u RûX¸r Nôo× g(x)-u NôoTLm   

 S = R − {x   :   f(x) = 0} BÏm, 

G,Lô, 7.25: f(x) = x G] f Gu\ Nôo× YûWVßdLlTÓUô«u. CRu 

RûX¸r Nôo©u YûWTPj§û] YûWL, 

¾oÜ : 

 f(x)-u RûX¸r Nôo× 
1

f(x)  BÏm, 
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 ∴ g(x) = 
1

f(x)  = 
1
x  

 G]úY g-«u NôoTLm 

R −  { f(x) = 0 Gu\T¥ Es[ x ×s°L°u 

LQm} 

       =  R − {0} 

 g(x) = 
1
x-u YûWTPm. TPm 7.27-p 

Lôh¥VT¥ AûUÙm, 
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Ï±l× : 

 (1)  g(x) = 
1
x  Gu\ Nôo©u YûWTPm. GkRùYôÚ Af£û]Ùm 

Ø¥Üs[ x-u U§l×dÏ Nk§lT§pûX, B]ôp 

CqYû[YûW x, yAfÑdLû[ Ø¥®−«p (∞-p) Nk§dÏm 

GuTRû] LY]j§p ùLôsL, CqYô\ôL x, y AfÑLs  

g(x) = 
1
x Gu\ Yû[YûWdÏ Ø¥®−«p ùRôûXj 

ùRôÓúLôÓL[ôL AûU¡u\] (asymptotes) [JÚ 

Yû[YûWdÏ Ø¥®−«p YûWVlTÓm ùRôÓúLôÓ. 

ùRôûXj ùRôÓúLôÓ BÏm, ùRôûXj ùRôÓúLôÓLû[l 

Tt±V ®¬Yô] TôPm XII YÏl©p TôodLXôm]. 

 (2) RûX¸r Nôo×Ls. CWiÓ Nôo×L°u ùTÚdLúXôÓ 

ùRôPo×ûPVÕ,  

  ARôYÕ f Utßm g GuTûY JußdùLôuß RûX¸r 

Nôo×L[ô«u f(x) g(x) = 1 BÏm, 

  úSoUôß Nôo×Ls. CWiÓ Nôo×L°u CûQl×LÞPu 

ùRôPo×ûPVÕ, ARôYÕ. f Utßm g GuTûY 

JußdùLôuß úSoUôßL[ôL CÚl©u fog = gof = I BÏm, 

12. GiQ[ûYf Nôo× ApXÕ UhÓf Nôo× (Absolute value function) : 

 f : R → R Gu\ Nôo× f(x)  = | x | G] YûWVßdLlTÓUô«u AÕ 

GiQ[ûYf Nôo× G]lTÓm, 

 CeÏ  | x | = 


      x       x  ≥  0 G²p

  −  x       x  <  0 G²p
 

 CeÏ NôoTLm R ÕûQf NôoTLm Ïû\Vt\ ùUnùViL°u 

LQm,  



 25

 (1)  f(x) = | x |         (2)  f(x) =  | x  − 1 |     (3)  f(x) = |x + 1|  B¡V 

GiQ[Üf Nôo×L°u YûWTPeLs ¸úZ ùLôÓdLlThÓs[Õ, 

 

f(x) = | x | 

 

f(x) = | x− 1| 
 

f(x) = | x + 1| 

TPm 7. 28 

13. T¥¨ûXf Nôo×Ls (Step functions) : 

(a) ÁlùTÚ ØÝ Gi Nôo× (Greatest integer function) 

 JÚ ùUnùVi x CPjÕ. x-I ®P ªûLlTPôR ÁlùTÚ ØÝ 

Gi U§lûTl ùTßm Nôo×. ÁlùTÚ ØÝ Gi Nôo× G]lTÓ¡\Õ, 

CÕ  x  G]d Ï±dLlTÓ¡\Õ, 

 ARôYÕ  f : R → R Gu\ Nôo× f(x) =  x  G] 

YûWVßdLlTÓUô«u ARû] ÁlùTÚ ØÝ Gi Nôo× G]Xôm, 

  2.5 = 2, 3.9 = 3, − 2.1 = − 3, .5 = 0, − .2 = − 1, 4 = 4 

GuTRû] LY²dLÜm, 

 CfNôo©u NôoTLm R Utßm ÕûQf NôoTLm Z (ØÝ GiL°u 

LQm) BÏm, 

(b) Áf£ß ØÝ Gi Nôo× (Least integer function) 

 JÚ ùUnùVi x CPjÕ. x-I ®P Ïû\VôR Áf£ß ØÝ Gi 

U§l©û] ùTßm Nôo×. Áf£ß ØÝ Gi Nôo× G]lTÓ¡\Õ, CÕ 

x G]d Ï±dLlTÓ¡\Õ, 

 ARôYÕ f : R → R Gu\ Nôo× f(x) = x G] YûWVßdLlTÓUô«u 

AÕ Áf£ß ØÝ Gi Nôo× G]lTÓm, 

 2.5  = 3,    1.09 = 2,   − 2.9  =  − 2,  3  = 3 GuTRû] 

LY²dLÜm, 

 CfNôo©u NôoTLm R Utßm ÕûQf NôoTLm Z BÏm, 
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 f(x) = x-u YûWTPm f(x) = x-u YûWTPm  

 
TPm 7. 29 

 
TPm 7. 30 

14. Ï±fNôo× (Signum function) : 

 f:R→R Gu\ Nôo× f(x) =  


| x |

x ,   x ≠ 0

  0,    x = 0
   G] YûWVßdLlTÓUô«u AÕ 

Ï±fNôo× G]lTÓm,  
  
 
   CRu NôoTLm R,  

  ÅfNLm  {− 1, 0, 1} BÏm, 
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15. Jtû\ Utßm CWhûPl TûPf Nôo×Ls (Odd and even functions) : 
 NôoTLj§Ûs[ x-u Aû]jÕ U§l×LÞdÏm f(x) = f(− x) G²p 

CfNôo× CWhûPlTûPf NôoTôÏm, 

 NôoTLj§Ûs[ x-u Aû]jÕ U§l×LÞdÏm f(x) = − f(− x) G²p 

CfNôo× Jtû\lTûPf NôoTôÏm, 

 ERôWQUôL.,  f(x) = x2,   f(x) = x2 + 2x4,   f(x) = 
1

x2 ,   f(x) = cosx 

GuTûY CWhûPlTûPf Nôo×L[ôÏm, 

 f(x) = x3,   f(x) = x − 2x3,   f(x) = 
1
x ,   f(x) = sin x  GuTûY 

Jtû\lTûPf Nôo×L[ôÏm, 
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 CWhûPlTûPf Nôo©u YûWTPjûR y-AfÑ ªLf N¬VôL 

CÚNUfºo TÏ§L[ôL ©¬d¡\Õ, CfNôo©u YûWTPm. y-AfûNl 

ùTôßjÕ NUfºWô]Õ, Jtû\lTûPf Nôo©u YûWTPm. B§ûVl 

ùTôßjÕ NUfºWô]Õ, 

Ti×Ls : 

 (1) CWiÓ Jtû\lTûPf Nôo×L°u áÓRp ÁiÓm JÚ 

Jtû\lTûPVôÏm, 

 (2) CWiÓ CWhûPlTûPf Nôo×L°u áÓRp ÁiÓm JÚ 

CWhûPlTûPVôÏm, 

 (3) JÚ Jtû\ Utßm CWhûPl TûPf Nôo×L°u áÓRp 

Jtû\VôLÜm CWhûPVôLÜm CpXôR NôoTôÏm, 

 (4) CWiÓ Jtû\lTûPf Nôo×L°u ùTÚdLtTXu JÚ 

CWhûPl TûPVôÏm, 

 (5) CWiÓ CWhûPlTûPf Nôo×L°u ùTÚdLtTXu JÚ 

CWhûPlTûPVôÏm, 

 (6) JÚ Jtû\ Utßm CWhûPlTûP Nôo×L°u ùTÚdLtTXu 

Jtû\l TûPVôÏm, 

 (7) CWiÓ CWhûPl TûPf Nôo×L°u YÏTXu CWhûPl 

TûPVôÏm, (TÏ§f Nôo× éf£VUt\Õ) 

 (8) CWiÓ Jtû\lTûPf Nôo×L°u YÏTXu CWhûPl 

TûPVôÏm, (TÏ§fNôo× éf£VUt\Õ) 

 (9) JÚ CWhûP Utßm Jtû\lTûP Nôo× YÏTXu JÚ 

Jtû\lTûP NôoTôÏm (TÏ§f Nôo× éf£VUt\Õ) 

16. §¬úLôQª§f Nôo×Ls (Trigonometrical functions) : 

 §¬úLôQª§«p CWiÓ YûLVô] Nôo×Ls Es[], AûY 

 (1) YhPf Nôo×Ls (Circular functions)  

 (2) A§TWYû[Vf Nôo×Ls (Hyperbolic functions) 

 CeÏ Sôm YhPf Nôo×Lû[ UhÓúU GÓjÕd ùLôsúYôm, 

 (a) f(x) = sinx (b) f(x) = cos x (c) f(x) = tan x 

 (d) f(x) = secx (e) f(x) = cosecx (f) f(x) = cotx 

 GuT] YhPf Nôo×Ls BÏm, YhPf Nôo×L°u 

YûWTPeLû[ ©uYÚm TPeLs ®[dÏ¡u\], 
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(a)  y = sinx   ApXÕ  

   f(x) = sin x 

 NôoTLm = (− ∞, ∞) 

 ÅfNLm  =  [− 1, 1] 

 ØRuûUf NôoTLm = 





− 

π
2 , 

π
2  

 
TPm 7. 32 

 

 

(b) y = cos x 

 NôoTLm = (− ∞, ∞) 

  ÅfNLm = [− 1, 1] 

ØRuûUf NôoTLm =  

[0  π]  

 

 
TPm  7. 33 

 

(c) y  = tan x  

 tanx = 
sinx
cosx  GuTRôp cosx ≠ 0 Gu\ 

x-u U§l×LÞdÏ UhÓúU tanx 

YûWVßdLlTÓ¡\Õ,  

 ARôYÕ x-U§l× 
π
2  Utßm ARu 

Jtû\lTûP UPeÏLû[j R®W ©\ 

U§l×LÞdÏ UhÓúU tanx ùT\ 

Ø¥Ùm, (cosx = 0 G²p tan xI ùT\ 

CVXôÕ, G]úY 
π
2-u Jtû\lTûP  TPm 7. 34 

UPeÏLÞdÏ tan x YûWVßdLlTPôÕ ) 

    NôoTLm = R − 








(2 k + 1) 
π
2  ,    k ∈ Z 

      ÅfNLm = (− ∞, ∞) 
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(d) y = cosec x 

 sinx-u RûX¸¯ cosec x 
GuTRôp. sin x = 0 Gu\ x-u 

U§l×LÞdÏ cosec x 

YûWVßdLlTPôÕ, 

 G]úY π-u UPeÏLû[j 

R®W Aû]jÕ ùUnùViL°u 

LQm NôoTLUôÏm, 

 NôoTLm = R − {kπ},    k ∈ Z 

    ÅfNLm = (− ∞, − 1] ∪ [1, ∞) 
 

TPm 7. 35 

 

(e) y = sec x 

 cosx-u RûX¸¯ sec x 
GuTRôp cos x = 0 Gu\ x-u 

U§l×LÞdÏ sec x YûWVßdLl 

TPôÕ, 

 ∴ NôoTLm= R − 








(2k + 1) 
π
2  , k ∈ Z   

      ÅfNLm = (−∞, − 1] ∪ [1, ∞) 
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(f) y = cot x 

 cot x = 
cosx
sinx   GuTRôp sin x = 0 

Gu\ x-u U§l×LÞdÏ cot x 

YûWVßdLlTPôÕ, 

 ∴ NôoTLm = R − {k π}, k ∈ Z 

         ÅfNLm = (− ∞, ∞) 
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17. CÚT¥f Nôo×Ls (Quadratic functions) : 

 CÕ T¥ CWiÓ ùLôiP TpÛßl×d úLôûY NôoTôÏm, 
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 JÚ CÚT¥ NôoTô]Õ f : R → R , f(x) = ax2 + bx + c, a, b, c ∈ R,  
a ≠ 0    GàUôß YûWVßdLlTÓm NôoTôÏm, JÚ CÚT¥f Nôo©u 

YûWTPm GlùTôÝÕm JÚ TWYû[VUôÏm, 

7,3 CÚT¥ ANUuTôÓLs (Quadratic Inequations) : 
  f(x) = ax2 + bx + c, a, b, c ∈ R, a ≠ 0 Gu\ CÚT¥f Nôo× ApXÕ 

úLôûY«û] GÓjÕd ùLôsL, CeÏ f(x) ≥ 0,  f(x)  > 0,   f(x) ≤ 0 Utßm 

f(x) < 0 GuTûY CÚT¥ ANUuTôÓLs BÏm, 

CÚT¥ ANUuTôÓLû[j ¾odL ©uYÚm ùTôÕ ®§Ls ùT¬Õm 

TVuTÓm, 

ùTôÕ ®§Ls : 
 1. a > b G²p 

  (i) Aû]jÕ c ∈ RdÏ (a + c) > (b + c)  

  (ii) Aû]jÕ c ∈ RdÏ (a − c) > (b − c)  

  (iii) − a < − b 

  (iv) Aû]jÕ ªûLùVi c-dÏ  ac > bc,  
a
c  > 

b
c   

  (v) Aû]jÕ Ïû\ùVi c-dÏ  ac < bc, 
a
c  < 

b
c   

  ANUd Ï±L[ô] < , > B¡VûY Øû\úV ≤, ≥ Gu\ Ï±L[ôp 

Uôt\lT¥àm. úUtLiP Ti×Ls EiûUVôÏm, 

 2. (i) ab > 0 G²p a > 0, b > 0 ApXÕ a < 0, b < 0 

 (ii) ab ≥ 0 G²p a ≥ 0, b ≥ 0 ApXÕ  a ≤ 0, b ≤ 0 

 (iii) ab < 0 G²p a > 0, b < 0 ApXÕ a < 0, b > 0 

 (iv) ab ≤ 0  G²p a ≥ 0, b ≤ 0 ApXÕ a ≤ 0, b ≥ 0.    a, b, c ∈ R 

CÚT¥f Nôo©u NôoTLm Utßm ÅfNLm 
(Domain and range of  a quadratic function) : 
 JÚ CÚT¥ ANUuTôh¥û] ¾olTùRuTÕ. ùLôÓdLlThP 

ANU ¨TkRû]dÏhThÓ Nôo× f(x)-u NôoTLjûR LiP±YúR BÏm, 

 CÚT¥ ANUuTôÓL°u ¾oÜ LôQ TpúYß Øû\Ls Es[], 

ANUuTôh¥tÏ ùTôÚjRUô] HúRàm JÚ Øû\ûV Sôm 

úRokùRÓdLXôm, 

Ï±l× : TôPj§hPj§uT¥ Øû\L°u Ø¥Ü UhÓúU úRûY, Lt\p 

§\û] A§L¬dÏm úSôdLjúRôÓ ARu Øû\Ls ùLôÓdLlThÓs[Õ, 
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Øû\ I : LôW¦lTÓjÕRp Øû\ : 

  ax2 + bx + c ≥ 0     … (1) 

  GuTÕ a, b, c ∈ R and a ≠ 0, x-p AûUkR CÚT¥ ANUuTôÓ 

GuL, 

      CkR ANUuTôh¥tÏ JjR CÚT¥f NUuTôÓ ax2 + bx + c = 0-

BÏm, CfNUuTôh¥u RuûU Lôh¥ (discriminant) b2 − 4ac BÏm, 

ClùTôÝÕ, êuß ¨ûXûULs EÚYôÏm, 

¨ûX (i):  b2 − 4ac > 0 

  Ck¨ûXûU«p ax2 + bx + c = 0-u êXeLs ùUn Utßm 

ùYqúY\ô]ûY BÏm, CYtû\ α, β GuL, 

  ∴ ax2 + bx + c = a(x – α) (x − β) 

  B]ôp  ax2 + bx + c ≥ 0  (1)−ÚkÕ 

  ⇒ a(x – α) (x − β) ≥ 0 

  ⇒ a > 0 G²p (x − α) (x − β) ≥ 0   

   a < 0  G²p (x – α)  (x – β) ≤ 0  
  CkR ANUuTôh¥û] ùTôÕ ®§ (2)-û] TVuTÓj§ ¾oÜ 

LôQXôm, 

¨ûX (ii):  b2 − 4ac = 0 

  Ck¨ûXûU«p ax2 + bx + c = 0-u êXeLs ùUn Utßm 

NUUô]ûY BÏm, CYtû\ α, α GuL,  

  ∴ ax2 + bx + c  =  a(x − α)2.   

  ⇒   a(x − α)2 ≥ 0 

 ⇒ a > 0 G²p (x − α)2 ≥ 0       a < 0 G²p (x − α)2 ≤ 0   
  CkR ANUuTôh¥û] ùTôÕ ®§ 2-û] TVuTÓj§ ¾oÜ 

LôQXôm, 

¨ûX  (iii): b2 − 4ac < 0 

  Ck¨ûXûU«p ax2 + bx + c = 0 Gu\ NUuTôh¥u êXeLs 

úYßThP ùUnVt\ûY BÏm, 

  CeÏ ax2 + bx + c = a 



x2 + 

bx
a  + 

c
a   

    = a 









x + 

b
2a

2

 − 
b2

4a2 + 
c
a   
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    = a 









x + 

b
2a

2

 + 
4ac − b2

4a2  

  ∴ ax2 + bx + c-u Ï±ÂÓ x-u GpXô U§l×LÞdÏm a-u 

Ï±ÂPôL AûUÙm, Hù]²p 

  









x + 

b
2a

2

 + 
4ac − b2

4a2  GuTÕ x-u GpXô U§l×LÞdÏm 

ªûLùViQôÏm, 

  CqYô\ôL ax2 + bx + c ≥ 0 Gu\ YûLVô] ANUuTôh¥û]j 

¾odÏm Øû\«û]d LiúPôm, 

Øû\ : II 
  JjR TpÛßl×d úLôûY«û] LôW¦lTÓjÕYRu êXUôL 

JÚ CÚT¥f NUuTôh¥û]j ¾odL CVÛm, 

 1. ax2 + bx + c > 0 GuL, 

  ax2 + bx + c = a(x − α) (x − β) GuL, 

  α < β GuL, 

¨ûX (i) : x < α G²p x − α < 0 & x − β < 0 

   ∴ (x − α) (x − β) > 0 

¨ûX (ii): x > β G²p x − α > 0  & x − β > 0 

   ∴ (x − α) (x − β) > 0      

  G]úY (x − α)  (x − β) > 0 G²p x-u U§l×Ls α, β B¡VYt±tÏ 

ùY°úV AûUÙm, 

 2. ax2 + bx + c < 0 GuL, 

  ax2 + bx + c = a(x − α) (x − β) ; α, β ∈ R 

  α < β , α < x < β GuL, 

  G]úY x − α > 0 and x − β < 0 

  ∴ (x − α) (x − β) < 0 

  G]úY (x − α) (x − β) < 0 G²p x-u U§l×Ls α, β B¡VYt±tÏ 

CûPúV AûUÙm, 

Øû\ : III 
CÚT¥ ANUuTôh¥û]j ¾olTRtLô] SûPØû\ T¥¨ûXLs 

T¥¨ûX 1 : x2
-u ÏQLm ªûL«pûXùV²p. ANUuTôh¥u 

CÚ×\Øm − 1Bp ùTÚdLÜm, Ïû\ GiQôp ùTÚdÏm 

úTôÕ ANUuTôh¥u Ï± Uôßm GuTûR LY²dLÜm, 
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T¥¨ûX 2 : CÚT¥d úLôûYûV LôW¦lTÓj§ ARu JÚT¥f 

Nôo×Lû[ éf£VjÕPu NUuTÓj§ ¾o®û]l ùT\Üm, 

T¥¨ûX 3 : T¥¨ûX 2-p ùT\lThP êXeLû[ ùUnùVi 

úLôh¥p Ï±dLÜm, êXeLs ùUnùVi úLôh¥û] 

êuß CûPùY°L[ôLl ©¬dÏm, 

T¥¨ûX 4 : YXdúLô¥«Ûm CPdúLô¥«Ûm Es[ 

CûPùY°L°p CÚT¥d úLôûYVô]Õ ªûLd 

Ï±Âh¥û]Ùm SÓlTÏ§«p Es[ CûPùY°«p 

Ïû\d Ï±«û]Ùm ùTßm, 

T¥¨ûX 5 : ùLôÓdLlThP ANUuTôh¥u ¾oÜ LQjûR. T¥¨ûX 

4-p Ï±l©hPT¥ Ht×ûPV CûPùY°«û]j 

úRokùRÓdLÜm, 

T¥¨ûX 6 : ANUuTôh¥p. NU ùNV−LÞm (≤,  ≥) CÚl©u. 

êXeLû[ ¾oÜ LQj§p úNodLÜm, 

G,Lô, 7.26: x2 − 7x + 6 > 0 Gu\ ANUuTôh¥u ¾oÜ LôiL, 

Øû\ I: 

¾oÜ :  x2 − 7x + 6 > 0 

   ⇒ (x − 1) (x − 6) > 0 [CeÏ b2 − 4ac = 25 > 0] 
  ClùTôÝÕ ùTôÕ ®§2-I TVuTÓjR.  

x − 1 > 0, x − 6 > 0 

⇒ x > 1,  x > 6 
CeÏ x > 1I ®hÓ ®PXôm 

⇒  x > 6 

(ApXÕ)  (x − 1) < 0, (x − 6) < 0 

 ⇒ x < 1, x < 6 
 x < 6I ®hÓ ®PXôm 

 ⇒  x < 1 

∴ x ∈ (− ∞, 1) ∪ (6, ∞) 

Øû\ II: 

 x2 − 7x + 6 > 0 

  ⇒   (x − 1) (x − 6) > 0 

  (x − α) (x − β) > 0 G²p x-u U§l×Ls (α,β)dÏ ùY°úV CÚdÏm, 

  ARôYÕ (1, 6)dÏ ùY°úV CÚdÏm, 

  ⇒   x ∈ (− ∞, 1) ∪ (6, ∞) 
Øû\  III: 

 x2 − 7x + 6 > 0 

 ⇒ (x − 1) (x − 6) > 0 
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  LôW¦Lû[l éf£VjÕdÏ NUlTÓjR. x = 1, x = 6 Gu\ êXeLs 

CÚT¥f NUuTôh¥tÏ ¡ûPd¡\Õ, CmêXeLû[ ùUnùVi 

úLôh¥p Ï±dLÜm, úUÛm CPªÚkÕ YXUôL CûPùY°Lû[ +, 
−, + G] Ï±l©PÜm, CRtÏ¬V GiúLôÓ 

 
  CeÏ (− ∞, 1),  (1, 6), (6, ∞) B¡V CûPùY°Ls Es[], 
(x − 1) (x − 6) ªûLVôL CÚdL úYiÓùUuTRôp ªûLdÏ¬V 

CûPùY°Ls (− ∞, 1), (6, ∞) BÏm, 

  ⇒ x ∈ (− ∞, 1) ∪ (6, ∞) 
Ï±l× : Cmêuß Øû\L°p êu\ôYÕ Øû\ ªLÜm 

ETúVôLUô]RôÏm, 

G,Lô, 7.27: − x2 + 3x − 2 > 0 Gu\ ANUuTôh¥û]j ¾odL, 

¾oÜ : 

  − x2 + 3x − 2 > 0  ⇒ − (x2 − 3x + 2) > 0 

    ⇒ x2 − 3x + 2 < 0 

    ⇒ (x − 1) (x − 2) < 0 
  LôW¦Lû[ éf£Vj§tÏ NUlTÓjR. x = 1, x = 2 Gu\ CWiÓ 

êXeLs CÚT¥f NUuTôh¥tÏ ¡ûPdÏm, CRû] Gi úLôh¥p 

Ï±l©hÓ. JqùYôÚ CûPùY°dÏm CPªÚkÕ YXUôL +, −, + 

G]d Ï±«PÜm, 

 
  CeÏ (− ∞, 1),  (1, 2), (2, ∞) B¡V êuß CûPùY°Ls Es[], 

(x − 1) (x − 2) JÚ Ïû\ùViQôL CÚdLj úRûYVô] CûPùY°  
(1, 2) BÏm,   

  G]úY x ∈ (1, 2) 

Ï±l× : CRû] ØRp CWiÓ Øû\«Ûm ¾oÜ LôQXôm, 

G,Lô, 7.28: ¾odL : 4x2 − 25 ≥ 0 

¾oÜ :    4x2 − 25 ≥ 0 

   ⇒ (2x − 5) (2x + 5) ≥ 0 
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  LôW¦Lû[ éf£VjÕdÏ NUlTÓjR x = 
5
2 , x = − 

5
2  B¡V 

êXeLs CÚT¥f NUuTôhÓdÏ ¡ûPdÏm, CRû] GiúLôh¥p 

Ï±l©hÓ CPªÚkÕ YXUôL JqùYôÚ CûPùY°dÏm +, −, + 

Gu\Yôß Ï±l©PÜm, 

 

  CeÏ 



− ∞, − 

5
2 , 



− 

5
2,   

5
2   



5

2 , ∞ B¡V êuß CûPùY°Ls 

Es[], (2x − 5) (2x + 5)-u U§l× ªûLVôLúYô ApXÕ 

éf£VUôLúYô CÚdLXôm, G]úY 



− ∞, − 

5
2 , 



5

2 , ∞  B¡V 

CûPùY°LÞPu êXeL[ô] − 
5
2 ,  

5
2  B¡VYtû\Ùm úNodL 

úYiÓm, G]úY x ∈ (− ∞,  
− 5
2    ]  ∪   [  

5
2 ,  ∞) 

G,Lô, 7.29: 64x2 + 48x + 9 < 0 Gu\ ANUuTôhûPj ¾odL, 

¾oÜ :   

 64x2 + 48x + 9 = (8x + 3)2 

 (8x + 3)2
 GuTÕ JÚ YodLUôL Es[Rôp. CÕ x-u ùUn U§l×dÏ 

Ïû\ùViQôL CÚdL Yônl©pûX, G]úY CRtÏ ¾oÜ ¡ûPVôÕ, 

G,Lô, 7.30: f(x)=x2+2x+6 > 0 GuTRu ¾oÜ LôiL (ApXÕ) f(x) Gu\ 

Nôo©u NôoTLm LôiL, 

  x2 + 2x + 6 > 0   

  (x + 1) 2 + 5 > 0 
  CÕ x-u GpXô ùUn U§l×LÞdÏm EiûUVôLúY CÚdÏm, 

G]úY ¾oÜ LQm R BÏm, 

G,Lô, 7.31: f(x) = 2x2 − 12x + 50 ≤ 0 GuTRu ¾oÜ LôiL, 

¾oÜ : 

  2x2 − 12x + 50 ≤ 0 

  2(x2 − 6x + 25) ≤ 0 

  x2 − 6x + 25 ≤ 0 
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  (x2 − 6x + 9) + 25 − 9 ≤ 0 

  (x − 3) 2 + 16 ≤ 0 
  x-u GkR ùUn U§l©tÏm CÕ EiûUVpX, 

  ∴ ùLôÓdLlThP NUuTôh¥tÏ ¾oÜ CpûX, 

£X £\lTô] LQdÏLs (CÚT¥ ANUuTôh¥tÏ Uôt\jRdLûY) 

G,Lô, 7.32: ¾oÜ LôiL : 
x + 1
x − 1

 > 0, x ≠ 1 

¾oÜ : 

    
x + 1
x − 1

 > 0  

  ùRôÏ§. TÏ§Lû[ (x − 1)Bp ùTÚdL 

  ⇒    
(x + 1) (x − 1)

(x − 1)2   > 0 

  ⇒ (x + 1) (x − 1) > 0 [‡ (x − 1) 2 > 0, x ≠ 1] 

 
  CeÏ (x + 1) (x − 1)-u U§l× ªûLùViQôL Es[Rôp  
(x + 1) (x − 1) ªûLVôL CÚdÏm CûPùY°Lû[ úRoÜ ùNnL, 

  ∴ x ∈ (− ∞, − 1)  ∪ (1, ∞) 

G,Lô, 7.33: ¾oÜ LôiL :  
x − 1

4x + 5   <  
x − 3

4x − 3
  

¾oÜ :   
x − 1

4x + 5   <  
x − 3
4x − 3

  

  ⇒ 
x − 1

4x + 5   −  
x − 3
4x − 3  < 0      (CeÏ ÏßdÏ ùTÚdLp LôQ CVXôÕ) 

  ⇒ 
(x − 1) (4x − 3) − (x − 3) (4x + 5)

(4x + 5) (4x − 3)
  < 0 

  ⇒ 
18

(4x + 5) (4x − 3)
   <  0 

  ⇒ 18 JÚ ªûL Gi GuTRôp (4x + 5) (4x − 3) < 0 
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  LôW¦Lû[ éf£VjÕdÏ NUlTÓjR.  x = 
− 5
4   ,  x = 

3
4   Gu\ 

êXeLs. CÚT¥f NUuTôh¥tÏ ¡ûPd¡\Õ, CRû] GiúLôh¥p 

Ï±l©hÓ +, −, + B¡V Ï±ÂÓLû[ CPªÚkÕ YXUôL 

CûPùY°LÞdÏ ùLôÓdLÜm, 

 
  (4x + 5) (4x − 3)-u U§l× Ïû\ùViQôL CÚlTRôp ARtÏ¬V 

CûPùY° 



− 5

4  , 
3
4  BÏm, G]úY x ∈ 



− 5

4  , 
3
4   

G,Lô, 7.34 :  x JÚ ùUnùVi G²p. f(x) = 
x2 − 3x + 4
x2 + 3x + 4    Gu\ Nôo©u 

ÅfNLm 



1

7,   7   G] ¨ì©, 

¾oÜ : 

     y = 
x2 − 3x + 4
x2 + 3x + 4  GuL, 

     (x2 + 3x + 4)y = x2 − 3x + 4 

   ⇒ x2 (y − 1) + 3x (y +1) + 4(y − 1) = 0 
  CÕ JÚ x-p AûUkR CÚT¥f NUuTôÓ BÏm, x GuTÕ ùUn 

GuTRôp 

   ⇒ RuûUd Lôh¥ ≥ 0 

   ⇒ 9(y + 1) 2 − 16(y − 1) 2 ≥ 0 

   ⇒ [ ]3(y + 1) 2  − [ ]4(y − 1) 2  ≥ 0 

   ⇒ [ ]3(y + 1) + 4(y − 1)    [ ]3(y + 1) − 4(y − 1)   ≥ 0 

   ⇒ (7y − 1) (− y + 7) ≥ 0 

   ⇒ − (7y – 1) (y − 7)  ≥  0 

   ⇒ (7y − 1) (y − 7)  ≤  0 
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  CeÏ  



− ∞, 

1
 7  , 



1

7,  7  , (7, ∞) B¡V CûPùY°Ls Es[],  

(7y − 1) (y − 7)-u U§l× Ïû\VôLúYô ApXÕ éf£VUôLúYô CÚdL 

ARtÏ¬V CûPùY°Vô] 



1

7,  7  I GÓjÕ ARàPu êXeL[ô] 

 
1
7 , 7I úNodLÜm, 

  ∴ y ∈  



1

7,  7            ARôYÕ   
x2 − 3x + 4
x2 + 3x + 4 -u U§l× 

1
7   Utßm  

7 CûPúV Es[Õ, ARôYÕ f(x)-u ÅfNLm 



1

7,  7   BÏm, 

T«t£ 7.1 
  (1) f, g : R → R Gu\ Nôo×Ls f(x) = x + 1, g(x) = x2

G] 

YûWVßdLlTÓ¡\ùR²p 
   (i) (fog) (x)    (ii) (gof) (x)     (iii) (fof) (x)  (iv) (gog) (x)  (v) (fog) (3) 
  (vi) (gof) (3)  B¡VYtû\d LôiL, 

 (2) úUtÏ±l©hP (1)-p f, g-u YûWVû\L°uT¥  

  (i) (f + g) (x) (ii) 



f

g (x)    (iii) (fg) (x)     (iv) (f − g) (x)     (v) (gf) (x) 

  B¡VYtû\d LôiL, 

 (3) f : R → R Gu\ Nôo× f(x) = 3x + 2 G] YûWVßl©u f−1
-Id 

LôiL, úUÛm fof−1 = f−1of = I G]Üm ¨ì©dL, 

 (4)  ¸rdLôÔm ANUuTôÓLÞdÏj ¾oÜ LôiL, 

  (i) x2 ≤ 9 (ii) x2 − 3x − 18 > 0 (iii) 4 − x2 < 0 

  (iv) x2 + x − 12 < 0 (v) 7x2 − 7x − 84 ≥ 0 (vi) 2x2 − 3x + 5 < 0 

  (vii) 
3x − 2
x − 1

  < 2,  x ≠ 1  (viii)  
2x − 1

x   > − 1, x ≠ 0   (ix)  
x − 2

3x + 1   >  
x − 3

3x − 2
   

 (5) x JÚ ùUnùVi G²p 
x2 + 34x − 71

x2 + 2x − 7
 -u U§l× 5 Utßm 9dÏ 

CûPúV CÚdLôÕ G] ¨ì©, 

 (6) x JÚ ùUnùVi G²p f(x) =  
x2 − 2x + 4
x2 + 2x + 4  Gu\ Nôo©u ÅfNLm 





1

3,  3   G] ¨ì©, 

 (7) x JÚ ùUnùVi G²p 
x

x2 − 5x + 9
   GuTÕ − 

1
11   Utßm 1dÏ 

CûPúV AûUkÕs[Õ G] ¨ì©, 
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8, YûL ÖiL¦Rm 
(DIFFERENTIAL CALCULUS) 

 ÖiL¦RùUuTÕ CVdLm. Uôt\m A¡VYt±u L¦Rm BÏm, 

A§L¬dÏm ApXÕ Ïû\Ùm A[ÜLs. L¦R BnÜl ùTôÚ[ôL 

AûUÙmúTôÕ Y[of£ Utßm £ûRÜ ÅReLû[d LQd¡ÓYÕ 

AY£VUô¡\Õ, ùRôPokÕ Uôßm A[ÜLs Ï±jR ©Wf£û]Lû[ 

(LQdÏLû[) ¾olTRtÏ LiÓ©¥dLlThPúR ÖiL¦Rm BÏm, 

CjRûLV ÅReLû[ A[lTRtÏm. AYt±u EÚYôdLm Utßm 

TVuTôÓ Ï±jR ®§Lû[ YÏlTRtÏm úRûYVô] LÚ®ûV 

®Y¬lTúR YûL ÖiL¦Rm BÏm, 

 JÚ YôL]j§u §ûNúYLm LôXjûRl ùTôßjÕ Uôßm ÅRm. 

UdLsùRôûL Y[of£Vô]Õ LôXjûRl ùTôßjÕ Uôßm ÅRm 

úTôu\ûYLû[ LQd¡ÓYRtÏ YûL ÖiL¦Rm TVuTÓ¡\Õ, 

CXôTeLû[ ùTÚUUôdÏYRtÏm CZl×Lû[ £ßUUôdÏYRtÏm 

YûL ÖiL¦Rm SUdÏ ERÜ¡\Õ, 

 Ce¡XôkûRf úNokR INd ¨ëhPàm ù_oU²ûVf NôokR 

úLôh©û\h®pùam Äl²hÑm R²jR²úV 17Bm Öt\ôi¥p 

ÖiL¦RjûRd LiÓ©¥jR]o, UôùTÚm L¦RúUûRVô] 

Äl²hv Y¥Y L¦Rj§p ùRôÓúLôÓLû[j ¾oUô²dÏm 

©Wf£û]«u FPôL ÖiL¦RjûR AÔ¡]ôo, UôùTÚm 

L¦RúUûRVôL UhÓªu± CVt©Vp A±OÚUôL ®[e¡V 

¨ëhPu R]Õ CVdLm Utßm Dol× ®§Lû[ EÚYôdÏYRtÏ 

ÖiL¦RjûRl TVuTÓj§]ôo, 

8.1 Nôo× GpûX (Limit of a function) : 
 AÚLôûU ApXÕ ùSÚdLm Ï±jR EQo¨ûXÙPu ùSÚdLUôL 

CÚlTÕ GpûX Gàm LÚjRôdLm, CjRûLV ùSÚdLeLû[ áhPp. 

ùTÚdLp. L¯jRp. YÏjRp ØRXô] CVtL¦R A¥lTûPf 

ùNVpTôÓLs êXm ®[dL Ø¥VôÕ, Uôß¡\ JÚ A[ûYûVf 

NôokÕ Cuù]ôÚ A[ûY AûUÙm ãZpL°p GpûXd LÚjRôdLm 

TVuTÓ¡\Õ, Uôß¡\ A[ûY ùLôÓdLlThP JÚ ¨ûXVô] 

U§l©tÏ ªL AÚLôûU«p Es[úTôÕ AûRf NôokÕs[ A[ûY 

GqYôß ùNVpTÓ¡\Õ G] Sôm A±V ®Úm×múTôÕm CÕ 

TVuTÓ¡\Õ, 
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 ClúTôÕ £X GÓjÕdLôhÓL°u êXm CkR GpûXd 

LÚjRôdLjûR ®[dÏúYôm, 

 ùUnùViL°u LQUô¡V R-−ÚkÕ  R-dÏ YûWVßdLlThP 

Nôo× f(x) = x + 4I GÓjÕd ùLôsúYôm, 
 x-u U§l×Ls 2-I ¸¯ÚkÕm. úU−ÚkÕm ùSÚeÏm úTôÕ f(x)-u 

U§lûT Th¥VpLs 8.1 Utßm 8.2-p LôiL,  x Gu\ Uô±dÏ 

GiQt\ U§l×Ls RWØ¥Ùm, 

x 1 1.5 1.9 1.99 1.999 

f(x) 5 5.5 5.9 5.99 5.999 
Th¥Vp 8.1 

x 3 2.5 2.1 2.01 2.001 

f(x) 7 6.5 6.1 6.01 6.001 
Th¥Vp 8.2 

 AkR U§l×Ls ¨ûX Gi 2-I ùSÚeL ùSÚeL. f(x) = x + 4 B]Õ 

6-dÏ ªL AÚLôûU«p CÚdÏm, ARôYÕ 2-I x-u U§l×Ls 

ùSÚeÏm úTôÕ f(x) B]Õ 6 Gu\ GpûXûV ùSÚeÏm, CRû] 

lim
x → 2 f(x) = 6 G]d Ï±lTÕ YZdLm, CkRd Ï±l©hP 

GÓjÕdLôhûPl ùTôßjRYûW«p 
lim

x → 2  f(x)-m f(2) = 6-m Juß 

G]d Lôi¡ú\ôm, ARôYÕ  
lim

x → 2  f(x) = f(2). 

 ‘x → 0’ GuTRtÏm ‘x = 0’ GuTRtÏm ªÏkR úYßTôÓ Es[Õ 

GuTûRÙm LY²dL, x → 0 GuTÕ 0 Gu\ GpûXûV x ùSÚeÏ¡\Õ 

ApXÕ úSôdÏ¡\Õ Gußm B]ôp x JÚúTôÕm éf£Vm BLôÕ 

GuTÕUôÏm, x = 0 GuTÕ 0 Gu\ U§lûT x ùTß¡\Õ GuTRôÏm, 

 ClùTôÝÕ f(x) = 
x2 − 4
(x − 2)

  Gu\ ®¡RØß NôoûT GÓjÕd 

ùLôsúYôm, x-dÏ 2-Ij R®W GkR U§l× úYiÓUô]ôÛm 

ùLôÓdLXôm, CfNôo× x = 2 Gu\ ×s°«p YûWVßdLlTP®pûX, 

B]ôp 2-dÏ AiûU«p Es[ U§l×LÞdÏ 

YûWVßdLlThÓs[Õ, BLúY 
lim

x → 2  
x2 − 4
(x − 2)

 Id LôQ ØVpúYôm, 

Th¥VpLs 8.3 Utßm 8. 4 B¡V] x-B]Õ 2-dÏ ¸Zô] Utßm 

úUXô] U§l×L°−ÚkÕ ùSÚeL. f(x)-u U§l×Lû[d Ï±d¡\Õ, 
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x 1 1.5 1.9 1.99 1.999 

f(x) 3 3.5 3.9 3.99 3.999 
Th¥Vp 8.3 

x 3 2.5 2.1 2.01 2.001 

f(x) 5 4.5 4.1 4.01 4.001 
Th¥Vp 8.4 

 x-B]Õ ¨ûX Gi 2-I AÔL. f(x) B]Õ 4 Gu\ GpûXûV 

GhÓ¡\Õ GuTûRl Tôod¡ú\ôm, G]úY 
lim

x → 2  
x2 − 4
(x − 2)

  = 4. x ≠ 2 

GàmúTôÕ. f(x) = 
x2 − 4
(x − 2)

 = x + 2 GuTûRÙm LY²j§ÚlÀoLs, 

CqYô\ô] Nôo×L°u GpûXûVd LQd¡P x ≠ 2BL CÚdÏmúTôÕ 

x = 2 Gu\ U§lûT x + 2-p ©W§«hÓl ùT\ úYiÓm GuTûRÙm 

Etßd LY²j§ÚlÀoLs, 

 úUÛm  f(x) = 
1
x  Gu\ RûX¸rf NôoûT GÓjÕd ùLôsúYôm, f(0)  

YûWVßdLlTPôR Ju\ô«Úl©àm 
lim

x → 0  f(x)Id LQd¡P Ø¥ÙUô 

G] ØVpúYôm,  x-dÏ 0-ûYj R®W GkR U§l× úYiÓUô]ôÛm 

ùLôÓdLXôm, Th¥VpLs 8.5 Utßm 8.6Id LY²dL, x-u U§l×Ls  

0-ûY úU−ÚkÕm. ¸¯ÚkÕm ùSÚeL ùSÚeL f(x)-u U§l×Ls GkR 

JÚ ¨ûX GiûQÙm AÔL®pûX GuTÕm ×X]ô¡\Õ, ARôYÕ 

xB]Õ. 0-I AÔL AÔL f(x) = 
1
x  GpûXûV AûPV®pûX GuTÕ 

¾oUô]Uô¡\Õ, 

x  1/2 1/10 1/100 1/1000 

f(x) 2 10 100 1000 
Th¥Vp 8.5 

x − 1/2 − 1/10 − 1/100 − 1/1000 

f(x) − 2 − 10 − 100 − 1000 
Th¥Vp 8.6 

 úUtLiP êuß GÓjÕdLôhÓL°p. ØRp CWiÓm R²jR 

Uô±Ls JÚ ¨ûX GiûQ CPªÚkúRô ApXÕ YXªÚkúRô 

AÔÏmúTôÕ. GpûXûV AûPV Ø¥ÙùUußm êu\ôYÕ 

GÓjÕdLôhÓ AlT¥lThP GpûXûV AûPVúYi¥V 
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AY£VªpûX GuTûRÙm ×XlTÓjÕ¡\Õ, CkR êuß 

GÓjÕdLôhÓm EQojÕm EiûU«−ÚkÕ Nôo©u GpûXûV 

¸rYÚUôß YûWVßdLXôm, 

YûWVû\ :  
     f  B]Õ x-If NôokR Nôo× GuL, c, l GuT] CWiÓ ¨ûX GiLs, 

x-B]Õ c-I ùSÚeÏmúTôÕ. f(x)B]Õ l-I ùSÚeÏUô]ôp l-I  

f(x)-u GpûX Gu¡ú\ôm, CRû] 
lim

x → c f(x) = l G] GÝÕYÕ YZdLm, 

CPªÚkÕ Utßm YXªÚkÕ GpûXLs : 
(Left hand and Right hand limits)  
 f(x)-u GpûXûV YûWVßdÏmúTôÕ. ¨ûX Gi c-I x ùSÚeL 

ùSÚeL f(x)-u U§l×Lû[ LÚj§p ùLôiúPôm, x-u U§l×Ls c-I 

®P £±VRôLúYô (CPªÚkÕ ùSÚeÏm úTôÕ) ApXÕ 

ùT¬VRôLúYô (YXªÚkÕ ùSÚeÏmúTôÕ) CÚdÏm, x-u U§l×Ls 

c-I ®P Ïû\kR U§l×Lû[jRôu GÓdL úYiÓm Gu\ 

¨TkRû]dÏhTÓj§]ôp. x-B]Õ c-«u ¸¯ÚkÕ ApXÕ 

CPªÚkÕ ùSÚeÏ¡\Õ GuúTôm, CRû] x → c − 0 ApXÕ x → c− 

G]d Ï±dLlTÓm, c-I x-B]Õ CPªÚkÕ ApXÕ ¸¯ÚkÕ ùSÚeL 

f(x)-u GpûXûV ¸¯ÚkÕ ApXÕ CPªÚkÕ GpûX GuúTôm, 

CRû]. 

Lf(c) = 
lim

x → c−
  f(x)  G] GÝÕúYôm, 

 AúRúTôp. xB]Õ c-I ®P A§L U§l×L°−ÚkÕ 

ùSÚeÏUô«u ARû] x → c + 0 ApXÕ x → c+ G]d Ï±l©PXôm, 

úUÛm x → c+ Gàm úTôÕ  f(x)-u GpûXûV úU−ÚkÕ GpûX 

ApXÕ YXªÚkÕ GpûX GuúTôm, CRû]. Rf(c) = 
lim

x → c+
  f(x) G] 

GÝÕúYôm, 
 ùLôÓdLlThP Nôo×. GpûXûVl ùTt±ÚdL úYiÓùU²p 

CPªÚkÕ Utßm YXªÚkÕ GpûXLs ùTt±ÚdL úYiÓm, 

úUÛm AûYLs NUUôL AûUV úYiÓùUuTÕm AY£VUô¡\Õ, 

CPªÚkÕ Utßm YXªÚkÕ GpûXLs JÚRûXThN GpûXLs 

G]Üm AûZdLlTÓm, 

8.1.1 GpûX LôQl TVuTÓm £X A¥lTûPj úRt\eLs 

 (1) f(x) = k (Uô±−f Nôo×) G²p. 
lim

x → c  f(x) = k. 
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 (2) f(x) = x  (NU²f Nôo×) G²p. 
lim

x → c  f(x) = c. 

 (3) f(x), g(x) B¡V] GpûX ùTt\ Nôo×Ls Utßm k Uô±− 

G²p. 

  (i) 
lim

x → c  k f(x) = k 
lim

x → c  f(x) 

  (ii) 
lim

x → c  [ ]f(x) + g(x)   = 
lim

x → c  f(x) + 
lim

x → c  g(x) 

  (iii) 
lim

x → c  [ ]f(x) − g(x)   = 
lim

x → c  f(x) − 
lim

x → c  g(x) 

  (iv) 
lim

x → c  [ ]f(x) . g(x)   = 
lim

x → c  f(x) . 
lim

x → c  g(x) 

  (v)    
lim

x → c   



f(x)

g(x)    =  
lim

x → c  f(x)       
lim

x → c   g(x),       g(x) ≠ 0 

  (vi)  f(x) ≤  g(x) G²p. 
lim

x → c  f(x) ≤  
lim

x → c  g(x). 

G,Lô, 8.1 : 

 
lim

x → 1  
x2 − 1
x − 1

 -u U§l× LôiL, 

¾oÜ : 
 CPªÚkÕ Utßm YXªÚkÕ GpûXLû[j R²jR²úV 

LiÓ©¥jÕ GpûX U§lûTd LôiúTôm, 

x → 1− GàmùTôÝÕ. x = 1 − h, h > 0 G]l ©W§«ÓL, 

 
lim

x → 1 −    
x2 − 1
x − 1

  = 
lim

h → 0   
(1 − h)2 − 1

1 − h − 1
  = 

lim
h → 0   

1 − 2h + h2 − 1
− h

  

  = 
lim

h → 0 (2 − h) = 
lim

h → 0 (2) − 
lim

h → 0 (h) = 2 − 0 = 2  

  x → 1+ Gàm ùTôÝÕ. x = 1 + h, h > 0 G]l ©W§«ÓL 

 
lim

x → 1 +  
x2 − 1
x − 1

  = 
lim

h → 0   
(1 + h)2 − 1

1 + h− 1
  = 

lim
h → 0   

1 + 2h + h2 − 1
h   

    = 
lim

h → 0   (2 + h) = 
lim

h → 0   (2)  +  
lim

h → 0   (h) 

    = 2 + 0 = 2,      (8.1.1u (1), (2)Il TVuTÓjR) 
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 CPªÚkÕ Utßm YXªÚkÕ GpûXLs NUm BRXôp.  

 
lim

x → 1  
x2 − 1
x − 1

  U§l× ùTtßs[Õ, úUÛm   
lim

x → 1  
x2 − 1
x − 1

   =  2. 

Ï±l× : x ≠ 1 BRXôp (x − 1) Bp YÏdL Ø¥Ùm, 

 ∴ 
lim

x → 1   
x2 − 1
x − 1

  = 
lim

x → 1  (x + 1) = 2 . 

G,Lô, 8.2 : CPªÚkÕ Utßm YXªÚkÕ GpûXLû[ x = 4-p LôiL, 

   f(x) = 


| x− 4 |

x − 4
      x ≠ 4    Gàm ùTôÝÕ

 0,            x = 4    Gàm ùTôÝÕ

  

¾oÜ : 

 x > 4 Gàm ùTôÝÕ | x − 4 | = x − 4 

G]úY  
lim

x → 4 +   f(x)= 
lim

x → 4 +   
| x− 4 |
x − 4

  = 
lim

x → 4 +   
x − 4
x − 4

  = 
lim

x → 4  (1) = 1 

 x < 4 Gàm ùTôÝÕ | x − 4 | = − (x − 4) 

 G]úY  
lim

x → 4 −
  f(x) = 

lim
x → 4 −

   
−(x − 4)
(x − 4)

   = 
lim

x → 4 −
  (− 1) = − 1 

 YXªÚkÕ Utßm CPªÚkÕ GpûXLs B¡V CWiÓm 

ùTt±Úl©àm. CûYLs NUªuûUVôp. x = 4-p ùLôÓdLlThP 

Nôo©tÏ GpûX U§l× CpûX GuTûRl ×¬kÕ ùLôsL, 

 A,Õ, Rf(4) = 
lim

x → 4 +  f(x) ≠ 
lim

x → 4 −
  f(x) = Lf(4). 

G,Lô, 8.3    

 U§l× LôiL 
lim

x → 0   
3x + | x |
7x − 5 |x |

  

¾oÜ : 

 Rf(0) = 
lim

x → 0 +
   

3x + | x |
7x − 5 |x |

   = 
lim

x → 0 +
   

3x + x
7x − 5x

   (x > 0 BRXôp | x | = x) 

  = 
lim

x → 0 +
   

4x
2x   =  

lim
x → 0 +

   2 = 2  . 

 L f(0) = 
lim

x → 0 −
   

3x + | x |
7x − 5 |x |

  = 
lim

x → 0 −
     

3x − x
7x − 5(− x)

  (x<0, BRXôp |x| =−x) 

  = 
lim

x → 0 −
   

2x
12x   =  

lim
x → 0 −

   



1

6   = 
1
6  . 
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 Rf(0) ≠ Lf(0)  BRXôp GpûX U§l× CpûX, 

Ï±l× : f(x) = g(x) / h(x) GuL, x = c«p.  g(c) ≠ 0 Utßm h(c) = 0 G] 

CÚkÕ f(c) = 
g(c)

0   G] AûUÙùU²p 
lim

x → c  f(x) LôQ CVXôÕ, 

G,Lô, 8.4 : U§l©ÓL : 
lim

x → 3   
x2 + 7x + 11

x2 − 9
  . 

¾oÜ : 

 f(x) = 
x2 + 7x + 11

x2 − 9
  = 

g(x)
h(x)  GuL, CeÏ 

 g(x) = x2 + 7x + 11 ; h(x) = x2 − 9.  
 x = 3-p g(3) = 41 ≠ 0 Utßm  h(3) = 0. 

 úUÛm f(3) = 
g(3)
h(3)   =  

41
0  BÏm, G]úY 

lim
x → 3  

x2 + 7x + 11

x2 − 9
 LôQ 

CVXôÕ, 

G,Lô,  8.5: U§l©ÓL 
lim

x → 0   
1 + x − 1

x   

¾oÜ : 

 
lim

x → 0   
1 + x − 1

x   = 
lim

x → 0    
( )1 + x − 1  ( )1 + x + 1

x( )1 + x + 1
  

  = 
lim

x → 0   
(1 + x) − 1

x ( )1 + x + 1
  = 

lim
x → 0   

1

( )1 + x + 1
  

  = 

lim
x → 0  (1)

 
lim

x → 0 ( )1 + x + 1
  = 

1
1 + 1

  = 
1
2  . 

8.1.2  £X Ød¡V GpûXLs (Some important limits) 
G,Lô, 8.6 : 

 n JÚ ®¡RØß GiQôL CÚkÕ 



∆x

a   < 1 G] CÚl©u 

  
lim

x → a    
xn − an

x − a
   =  nan − 1 (a ≠ 0) 

¾oÜ : x dÏl T§XôL  a + ∆x G] DPôdÏúYôm, ©u× x → a Gàm 

ùTôÝÕ ∆x → 0 Utßm 



∆x

a   < 1 GuTûRd LY²dL,  
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 G]úY 
xn − an

x − a
  = 

(a + ∆x)n − an

 ∆x
  = 

an 



1 + 

∆x
a  

n
 − an

 ∆x
  

    ®¡RØß T¥dÏ¬V DÚßl×j úRt\jûR 



1 + 

 ∆x
a  

n
dÏ ETúVô¡dL 

 



1 + 

 ∆x
a  

n
 = 1 + 



n

1    



∆x

a  + 



n

2  



∆x

a  
2
  + 



n

3   



∆x

a

3
+…+ 



n

r   



∆x

a  
r
 +… 

 ∴ 
xn − an

x − a
  = 

an 





1 + 



n

1  



∆x

a  + 



n

2  



∆x

a  
2
 + …+ 



n

r  



∆x

a

  r
 + …  − an

 ∆x
 

  = 










n

1  an−1 ∆x+ 



n

2  an − 2 (∆x)2+…+



n

r  a n − r (∆x)r + … 

∆x
  

  = 



n

1   an − 1 + 



n

2   an − 2 (∆x) + …+ 



n

r   an − r (∆x)r − 1 + … 

  = 



n

1   an − 1 + ∆xm ARu T¥Lû[ÙØûPV Eßl×Ls 

 ∆x = x − a BRXôp. x → aGàm ùTôÝÕ ∆x → 0 BÏm, 

G]úY  
lim

x → a   
xn − an

x − a
  = 

lim
∆x → 0   



n

1   an − 1 + 
lim

∆x → 0   
∆xm ARu

T¥Lû[ÙØûPV

Eßl×Ls
 

      = 



n

1   an − 1 + 0 + 0 + …  = nan − 1          Q 



n

1  = n . 

 CRû]l TVuTÓjÕm ®RUôL ¸rdLôÔm GÓjÕdLôhÓLû[l 

TôolúTôm, 

G,Lô,  8.7: U§l©ÓL  
lim

x → 1   
x3 − 1
x− 1

   

¾oÜ : 
lim

x → 1   
x3 − 1
x− 1

  = 3(1)3 − 1  = 3(1)2 = 3  

G,Lô,  8.8: 
lim

x → 0   
(1 + x)4 − 1

x   LôiL, 

¾oÜ : 1 + x = t  G]l ©W§«P x → 0  Gàm ùTôÝÕ t → 1   

 ∴    
lim

x → 0   
(1 + x)4 − 1

x   = 
lim

t → 1  
t4 − 14

t − 1
  = 4(1)3 = 4  
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G,Lô,  8.9: 
lim

x → 2   
xn − 2n

x − 2
  = 32 G] CÚdÏUôß ªûL ØÝ n-Id LôiL, 

¾oÜ : Sôm  
lim

x → 2   
xn − 2n

x − 2
  = n2n − 1

 GuTûRl ùTt±Úd¡ú\ôm, 

   ∴ n2n − 1 = 32  =  4 × 8  = 4 × 23  = 4 × 2 4 − 1 

 
CÚ×\Øm Jl©P Sôm ùTßYÕ n  = 4 

G,Lô,  8.10:  
lim

θ → 0   
sin θ

θ    =  1  

¾oÜ :  y = 
sin θ

θ   G] GÓjÕd ùLôsúYôm, θ = 0 GuTûRj R®W θ-u 

GpXô U§l×LÞdÏm y YûWVßdLlThÓs[Õ, θ = 0-dÏ y-u 

U§lûT 
0
0 Gu\ ‘úRWlùT\ôRÕ’ (indeterminate) BLd Lôi¡ú\ôm,  

θ-dÏl T§p − θ ©W§«P. 
sin (−θ)

− θ  = 
sin θ

θ   GuTRôp ©u]m 
sin θ

θ -u 

GiQ[ûY (magnitude) UôßY§pûX, G]úY θ B]Õ 0-dÏ 

YXªÚkÕ ùSÚeÏm úTôÕ 
sin θ

θ  -u GpûXûVd LiÓ©¥jRp 

úTôÕUô]Õ, ARôYÕ θ ØRp LôpUô]l TÏ§«p CÚdÏmúTôÕ 

GpûX LiPôp úTôÕUô]Õ, OûY ûUVUôLÜm JÚ AXÏ BWØm 

ùLôiP YhPm Juû\ YûWL, OA = OB = 1 G] CÚdÏUôß A, B 
Gàm ×s°Lû[ YhPj§u T¬§«p Ï±jÕd ùLôsL, 

‘θ’ BûWVuLû[ YhP ûUVj§p RôeÏm AOE Gu\ YhPúLôQl 

TÏ§ûV GÓjÕd ùLôsúYôm,  A Gu\ ×s°«p YhPj§tÏ AD 
Gu\ ùRôÓúLôhûP YûWúYôm, AÕ OE-I  D Gu\ ×s°«p 

ùYhPhÓm, OD Utßm Sôi AB ùYh¥d ùLôsÞm ×s° C GuL,  

 TPj§p sinθ = AC ; cos θ = OC ;  

θ  = 
1
2  arc AB,  OAD   = 90° 

  ùNeúLôQ ØdúLôQm OAD-p  

 AD = tanθ.  

     YhP ®p ABu ¿[m = 2θ TPm 8.1 

                 Sôi AB-u ¿[m = 2 sinθ   

  ùRôÓúLôÓL°u áÓRp = AD + BD = 2 tanθ  
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 YhP ®p−u ¿[m Sô¦u ¿[j§tÏm ùRôÓúLôÓL°u 

¿[j§tÏm CûPlThPÕ GuTRôp ¸rdLôÔm NU²uûU 

¡ûPdÏm, 

 2 sin θ < 2θ < 2 tanθ. 

 2 sinθ-p YÏdL  1 < 
θ

 sinθ   <  
1

cos θ  ARôYÕ 1 >  
sinθ

θ    >  cos θ BÏm, 

 θ → 0 Gàm ùTôÝÕ OC = cos θ → 1 

 ARôYÕ  
lim

 θ → 0   cosθ = 1 . 

 G]úY 8.1.1-u  3(vi)Il TVuTÓjR Sôm ùTßYÕ 1 > 
lim

 θ → 0  
sin θ

θ   > 1 

 ARôYÕ Uô± y = 
sin θ

θ  u U§l× Ju±tÏm. Juû\ ªL 

AiûU«p ùSÚeÏm U§l©tÏªûPúV AûU¡\Õ, 

 ∴ 
lim

 θ → 0   
sin θ

θ   = 1. 

 Nôo× y = 
sin θ

θ  u YûWTPm TPm 8.2p LôhPlThÓs[Õ, 

 
TPm 8.2 

G,Lô,  8.11: U§l©ÓL : 
lim

 θ → 0   
1 − cos θ

θ2   . 

¾oÜ : 
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1 − cos θ

θ2    = 
2 sin2 

θ
2

 θ2  = 
1
2  

sin2 



θ

2





θ

2

2  = 
1
2  







sin 

θ
2

θ
2

 

2

 

 θ → 0  B]ôp α = 
θ
2  → 0 úUÛm 

lim
 θ → 0  

sin 
θ
2

θ
2

  = 
lim

 α → 0  
sin α

α   = 1  

 
lim

 θ → 0  
1− cosθ

θ2   = 
lim

 θ → 0   
1
2 







sin 

θ
2

θ
2

 

2

= 
1
2   







lim

 θ → 0 
sin 

θ
2

θ
2

 

2

 

  = 
1
2 × 12 = 

1
2  

G,Lô, 8.12: U§l©ÓL :  
lim

x → 0 +
   

sin x
x

   

¾oÜ : 
lim

x → 0 +
   

sin x
x

  = 
lim

x → 0 +
 



sin x

x  x  

    = 
lim

x → 0 +
 



sin x

x . 
lim

x → 0 +
 ( )x  = 1 × 0 = 0 . 

Ï±l× : x < 0 B]ôp x  LtTû] BRXôp. CPªÚkÕ GpûX 

¡ûPVôÕ, 

G,Lô, 8.13: LQd¡ÓL : 
lim

x → 0   
sin βx
sinαx

  , α ≠ 0 . 

¾oÜ : 

 
lim

x → 0   
sin βx
sinαx

   = 
lim

x → 0    
β . 

sin βx
βx

 α . 
sin αx

αx

  =  
β  

lim
x → 0 



sin βx

βx

α 
lim

x → 0 



sin αx

αx

     

  = 
β 

lim
 θ → 0 



sinθ

θ

α 
lim

y → 0 



sin y

y

  = 
β × 1
 α × 1

 = 
β
α . 

since θ = βx → 0 as x → 0
 and y = αx → 0 as x → 0  
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G,Lô, 8.14 : LQd¡ÓL  : 
lim

x → π/6  
2 sin2x + sinx − 1

2 sin2x − 3 sinx + 1
  

¾oÜ : 

 2 sin2 x + sin x − 1 = (2 sinx − 1) (sin x + 1) 

 2 sin2 x − 3 sin x + 1 = (2 sinx − 1) (sin x − 1) 

  
lim

x → π/6  
2 sin2x + sinx − 1

2 sin2x − 3 sinx + 1
  = 

lim
x → π/6  

(2 sinx − 1) (sin x + 1)
(2 sinx − 1) (sin x − 1)

  

  = 
lim

x → π/6 
sin x + 1
sin x − 1

  



2 sin x − 1 ≠ 0 for x → 

π
6   

    = 
sin π/6 + 1
sin π/6 − 1

   =  
1/2 + 1
1/2 − 1

    =  − 3 . 

G,Lô,  8.15:   
lim

x → 0   
ex − 1

x    =  1 G]d LôhÓL, 

¾oÜ :    ex = 1 + 
x

1
   +  

x2

2
  + … + 

xn

n
  + …  

GuTÕ SUdÏj ùR¬Ùm 

 AqYô\ô«u       ex − 1 = 
x

1
   +  

x2

2
  + … + 

xn

n
  + … 

 ARôYÕ   
ex − 1

x   = 
1

1
  + 

x

2
  + … + 

xn − 1

n
  + …  

     (Qx ≠ 0 BRXôp xBp YÏdL CVÛm) 

   ∴    
lim

x → 0   
ex − 1

x   = 
1

1
   =  1 . 

G,Lô,  8.16: U§l©ÓL 
lim

x → 3     
ex − e3

x − 3
 . 

¾oÜ : 
ex − e3

x − 3
 ûV GÓjÕd ùLôsúYôm,   

 y = x − 3 GuúTôm, ©u x → 3  B]ôp y → 0 
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 BLúY 
lim

x → 3  
ex − e3

x − 3
  = 

lim
y → 0   

ey + 3− e3

y    =  
lim

y → 0   
e3 . ey − e3

y   

   = e3  
lim

y → 0   
ey − 1

y    = e3 × 1 = e3  . 

G,Lô,  8.17: U§l©ÓL : 
lim

x → 0    
ex − sin x − 1

x   . 

¾oÜ :    

  
ex − sin x − 1

x   = 



ex − 1

x   − 



sin x

x   

 
lim

x → 0    
ex − sin x − 1

x   = 
lim

x → 0  



ex − 1

x   − 
lim

x → 0  



sin x

x  = 1 − 1 = 0  

G,Lô,  8.18: U§l©ÓL : 
lim

x → 0  
etan x − 1

tanx    

¾oÜ :   tanx = y GuL, ©u x → 0  B]ôp y → 0  

 G]úY 
lim

x → 0  
etan x − 1

tanx   = 
lim

y → 0   
ey − 1

y   = 1  

G,Lô,  8.19:      
lim

x → 0   
log (1 + x)

x   = 1  

¾oÜ :   loge (1 + x) = 
x
1   − 

x2

2   + 
x3

3   −  … GuTÕ SUdÏj ùR¬Ùm 

 C§−ÚkÕ 
loge (1 + x)

x   = 1 − 
x
2   +  

x2

3   − … 

 G]úY 
lim

x → 0   
loge (1 + x)

x   = 1. 

Ï±l× : logx GuTÕ CVp UPdûL logexId Ï±dÏm 

G,Lô,  8.20: U§l©ÓL 
lim

x → 1   
log x
x − 1

  . 

¾oÜ : x − 1 = y G]d ùLôsúYôm, ©u x → 1 B]ôp y → 0 

 G]úY 
lim

x → 1  
log x
x − 1

  = 
lim

y → 0   
log(1 + y)

y    

    = 1      (G,Lô,8.19u T¥) 

G,Lô,  8.21:  
lim

x → 0   
ax − 1

x    =  log a,    a > 0    

¾oÜ :  f(x) = elog f(x) 
GuTÕ SUdÏj ùR¬Ùm, C§−ÚkÕ 
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  ax = elogax
 = ex loga  

 G]úY    
ax − 1

x  = 
ex loga − 1

x log a   × log a 

 RtùTôÝÕ  x → 0 B]ôp  y = x log a → 0 

 ∴ 
lim

x → 0   
ax − 1

x   =  
lim

y → 0   
ey − 1

y    ×  log a = log a 
lim

y → 0   



ey − 1

y    

  = log a.   (Q  
lim

x → 0  
ex − 1

x   = 1) 

G,Lô,  8.22: U§l©ÓL 
lim

x → 0   
5x − 6x

x    

¾oÜ : 

 
lim

x → 0   
5x − 6x

x   = 
lim

x → 0  
(5x − 1) − (6x − 1)

x    

  = 
lim

x → 0  



5x − 1

x   − 
lim

x → 0  



6x − 1

x   

    = log 5 − log 6 = log 



5

6   . 

G,Lô,  8.23:  U§l©ÓL 
lim

x → 0   
3x + 1 − cos x − ex

x    

¾oÜ : 

 
lim

x → 0   
3x + 1 − cos x − ex

x   = 
lim

x → 0  
(3x − 1) + (1 − cos x) − (ex − 1)

x   

  = 
lim

x → 0  



3x − 1

x   + 
lim

x → 0  



1 − cos x

x   − 
lim

x → 0  



ex − 1

x   

  = log 3 + 
lim

x → 0   
2 sin2 x/2

x   − 1  

  = log 3 + 
lim

x → 0  
x
2   



sin x/2

x/2

2
 − 1 

  = log3 + 
1
2  

lim
x → 0 (x) 

lim
x → 0  



sin x/2

x/2

2
 − 1 

  = log 3 + 
1
2 ×  0  ×  1 −1 = log 3 − 1. 
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£X Ød¡V GpûXLs : 

(1) 
lim

x → ∞   



1 + 

1
x  

x
 –u GpûX ¡ûPdLl ùTßm, ARû] e GuTo, 

 (2) 
lim

x → ∞   



1 + 

1
x  

x
  = e-p x = 

1
y  G]l ©W§«P 

lim
x → 0   (1 + x)1/x  =  e 

(3) 
lim

x → ∞  



1 + 

k
x  

x
 = ek 

 GpûXL°u ¾oÜLû[j ùR¬kÕ ùLôs[ ¾oÜl ×jRLjûR TôodLÜm, 

Ï±l× : (1) e-u U§l× 2< e < 3 G] AûUÙm, 

      (2) 
lim

x → ∞   



1 + 

1
x  

x
  = e B]Õ x-u GpXô ùUn 

U§l×LÞdÏm EiûU BÏm, 

 ARôYÕ x -u GpXô ùUnU§l×LÞdÏm 
lim

x → ∞   



1 + 

1
x  

x
  = e 

BÏm, 

 e = e1 = 1 + 
1
1!  + 

1
2!  + 

1
3! +…+ 

1
r! + … GuTûR LY]j§p ùLôsL, CkR 

ùUnùVi e GkR JÚ TpÛßl×d úLôûYf NUuTôhûPÙm ¨û\Ü 

ùNnVôÕ, ARôYÕ a0xn + a1xn − 1+…+ an − 1 x + an = 0 Gu\ AûUl©p 

Es[ GkR JÚ NUuTôh¥tÏm ¾oYôLôÕ, G]úY CkR Gi e-ûV 

LPkR Gi  (transcendental number)G] AûZlTo, 

G,Lô,  8.24: LQd¡ÓL :  
lim

x → ∞  



1 + 

1
x  

3x
 . 

¾oÜ : RtúTôÕ 



1 + 

1
x  

3x
  = 



1 + 

1
x  

x
  



1 + 

1
x  

x
  



1 + 

1
x  

x
. C§−ÚkÕ 

 
lim

x → ∞  



1 + 

1
x  

3x
  = 

lim
x → ∞  



1 + 

1
x  

x
 . 



1 + 

1
x  

x
 . 



1 + 

1
x  

x
 

           =  
lim

x → ∞   



1 + 

1
x  

x
 . 

lim
x → ∞   



1 + 

1
x  

x
 . 

lim
x → ∞  



1 + 

1
x  

x
 = e. e. e. = e3 . 

G,Lô,  8.25: U§l©ÓL : 
lim

x → ∞   



x + 3

x − 1
 
x + 3

. 

¾oÜ :  

 
lim

x → ∞   



x + 3

x − 1
 
 x + 3

 = 
lim

x → ∞   



x − 1 + 4

x − 1

(x − 1) + 4
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  = 
lim

x → ∞   



1 + 

4
x − 1

 (x − 1) + 4
  

  = 
lim

y → ∞   



1 + 

4
y  

y + 4
  (Q y = x − 1→ ∞ as x → ∞) 

  = 
lim

y → ∞  



1 + 

4
y  

y 

 



1 + 

4
y  

4  

  

= 
lim

y → ∞   



1 + 

4
y  

y
 . 

lim
y → ∞   



1 + 

4
y

4
 = e4.  1 = e4 

G,Lô,  8.26: U§l©ÓL : 
lim

x → π/2   (1 + cosx)3 sec x. 

¾oÜ : cos x = 
1
y   G]l ©W§«ÓúYôm, x →  

π
2  G²p  y →  ∞    

 
lim

x → π/2  (1 + cosx)3 sec x = 
lim

y → ∞  



1 + 

1
y

3y

 = 
lim

y → ∞  









1 + 

1
y  

y

 

3

  

 = 





lim

y → ∞ 



1 + 

1
y  

y   3

 = e3. 

G,Lô,  8.27: U§l©ÓL : 
lim

x → 0   
2 x − 1
1 + x − 1

  

¾oÜ  : 

 
lim

x → 0   
2x − 1
1 + x − 1

  = 
lim

x → 0   
2x − 1

(1 + x − 1)
  



 

 1 + x + 1  

  = 
lim

x → 0  
2x − 1

x   . 
lim

x → 0  ( )1 + x + 1   

  = log 2 . ( )1 + 1            





‡  
lim

x → 0  
a x − 1

x  = loga   

  = 2 log 2 = log 4 . 

G,Lô,  8.28:  U§l©ÓL : 
lim

x → 0   
1 + x − 1 − x

sin− 1 x
   

¾oÜ : 

   
lim

x → 0   
1 + x − 1 − x

sin− 1 x
  =  

lim
x → 0  

(1 + x) − (1 − x)

 sin− 1x
   





1

1 + x + 1 − x
  

    sin− 1x = y G]l ©W§«ÓúYôm, ∴ x = sin y úUÛm x → 0  G²p y→0 
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lim

x → 0   
1 + x − 1 − x

sin− 1 x
  = 

lim
y → 0  

2 sin y
y  . 

lim
y → 0   

1

1 + sin y + 1 − sin y
  

  = 2  
lim

y → 0  



sin y

y    




1

1 + 0 + 1 − 0
  

  = 2 × 1 ×  
1
2   = 1 

T«t£ 8.1 
¸rdLôÔm GpûXLû[d LQd¡ÓL, (1 − 13) 

 (1) 
lim

x → 1   
x2 + 2x + 5

x2 + 1
    (2)  

lim
x → 2 −

   
x − 2

2 − x
     

 (3) 
lim

h → 0   
(x + h)2 − x2

h     (4)  
lim

x → 1   
xm − 1
x − 1

  

 (5) 
lim

x → 4   
2x + 1 − 3

x − 2 − 2
  (6)  

lim
x → 0   

x2 + p2 − p

x2 + q2 − q
  

 (7) 
lim

x → a  
m

x − 
m

a
x − a

  (8)  
lim

x → 1   
3

x − 1
x − 1

  

 (9) 
lim

x → 0   
1 + x + x2 − 1

x   (10)  
lim

x → 0   
sin2 (x/3)

x2   

 (11) 
lim

x → 0   
sin (a + x) − sin (a − x)

x   (12)  
lim

x → 0  
log (1 + αx)

x   

 (13) 
lim

n → ∞   



1 + 

1
n

n + 5
   

 (14) f(x)  = 
x3 − 27

x− 3
  Gu\ Nôo©tÏ x = 3-p CPªÚkÕ Utßm 

YXªÚkÕ GpûXLû[ U§l©ÓL, 3I x ùSÚeL f(x)dÏ GpûX 

Es[Rô? Em T§ÛdÏd LôWQm áßL, 

 (15) 
lim

x → 3   
xn − 3n

x − 3
   =  108  G] CÚdÏUôß ªûL ØÝ n-Id LôiL, 

 (16) U§l©ÓL : 
lim

x → 0   
ex − esinx

x − sin x
  .  

 (17) f(x)  =  
ax2 + b

x2 − 1
  , 

lim
x → 0  f(x) = 1  Utßm 

lim
x → ∞   f(x) = 1 G²p 

  f(− 2) = f(2) = 1 G] ¨ßÜL, 
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 (18) 
lim

x → 0  −     
| x |
x    Utßm 

lim
x → 0  +     

| x |
x   B¡VYtû\ U§l©ÓL, 

  
lim

x → 0    
| x |
x  Il Tt± Gu] á\ Ø¥Ùm? 

 (19) LQd¡ÓL : 
lim

x → 0    
a x − b x

x   ,  a, b > 0.  

  C§−ÚkÕ 
lim

x → 0   
5 x − 6 x

 x I U§l©ÓL, 

 (20) log (1 + x)-u ùRôPûWl TVuTÓjRôUp  

  
lim

x → 0  
log (1 + x)

x   = 1 G] ¨ßÜL, 

8.2 Nôo©u ùRôPof£ (Continuity of a function) : 
 fB]Õ I = [a, b]  Gu\ ê¥V CûPùY°«p YûWVßdLlThP 

Nôo×, CRu ùRôPof£j RuûUûV Ru Yû[YûW y = f(x) u ÁÕ 

AûUkR JÚ ÕLs. (a, f(a))  Gu\ ×s°«−ÚkÕ (b, f(b)) Gu\ 

×s°dÏ Ru TôûRûV ®hÓ ®XLôUp SLokÕ ùNpÛm CVdLj§u 

Yô«XôL ®[dL Ø¥Ùm,  

JÚ ×s°«p ùRôPof£ (Continuity at a point) : 
YûWVû\ : §\kR CûPùY° (a,b)«p HúRàm JÚ ×s° c-«p Nôo× 

fB]Õ 

lim
x → c  f(x) = f(c)  G] CÚdÏUô]ôp 

     ×s° c-«p f-I JÚ ùRôPof£Vô] Nôo× GuúTôm, CfNôoTô]Õ 

c-«p 
lim

x → c  − f(x) = f(c)  G] CÚdÏUô]ôp CPªÚkÕ 

ùRôPof£Vô] Nôo× G]Üm  
lim

x → c  +  f(x) = f(c) G] AûUÙUô]ôp 

YXªÚkÕ ùRôPof£Vô] Nôo× G]Üm áßúYôm, 

 JÚ NôoTô]Õ JÚ ×s°«p CPªÚkÕ Utßm YXªÚkÕ 

ùRôPof£VôôL CÚkRôp UhÓúU AfNôo× ùRôPof£Vô] 

NôoTôÏm, CRu UßRûXÙm EiûUVôÏm, 

Ø¥Ül ×s°«p ùRôPof£  (Continuity at an end point) : 
 ê¥V CûPùY° [a, b] -«p YûWVßdLlThP JÚ Nôo× CPÕ 

Ø¥Ül×s° a-«p YXªÚkR ùRôPof£ G²p f-I a-«p 

ùRôPof£Vô] Nôo× GuúTôm, ARôYÕ  
lim

x → a  +  f(x)  =  f(a) . 
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 AÕúTôX 
lim

x → b  −  f(x) = f(b) G²p f-I YXÕ Ø¥Ül×s° b-«p 

ùRôPof£Vô] Nôo× GuúTôm, 
 BL JÚ Nôo× f-B]Õ JÚ ×s° c-«p ùRôPof£Vô]RôL CÚdL 

¸rdLôÔm ¨TkRû]Lû[ ¨û\Ü ùNnV úYiÓùUuTûR 

Ød¡VUôL ¨û]®p ùLôs[ úYiÓm, 

 (i) f(x)B]Õ c-«p YûWVßdLlTP úYiÓm, 

 (ii) 
lim

x → c  f(x)-u U§l× LôQ Ø¥Rp úYiÓm, 

  (iii) 
lim

x → c  f(x) = f(c)  G] CÚdL úYiÓm, 

ê¥V CûPùY°«p ùRôPof£ (Continuity in [a, b] ) : 

 JÚ ê¥V CûPùY° [a, b]-«p Es[ JqùYôÚ ×s°«Ûm 

Nôo×  f-B]Õ ùRôPof£Vô]RôL CÚdÏUô«u AÕ [a, b]- p JÚ 

ùRôPof£Vô] Nôo× GuúTôm, 

ùRôPof£Vt\ Nôo×Ls (Discontinuous functions) : 
 JÚ Nôo× Ru AWe¡p Es[ HúRàm JÚ ×s°«p 

ùRôPof£Vt\RôL CÚl©u ARû] Al×s°«p ùRôPof£Vt\ 

Nôo× GuúTôm, 

úRt\m 8.1: f, g GuT] c Gàm ×s°«p ùRôPof£Vô] Nôo×Ls 

G²p. f + g, f − g Utßm fg GuT]Üm c-«p ùRôPof£Vô] 

Nôo×L[ôÏm, úUÛm g(c) ≠ 0 G²p f/g-Ùm c«p ùRôPof£Vô] 

NôoTôÏm, 

G,Lô, 8.29: JqùYôÚ Uô±−f Nôo×m JÚ ùRôPof£Vô] Nôo× G] 

¨ì©, 

¾oÜ : Uô±−f Nôo× fI f(x) = k 
GuúTôm, 
 f-u AWe¡p HúRàm JÚ 

×s° c G²p f(c) = k. 

úUÛm 
lim

x → c   f(x) = 
lim

x → c  (k) = k, 

 BL 
lim

x → c  f(x) = f(c). 
 

TPm 8.3 

 G]úY f(x) = k JÚ ùRôPof£Vô] Nôo× BÏm, 
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Ï±l× : y = f(x) = k-u YûWTPUô]Õ x-AfÑdÏ CûQVô] 

CûPùY° HÕUt\ JÚ úSodúLôÓ BÏm, C§−ÚkÕ 

ùRôPof£Vô] Nôo×Ls RmØûPV YûWTPj§p (TôûR«p) GkR 

CûPùY°ûVÙm AàU§lT§pûX GuTûR EQoÜ ¨ûX 

Yô«XôLl ×¬kÕ ùLôsL, 

G,Lô,  8.30 : f(x) = xn, x ∈ R ùRôPof£Vô] Nôo×, 

¾oÜ : R-u HúRàm JW ×s° x0 GuL, 

 ©u× 
lim

x → x0
  f(x) = 

lim
x → x0

  (xn) = 
lim

x → x0
  (x. x … n  LôW¦Ls) 

  = 
lim

x → x0
  (x). 

lim
x → x0

  (x)  … 
lim

x → x0
  (x) … (n LôW¦Ls) 

  = x0.x0 … x0         (n LôW¦Ls) = x0
n 

úUÛm     f(x0)= x0
n . BL   

lim
x → x0

  f(x) =  f(x0) = x0
n  

 ⇒    f(x) = xn JÚ ùRôPof£Vô] Nôo× 

G,Lô,  8.31: k ≠ 0  JÚ ùUnUô±− G²p f(x) = kxn (k ∈ R) 
ùRôPof£Vô] Nôo× BÏm G] ¨ì©, 

¾oÜ : g(x) = k Utßm h(x) = xn
G]d ùLôsúYôm, 

 G,Lô, 8.29-u T¥  g-Ùm G,Lô,8.30-uT¥  h-m ùRôPof£Vô] 

Nôo×Ls, CYt±−ÚkÕ úRt\m 8.1-u T¥  f(x) = g(x) . h(x) = kxn 
ùRôPof£Vô] Nôo× BÏm, 

G,Lô,  8.32: n T¥ ùLôiP JqùYôÚ TpÛßl×d úLôûYf Nôo×m 

JÚ ùRôPof£Vô] Nôo× BÏm G] ¨ì©, 

¾oÜ .  n T¥ ùLôiP TpÛßl×d úLôûYf NôoûT  

 f(x) = a0xn +a1 xn − 1 + a2xn − 2 + … + an − 1 x + an , a0 ≠ 0 G] GÓjÕd 

ùLôsúYôm, 

 ClùTôÝÕ G,Lô, 8.31-u T¥ aix
i, i = 0, 1, 2, … n GpXôm 

ùRôPof£Vô] Nôo×Ls, BL úRt\m 8.1 T¥ ùRôPof£Vô] 

Nôo×L°u áÓRÛm ùRôPof£Vô] Nôo×Ls BRXôp. f(x)-m 

ùRôPof£Vô] Nôo× BÏm, 

G,Lô,  8.33: p(x), q(x) ≠ 0 GuT] TpÛßl×d úLôûYL[ôL AûUkR 

®¡RØßf Nôo×. r(x) = p(x) / q(x) ùRôPof£Vô] Nôo× BÏm G] 

¨ì©, 
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¾oÜ.  r(x) = p(x) / q(x). p(x), q(x) GuT] TpÛßl×d úLôûYLs 

BRXôp G,Lô,8.35-u T¥ CûYLs ùRôPof£Vô] Nôo×Ls BÏm, 

C§−ÚkÕ. úRt\m 8.1-u T¥ CWiÓ TpÛßl×d úLôûYf 

Nôo×L°u ®¡RØm JÚ ùRôPof£Vô] Nôo× BRXôp. r(x)-m 

ùRôPof£ BÏm, ARôYÕ JqùYôÚ ®¡RØßf Nôo×m 

ùRôPof£Vô] Nôo× BÏm, 

£X Ø¥ÜLs (¨ìTQªu±)  : 

(1) T¥dÏ±f Nôo× JÚ ùRôPof£Vô] Nôo×, 

 Ï±lTôL f(x) = ex
m ùRôPof£Vô] Nôo× BÏm, 

(2) f(x) = logx, x > 0, R+
p ùRôPof£Vô] Nôo× BÏm, CeÏ R+

 GuTÕ 

ªûL ùUnùViL°u LQm, 

(3) YhPf Nôo× f(x) = sinx B]Õ R-p ùRôPof£Vô]Õ, 
(4) ùLôûNu Nôo× f(x) = cos x B]Õ R-p ùRôPof£Vô]Õ, 

Ï±l× : CmØ¥ÜL°u ¨ìTQeLû[d LôQ ¾oÜl ×jRLjûRl TôodLÜm, 

G,Lô,  8.34: f(x) =  


sin2x

x  ,  x ≠ 0 Gàm ùTôÝÕ

1 .  x = 0 Gàm ùTôÝÕ
   Gu\ Nôo× x = 0 Gàm 

×s°«p ùRôPof£Vô] NôoTô? EeLs ®ûPdÏ LôWQm áßeLs, 

¾oÜ : f(0) = 1 GuTûRd LY²dL, 

 ClùTôÝÕ  
lim

x → 0  f(x) = 
lim

x → 0  
sin 2x

x    



Q x ≠ 0,  f(x) = 

sin 2x
x   

    = 
lim

x → 0  2 



sin 2x

2x   = 2 
lim

x → 0  



sin 2x

2x   

    = 2  
lim

2x → 0   



sin 2x

2x   = 2.1 = 2 . 

 
lim

x → 0  f(x)  =2 ≠ 1 = f(0) BRXôp x = 0-p  f(x) B]Õ ùRôPof£Vô] 

Nôo× ApX, ARôYÕ x = 0-p f(x) JÚ ùRôPof£Vt\ Nôo×, CfNôoûT 

 f(x) =  


sin2x

x  ,  x ≠ 0

2,        x = 0
  G] YûWVßl©u 

lim
x → 0  f(x) = f (0)  

GuTûRd LY²j§ÚlÀoLs, Uôt± YûWVßdLlThP Nôo×  
x = 0 ×s°«p ùRôPof£Vô] Nôo× BRXôp ClT¥lThP 

×s°Lû[ ¿dLjRdL ùRôPof£«uûUl ×s°Ls GuúTôm, 

G,Lô,  8.35 :  x = c Gàm ×s°«p ¸rdLôÔm Nôo×dÏ ùRôPof£j 

RuûUûV BnÜ ùNnL, 
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 f(x) =  


sin (x − c)

x − c
   x ≠ c G²p

0               x = c G²p

   

¾oÜ :  x = c-«p f(c) = 0 G]l ùTt±Úd¡ú\ôm, ClùTôÝÕ 

  
lim

x → c f(x) =  
lim

x → c   
sin (x − c)

x − c
 = 

lim
h → 0  

sin h
h       

Q x→c GàmúTôÕ

h = x − c → 0
 

  = 1 . 

 f(c) = 0 ≠ 1 = 
lim

x → c  f(x) BRXôp f(x)  B]Õ x = c-«p 

ùRôPof£Vt\Õ, 

Ï±l× :   f(x) = 


sin(x − c)

x − c
  x ≠ c G²p

1              x = c G²p

 

G] Uôt± YûWVßdLlThP Nôo× x = c-p ùRôPof£Vô] Nôo× 

GuTûRd LY²dL, C§−ÚkÕ x = c B]Õ ¿dLjRdL 

ùRôPof£«uûUl (Ø±Ül) ×s° GuTûRÙm LY²jÕd 

ùLôsÞeLs, 

G,Lô,  8.36 : Nôo× f B]Õ  f(x) =





− x2         x ≤ 0 G²p

5x − 4       0 < x ≤ 1 G²p

4x2 − 3x   1 < x < 2 G²p

3x + 4      x ≥ 2 G²p

 

 G] YûWVßdLlTÓ¡\Õ, x = 0, 1, 2 B¡V ×s°L°p f-u 

ùRôPof£jRuûUûV T¬úNô§dL, 
¾oÜ : 

 (i) 
lim

x → 0  −  f(x) = 
lim

x → 0  −  ( − x2) = 0 

  
lim

x → 0  +  f(x) = 
lim

x → 0  +  (5x − 4) = (5.0 − 4) = − 4 

  
lim

x → 0  −  f(x) ≠ 
lim

x → 0  +  f(x)  BRXôp  f(x)B]Õ x = 0 

×s°«p ùRôPof£Vt\ Nôo×, 

 (ii) 
lim

x → 1  −
  f(x)  = 

lim
x → 1  −

  (5x − 4)  = 5 ×  1 − 4 = 1. 

  
lim

x → 1 +
  f(x) = 

lim
x → 1 +

  (4x2 − 3x) = 4 × 12 − 3 × 1 = 1 

 úUÛm f(1) = 5 × 1 − 4 = 5 − 4 = 1 
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lim

x → 1  −
  f(x) = 

lim
x → 1 +

   f(x) = f(1) BL CÚlTRôp  f(x) 

B]Õ x = 1-p ùRôPof£Vô] Nôo×, 

 (iii) 
lim

x → 2  −
  f(x) = 

lim
x → 2  −

  (4x2 − 3x) 

   = 4 × 22 − 3 × 2 = 16 − 6 = 10 . 

 Utßm 
lim

x → 2  +  f(x) = 
lim

x → 2  +  (3x + 4) = 3 × 2 + 4 = 6 + 4 = 10 . 

 úUÛm  f (2) = 3 × 2 + 4 = 10 . 

  f(2) = 
lim

x → 2  f(x) BRXôp f(x) B]Õ x = 2 Gu\ ×s°«p 

ùRôPof£Vô]Õ BÏm, 

G,Lô, 8.37 : x B]Õ ÁlùTÚ ØÝ Gi NôoûTd Ï±d¡\Õ,  
f(x) = x − x, x ≥ 0  Nôo©u ùRôPof£jRuûUûV x = 3 Gu\ ×s°«p 

®Yô§dL. 

¾oÜ: ClùTôÝÕ 
lim

x → 3  −  f(x) = 
lim

x → 3  −  x − x  = 3 − 2 = 1, 

   
lim

x → 3  +  f(x) = 
lim

x → 3  +  x − x   = 3 − 3 = 0, 

 Utßm f(3) = 0 . 

  f(3) = 
lim

x → 3  +  f(x) ≠ 
lim

x → 3  −  f(x) GuTûRd LY²ÙeLs, 

 G]úY f(x) = x − x  B]Õ  x = 3p ùRôPof£Vt\ Nôo×, 

T«t£ 8.2 
Ñh¥dLôhPlThÓs[ ×s°L°p ùRôPof£jRuûUûV BWônL,   

 (1) f(x) = 



x3 − 8

x2 − 4
    x ≠ 2 G²p

3           x = 2 G²p

  x  =  2-p 

 (2)  f(x)  =  x − | x |  , x = 0 Gàm ×s°«p  

 (3) f(x) = 


2x, 0 ≤ x < 1 GàmùTôÝÕ

3, x = 1 GàmùTôÝÕ

4x, 1 < x ≤ 2 GàmùTôÝÕ

          x = 1-p 

 (4)  f( x)  =  


2x − 1,  x < 0 G²p

2x + 6, x ≥ 0 G²p
    x  =  0-p 



 62

 (5) f(x)  = 


1, x ≤ 3 G²p

ax + b, 3 < x < 5 G²p

7, x ≥ 5  G²p

 

  Gu\ Nôo× x = 3 Utßm x = 5 Gu\ ×s°L°p ùRôPof£Vô]Õ 

G²p a, b-dL°u U§l× LôiL,    

 (6) f(x) =  



x2

2  , 0 ≤ x ≤ 1 G²p

2x2 − 3x + 
3
2 ,  1 < x ≤ 2  G²p

 f(x) B]Õ  

  x = 1 Gàm ×s°«p ùRôPof£Vô]Õ G]dLôhÓ, 

 (7) f(x) = |x − 1| + |x − 2| Guß YûWVßdLlThP Nôo× f-u 

ùRôPof£jRuûUûV x = 1 Utßm x = 2 Gu\ ×s°L°p 

®Yô§dL, 

8.3 YûLÂÓ - LÚjRôdLm (Concept of Differentiation) : 
 CÕYûW GpûX Gu¡\ LÚjÕ Ï±jÕ TôojúRôm, ClúTôÕ JÚ 

×s°«p HtTÓm Uôt\ ÅRjûRj Õp−VUôLd LiP±V 

ØVt£lúTôm, ØR−p EVoÜLs (increments) Gu\ôp Gu]ùY] 

YûWVßlúTôm, 

 y = f(x) Gu\ NôoûT GÓjÕd ùLôsúYôm, C§p x B]Õ R²jR 

Uô±, ClúTôÕ x-u U§l× x0 Gu¡\ ùRôPdL A[®−ÚkÕ x1 

Gu¡\ Cß§ A[®tÏ UôßYRôLd ùLôsúYôm, CeÏ x-p 

HtThÓs[ Uôt\j§u A[Ü x-u EVoÜ G] YûWVßdLlTÓ¡\Õ, 

CRû] ∆x (ùPpPô x)  Guß Ï±lTÕ YZdLm, ARôYÕ ∆x = x1 − x0 

ApXÕ x1 = x0 + ∆x 

 x A§L¬dÏUô]ôp ∆x > 0 Hù]²p x1 > x0. 

 x Ïû\ÙUô]ôp ∆x < 0 Hù]²p x1 < x0. 

 x0®−ÚkÕ x1 = x0 + ∆x BL x UôßmúTôÕ.  y-u U§l×  

f(x0)®−ÚkÕ f(x0 + ∆x) BL Uôß¡\Õ, f(x0)-I y0 G] GÓjÕd 

ùLôiPôp f(x0) = y0 BÏm, G]úY  f(x0 + ∆x) = y0 + ∆y. y-p HtTÓm 

EVoÜ ∆y GuTÕ x0 Utßm ∆x-u U§l×Lû[f NôokÕs[Õ,  

(x0-−ÚkÕ x1BL UôßmùTôÝÕ y A§L¬jRôp ∆y ªûL 
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U§l×ûPVRôL CÚdÏm, y U§l× Ïû\kRôp ∆y Ïû\ U§l× 

EûPVRôL CÚdÏm, y-u U§l× Uô\ôÕ CÚkRôp ∆y éf£VUôL 

CÚdÏm) 

 ∆y Gu¡\ EVoûY ∆x Bp YÏdÏmúTôÕ 
∆y
 ∆x

   Gu¡\ RLÜ 

¡ûPd¡\Õ, CÕ xu ùRôPdL U§l× x0-−ÚkÕ x1= x0+ ∆x Gu¡\ 

Cß§ U§l©tÏ Uôßm úTôÕ x-Il ùTôßjÕ y-p HtTÓm Uôt\ 

ÅRj§u NWôN¬ BÏm, G]úY. 

   
∆y
 ∆x

  = 
f (x0 + ∆x) − f(x0)

 ∆x
  

 CkRl ©u]Uô]Õ úYßTôhÓj RLÜ Gußm AûZdLlTÓm, 

G,Lô, 8.38: JÚ F¯V¬u UôRf NmT[m ì,1000/- AYÚdÏ 

BiÓúRôßm ì, 100/- F§V EVoÜ YZeLlTÓ¡\Õ, AYWÕ ÅhÓ 

YôPûL AYo F§Vj§p Tô§ B]ôp ÅhÓ YôPûL«u BiÓ 

EVoÜ GqY[Ü? AYWÕ F§VjûRl ùTôßjÕ ÅhÓ YôPûL«p 

HtTÓm Uôt\ ÅRj§u NWôN¬ Gu]? 

¾oÜ : 
 F§VjûR x G]Üm. ÅhÓ YôPûLûV y Gußm ùLôsúYôm,  

 CeÏ y = 
1
2  x.  úUÛm ∆x = 100.  

 G]úY ∆y = 
1
2  (x + ∆x) − 

1
2  x = 

∆x
2    =  

100
2   = 50.  

 G]úY ÅhÓ YôPûL«u BiÓ EVoÜ ì, 50/- BÏm, 

 Uôt\ ÅRj§u NWôN¬ 
∆y
 ∆x

  = 
50
100  = 

1
2  . 

G,Lô, 8.39: y = f(x) = 
1
x  G²p. x B]Õ x1−ÚkÕ x1 + ∆xdÏ 

UôßmúTôÕ xIl ùTôßjÕ y-u Uôt\ ÅRj§u NWôN¬ûVd LôiL, 

¾oÜ : ∆y = f(x1 + ∆x) − f(x1) = 
1

x1 + ∆x
  − 

1
x1

   

   = 
− ∆x

x1 (x1 + ∆x)
   

   ∴   
∆y
∆x

  = 
− 1

x1 (x1 + ∆x)
  . 
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8.3.1 YûLdùLÝ Gàm LÚjRôdLm (Concept of derivative) : 
 JÚ úSodúLôh¥p SLÚm JÚ ÕLû[ (×s°ûV)d LÚÕúYôm, 

CdúLôh¥p Es[ Ï±l©hP ×s°«−ÚkÕ ÕLs SLokR çWm s 
B]Õ LôXjûRl ùTôßjR Nôo× GuTÕ ùR°Ü : 

∴  s =  f(t) . 
 t-u Ï±l©hP JqùYôÚ U§l©tÏm ARtÏ¬V s-u U§l× 

YûWVßdLlTÓ¡\Õ, t-«p ∆t Gu¡\ EVoÜ HtTÓm úTôÕ t + ∆t 
Gàm ×§V LôX A[ûYdÏ¬V çWm s + ∆s BÏm, C§p ∆s GuTÕ ∆t 
CûPùY°«p SLokR çWm BÏm, 

 ºWô] CVdLj§u úTôÕ çWj§p HtTÓm EVoÜ. LôXj§p 

HtTÓm EVoÜdÏ úSo®¡Rj§p Es[Õ, 
∆s
 ∆t

  Gàm ÅRm CkR 

CVdLj§u Uô\ôR §ûNúYLjûRd Ï±d¡\Õ, ùTôÕYôL CqÅRm 

LôXm t-I UhÓªu± LôX EVoÜ ∆t-ûVÙm ùTôßjRRôÏm, úUÛm 

CÕ t-−ÚkÕ t + ∆t Gu¡\ LôX CûPùY°«p HtTÓm NWôN¬ 

§ûNúYLØm BÏm, ∆t éf£VjûR ùSÚeL 
∆s
 ∆t

  Gu¡\j RL®tÏ 

ùLôÓdLlThP úSWj§p GpûX CÚdÏUô]ôp AkR GpûX 

§ûNúYLjûRd Ï±d¡\Õ, ARôYÕ. 

v = 
lim

 ∆t → 0 
∆s
 ∆t

   ApXÕ 
lim

 ∆t → 0  
∆s
 ∆t

  GuTÕ LQúSWj §ûNúYLm 

(instantaneous velocity) v BÏm, 

 çWm s-Il úTôXúY §ûNúYLm v-Ùm LôXm t-u NôoTôÏm. 

CkRf Nôo× t-Il ùTôßjR s = f(t)-u YûLdùLÝ G]lTÓm, CqYôß 

§ûNúYLùUuTÕ LôXjûRl ùTôßjR çWm s-u YûLdùLÝ 

B¡\Õ, 

 JÚ úY§Vp ®û]«p TeÏùTßm JÚ ùTôÚû[ GÓjÕd 

ùLôsúYôm, t Gàm úSWj§p ®û]«p TeÏùTßm ùTôÚ°u 

A[Ü x B]Õ t-u Nôo× BÏm, ∆t A[Ü LôXm A§L¬dÏmúTôÕ x-u 

A[Ü x + ∆x BL A§L¬d¡\Õ, 
∆x
 ∆t

  Gàm ÅRm ∆t Gàm LôX 

CûPùY°«p HtTÓm úY§ ®û]«u NWôN¬ úYLjûRj RÚ¡\Õ, 

∆t éf£VjûR ùSÚeÏm úTôÕ  
∆x
 ∆t

  Gu\ ÅRj§u GpûX 

ùLôÓdLlThP t Gàm úSWj§p úY§Vp ®û]«u úYLjûRj 

RÚ¡\Õ. 
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 úUtÏ±jR GÓjÕdLôhÓLs JÚ Nôo©u YûLdùLÝ Gu¡\ 

LÚjRôdLj§tÏ ChÓf ùNp¡\Õ, 

YûWVû\ 

 ∆x éf£VjûR ùSÚeÏm ¨ûX«p ∆x Gàm EVoÜdÏm AûRl 

ùTôßjÕ ∆y-p HtTÓm EVoÜdÏm Es[ RL®u GpûX. y = f(x)  
Gu¡\ Nôo©u YûLdùLÝ G] YûWVßdLlTÓ¡\Õ, 

 y′ ApXÕ f′(x) ApXÕ 
dy
dx   B¡VûY YûLdùLÝûY Ï±dLl 

TVuTÓ¡u\], 

ARôYÕ 
dy
dx  = y′ = f′(x) = 

lim
∆x → 0  

∆y
 ∆x

  

    = 
lim

∆x → 0   
f(x + ∆x) − f(x)

 ∆x
  

 úUtÏ±jR GpûX CpXôUp úTôYRtLô] Nôj§Vm Es[Õ, 

AlT¥Vô«u YûLdùLÝÜm CWôÕ, 

Ï±l× : 
 (1) JÚ YûLdùLÝûYd LiÓ©¥lTRtLô] ùNVpTôÓ 

YûLlTÓjRp G]lTÓm, R®WÜm 
dy
dx  Gu¡\ Ï±ÂhûP  

dy ÷ dx GuTRôLl ùTôÚs ùLôs[d áPôÕ, AÕ ùYßUú] 

d(y)
dx    ApXÕ 

d
dx  f(x)  Guß UhÓúU ùTôÚs ùLôs¡\Õ, 

d
dx  

GuTÕ JÚ ùNV−, x-Il ùTôßjÕ YûLÂÓ ùNnVlTÓ¡\Õ 

GuTûR UhÓúU AÕ ùTôÚs ùLôs¡\Õ, B]ôp 
∆y
 ∆x

 

Gu¡\ ©u]m ∆y ÷ ∆x G]l ùTôÚs ùLôs¡\Õ, 
dy
dx  Gu¡\ 

Ï±ÂÓ dy Utßm dx (ARôYÕ  
y-Ûm x-Ûm HtTÓm ªLf£ß Uôt\eLs)  Gu¡\ CÚ 

GiL°u RLûYúV EQojÕ¡u\ úTô§Ûm EiûU«p 

AÕ JÚ R²jR GiRôu, ∆y, ∆x B¡V CWiÓm éf£VjûR 

ùSÚeÏmúTôÕ AYt±u RLÜ 
∆y
 ∆x

 -u GpûXúV 
dy
dx  BÏm, 

 (2) HúRàm JÚ Ï±l©hP x U§l©tÏ (x0 G] GÓjÕd 

ùLôsúYôm),  ùLôÓdLlThP Nôo× f(x)-u YûLÂhÓd ùLÝ 
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f ′(x0) ApXÕ 



dy

dx  x = x0
 Guß Ï±dLlTÓ¡\Õ, CÕ  

lim
∆x → 0   

f(x0 + ∆x) − f(x0)

∆x
   GuTûRl ùTôÚs ùLôs¡\Õ, 

B]ôp CkR GpûX CÚdÏmúTôÕ UhÓúU CÕ 

ùTôÚkÕm, 

 (3) YXªÚkÕ ∆x → 0  BÏm úTôÕ (ARôYÕ ªûL U§l×L°u 

FPôL UhÓm ∆x → 0  G²p) 
f(x0 − ∆x) − f(x0)

∆x
  GuTRu 

GpûX CÚdÏUô]ôp AÕ YXl×\ ApXÕ HßØL 

(progressive) YûLÂhÓd ùLÝ G]lTÓm, CÕ 

f ′(x0+) = 
lim

∆x → 0   
f(x0 + ∆x) − f(x0)

∆x
  = Rf′(x0) Guß 

Ï±dLlTÓ¡\Õ, CÕúTôXúY CPªÚkÕ ∆x → 0 BÏm 

úTôÕ (ARôYÕ Ïû\ U§l×L°u FPôL UhÓm ∆x → 0  

G²p) 
f(x0 − ∆x) − f(x0)

− ∆x
  GuTRu GpûX CÚdÏUô]ôp AÕ 

CPl×\ ApXÕ C\eÏØL (regressive) YûLÂhÓd ùLÝ 

G]lTÓm, CÕ f ′ (x0−) = 
lim

∆x → 0   
f(x0 − ∆x) − f(x0)

− ∆x
   =  Lf ′ (x0) 

Guß Ï±dLlTÓ¡\Õ, 

 Rf ′(x0) = Lf ′(x0) G²p f Gàm Nôo× x = x0p YûL«PjRdLÕ G]f 

ùNôpXlTÓm, CkR ùTôÕ U§lûT f ′(x0)  G]d Ï±lTo, R f ′(x0) 

Utßm Lf ′ (x0) B¡VûY LôQlùTtß. NUUt\RôL CÚl©u f(x) 

GuTÕ x = x0p YûL«PjRdLRpX, CYt±p GÕÜm LôQØ¥VôR 

úTôÕm f(x) B]Õ x = x0p YûL«PjRdLRpX, 

 Y¥YdL¦RjûRl ùTôßjRUh¥p CRu ùTôÚs Gu]ùY²p 

Nôo©u YûWTPm JÚ êûXûVd ùLôiÓs[Õ, G]úY (x0, f(x0))  

Gàm ×s°«p ùRôÓúLôÓ YûWV CVXôÕ, 

8.3.2  Yû[YûW«u NônÜ 







Y¥Y L¦Rj§p 
dy
dx u ùTôÚs   

 (Slope or gradient of a curve) 
 JÚ Yû[YûW«u P Gàm ×s°«p Yû[YûW«u NônÜ 

GuTûR GqYôß YûWVßlTÕ G]lTôolúTôm, 
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  y = f(x) Gu\ Yû[YûW«u 

ÁRô] ¨ûXl×s° P 

GuL, Q B]Õ AúR 

Yû[YûW«u ÁRô] 

UtßùUôÚ ×s°, 

CYt±u Y¯úV ùNpÛm 

ùYhÓdúLôhûP PQ 

GuL, QB]Õ Yû[YûW 

Y¯VôL SLokÕ PI 

ùSÚeL ùYhÓdúLôPô]   
TPm 8.4 

PQ B]Õ ARu GpûX ¨ûXVô¡V  PTI AûPÙm, (TPm 8.4Il 

TôodL) 
YûWVû\ 
 Yû[YûW Y¯VôL SLokÕ ùNpÛm ×s° Q, ¨ûXl×s° PI 

ùSÚeÏmúTôÕ ùYhÓdúLôÓ PQ, JúW JÚ GpûX ¨ûXûVl 

ùTt±Úl©u. PQ®u GpûX ¨ûXVô¡V PTúV P«p Yû[YûWdÏ 

YûWVlThP ùRôÓúLôÓ BÏm, 

 P0(x0, y0) Utßm P (x0 + ∆x, y0 + ∆y) B¡V] y = f(x)Bp 

YûWVßdLlThP Yû[YûW«u ÁRô] HúRàm CWiÓ ×s°Ls 

G²p (TPm 8.5) Cq®Ú ×s°L°u Y¯VôLf ùNpÛm 

ùYhÓdúLôÓ P0P-u NônÜ. 

 m′ = tan α0′ = 
∆y
∆x

  = 
f(x0 + ∆x) − f(x0)

∆x
  BÏm, CeÏ α0′ B]Õ 

ùYhÓdúLôÓ P0P B]Õ xAfÑPu HtTÓjÕm úLôQm BÏm,  

 ∆x éf£VjûR ùSÚeL P B]Õ P0I úSôd¡ SLÚ¡\Õ; ×s°   

P0(x0, y0)p f ′ (x0) CÚl©u. P0p ùRôÓúLôh¥u NônÜ ùYhÓdúLôÓ 

P0 Pu Nôn®u GpûXVôÏm, ApXÕ 

  m0 = tanα0 = 
lim

∆x → 0  
∆y
∆x

  = f ′(x0) = 



dy

dx  x = x0
 CeÏ α0 GuTÕ 

ùRôÓúLôÓ P0T B]Õ x AfÑPu HtTÓjÕm úLôQm Utßm m0 

ARu NônÜ BÏm, P0p ùRôÓúLôh¥u NônúY Al×s°«p 

Yû[YûW«u NônÜ BÏm, 



 68

   CqYôß. Y¥Y L¦R 

Ã§VôL 
∆y
∆x

  GuTRû] 

P0(x0,y0) Y¯VôLf ùNpÛm 

ùYhÓd úLôh¥u NônÜ 

Gußm  





dy

dx x = x0
 = f ′(x0) GuTRô] 

ùRôÓ úLôh¥u NônÜ 

Gußm ®[dL Ø¥Ùm, 

 
 

TPm 8.5 

ARôYÕ úYßTôhÓj RLÜ 
∆y
∆x  ùYhÓdúLôh¥u NônûYÙm 

YûLdùLÝ 
dy
dx ùRôÓúLôh¥u NônûYÙm Ï±d¡\Õ GuTúR 

YûLdùLÝ®u Y¥YL¦R ®[dLUôÏm, 

YûWVû\ 

 f(x)  B]Õ x0 ≤ x < b Gu\ CûPùY°«p YûWVßdLlT¥u. x0p 

lim
x → x0  +

   
f(x0 + ∆x) − f(x0)

∆x
  U§l× ùTt±Úl©u. 

   f ′(x0+) =  
lim

x → x0 +    
 f(x0 + ∆x) − f(x0)

∆x
 I x0-p f(x)-u YXl×\ 

YûLdùLÝ G] YûWVßdLlTÓ¡\Õ,  f(x)B]Õ a < x ≤ x0 Gu\ 

CûPùY°«p YûWVßdLlT¥u x0p f(x)-u CPl×\ YûLdùLÝ 

 f ′ (x0 −) =  
lim

x → x0 −    
 f(x0 − ∆x) − f(x0)

− ∆x
 (U§l× ùTt±Úl©u) G] 

YûWVßdLlTÓ¡\Õ, 

    f(x)  B]Õ a ≤ x ≤ b Gu\ ê¥V CûPùY°«p YûWVßdLlT¥u f 
′(a)ûV f ′(a +) G]Üm f ′(b)ûV f ′ (b−) G]Üm GÝÕYo 
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YûL«PÛdÏm ùRôPof£j RuûUdÏªûPúVVô] ùRôPo× 

(Relationship between differentiability and continuity) : 
úRt\m 8.2 

 YûL«PjRdL JqùYôÚ Nôo×m ùRôPof£Vô] Nôo× BÏm, 

¨ìTQm :  

 YûL«PjRdL NôoûT f(x) GuL, x = c Gu\ ×s°«p 

YûL«PjRdLÕ G²p f′(c)-Id LôQ Ø¥Ùm, úUÛm  

f′(c) = 
lim

x → c  
f(x) − f(c)

x − c
  

 ClùTôÝÕ f(x) − f(c) = (x − c)  
[ ]f(x) − f(c)

(x − c)
  ,  x ≠ c 

 x → c GàmúTôÕ GpûX LôQ 

 
lim

x → c  { }f(x) − f(c)   = 
lim

x → c  (x − c) . 
[ ]f(x) − f(c)

(x − c)
  

  = 
lim

x → c  (x − c) . 
lim

x → c  
f(x) − f(c)

x − c
  

   = 
lim

x → c  (x − c) . f′(c) = 0. f′ (c) = 0. 

 ClùTôÝÕ        f(x) = f(c) + [ ]f(x) - f(c)    

 Utßm  
lim

x → c  f(x) = f(c) + 0 = f(c) 

 C§−ÚkÕ f(x)B]Õ x = c-p ùRôPof£Vô]Õ BÏm, 

 CRu UßRûX EiûU ApX, ARôYÕ ùRôPof£Vô] Nôo× 

JqùYôußm JÚ YûL«PjRdL NôoTôL CÚdL úYi¥V§pûX, 

CRû] JÚ GÓjÕdLôh¥u êXm ¨VôVlTÓjÕúYôm, 

G,Lô, 8.40:  
 Nôo× f(x) B]Õ [0, 2] Gu\ ê¥V CûPùY°«p ¸rdLôÔUôß 

YûWVßdLlTÓ¡\Õ: f(x) = 


x,          0 ≤ x ≤ 1 G²p

2x − 1,  1 < x ≤ 2 G²p
 

 f(x) B]Õ x = 1 Gàm ×s°«p ùRôPof£Vô]RôLÜm B]ôp 

Al×s°«p YûL«PjRdLRpX G]Üm LôhÓL, 

¾oÜ : 
     ùLôÓdLlThP Nôo©u YûWTPm TPm 8.6p LôhPlThÓs[Õ, 
 CfNôoTô]Õ x = 1-p ùRôPof£Vô]Õ, Hù]²p 
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lim

x → 1 −  f(x) = 
lim

h → 0 f(1 − h) 

  = 
lim

h → 0  (1 − h) 

  = 1 − 0 = 1 

 
lim

x → 1+
  f(x) = 

lim
h → 0  f(1 + h) 

  = 
lim

h → 0  ( )2(1 + h) − 1  

  = 
lim

h → 0  (2h + 1) 

  = 1 . 

 

 
TPm 8.6 

 CqYôß f(x) B]Õ x = 1-p ùRôPof£Vô]Õ, 

        ClùTôÝÕ      Rf ′(1) = 
lim

h → 0  
f(1 + h) − f(1)

h   

  = 
lim

h → 0  
[ ]2(1 + h) − 1  − [ ]2(1) − 1

h   = 
lim

h → 0   
2h
h   = 2  Utßm  

   Lf′(1) = 
lim

h → 0  
f(1 − h) − f(1)

(1 − h) − 1
  = 

lim
h → 0  

(1 − h) − 1
− h

   

                                                      =  
lim

h → 0  
− h
− h  =  1. 

 Rf′(1) ≠ Lf′(1) BRXôp ùLôÓdLlThP Nôo× x = 1-p 

YûL«PjRdLRpX, Y¥YdL¦R Ã§VôL ùLôÓdLlThP 

Yû[YûWdÏ (1, 1)-p ùRôÓúLôÓ CpûX GuTRôÏm, 

G,Lô, 8.41: 

  y = x1/3= f(x) Gàm Nôo× x = 0-p YûL«PjRdLRpX G]d LôhÓL, 

¾oÜ : 

 CfNôoTô]Õ R²jR Uô± x-u GpXô U§l×LÞdÏm 

YûWVßdLlThÓ ùRôPof£VôLÜm Es[Õ,  

 CRu YûWTPjûR 8.7-p LôiL,] 
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y + ∆y = 
3

x + ∆x  

 ∆y = 
3

x + ∆x  − 
3

x  

 x = 0-p  y = 0 Utßm ∆y = 
3

∆x  . 

ClùTôÝÕ 
lim

∆x → 0   
∆y
∆x

   

            = 
lim

∆x → 0  
f(0 + ∆x) − f(0)

∆x
  

 
TPm 8.7 

   = 
lim

∆x → 0  
3

∆x − 0
∆x

  = 
lim

∆x → 0  
1

3
(∆x)2

  =  + ∞. 

 CRu ®û[YôL x = 0p  y = 
3

x  YûL«PjRdLRpX GuTÕ 

×X]ô¡\Õ, Cl×s°«p ARôYÕ (0, 0) Gu\ ×s°«PjÕj 

ùRôÓúLôPô]Õ x-AfÑPu 
π
2  Gu\ úLôQjûR HtTÓjÕ¡\Õ,  

y-AfÑm CkRj ùRôÓúLôÓm Juß GuTúR CRu ùTôÚ[ôÏm. 

G,Lô, 8.42: f(x) = x2 B]Õ [0, 1]  CûPùY°«p YûL«PjRdLÕ G]d 

LôhÓ, 
¾oÜ . 0 < c < 1 G] CÚdÏUôß c Gàm ×s°ûV  

          GÓjÕdùLôsúYôm, ClúTôÕ 

  f′(c) =
lim

x → c   
f(x) − f(c)

x − c
  = 

lim
x → c  

x2 − c2

x − c
   =  

lim
x → c   (x + c) = 2c . 

 LûP£l×s°L°p. 

 f′(0) = 
lim

x → 0 +  
f(x) − f(0)

x − 0
  = 

lim
x → 0 + 

x2

x    = 
lim

x → 0  (x) = 0  

 Utßm   f′(1) = 
lim

x → 1 −  
f(x) − f(1)

x − 1
   =  

lim
x → 1 − 

x2 − 1
x − 1

  

  = 
lim

x → 1 − (x + 1) = 2 . 

  [0, 1] CûPùY°«u JqùYôÚ ×s°«Ûm f B]Õ 

YûL«PjRdLRôp f(x) = x2 B]Õ [0, 1]-p YûL«PjRdLRôÏm, 
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T«t£ 8.3 

 (1) f(x)=


x   0 < x < 1 G²p

1  x ≥ 1 G²p
 GàUôß R+ -u ÁÕ f YûWVßdLlTÓ¡\Õ 

G²p. f ′(1) CÚdLôÕ G]d LôhÓL, 
 (2) f(x) = | x | B§«p YûL«PjRdLRô? Em T§ûX ¨VôVlTÓjRÜm, 

 (3) f(x) = |x | + | x − 1 | Gu\ Nôo©u ùRôPof£jRuûUûV R-p 

N¬TôodL,  x = 0 Utßm x = 1-p ARu YûL«PjRdLj RuûUûVl 

Tt± Gu] á\ Ø¥Ùm? 

 (4) (i) f(x) = 


1, 0 ≤ x ≤ 1
x,  x > 1     x = 1-p 

   (ii) f(x) = 


2x − 3, 0 ≤ x ≤ 2

x2  − 3,  2 < x ≤ 4
       x = 2, x = 4-p  

     Gu\ Nôo×L°u YûL«Pp RuûUûV Ñh¥dLôhPlThÓs[ 

×s°L°p ®Yô§dL, 

 (5) f(x) = 


x(e1/x − 1)

(e1/x + 1)
,   x ≠ 0

0,    x = 0

 Gu\ Nôo©tÏ Lf′ (0) Utßm Rf′ (0)  

  B¡VYtû\d LQd¡ÓL, 

8.4. YûL«Pp Øû\Ls (Differentiation techniques) : 
 Cl©¬®p. ùLôÓdLlThP Nôo×L°u YûLdùLÝdLû[l 

ùTßm ùYqúYß Øû\Lû[l Tt± ®Yô§lúTôm, A¥lTûPd 

ùLôsûLL°−ÚkÕ y = f(x)-u YûLdùLÝûYd LôQ ¸rdLôÔm 

ùNVp ¨ûXLs AY£VUôÏm : 

 1) R²jR Uô± x-u A[ûY ∆x A[Ü EVoj§ Nôo©u EVoj§V 

U§l× y + ∆y = f(x + ∆x)-Id LQd¡PÜm, 

 2) Nôo©u CûQVô] EVoÜ ∆y = f(x + ∆x) − f(x)-Id LôQÜm ; 

 3) NWôN¬ ÅRUô¡V 
∆y
∆x

   =   
f(x + ∆x) − f(x)

∆x
 -Id LôQÜm  ;   

 4) ∆x → 0 Gàm úTôÕ úUtLiP ÅRj§u GpûX  

  
dy
dx   =  f ′(x)  =  

lim
∆x → 0   

f(x + ∆x) − f(x)
∆x

 Id LôQÜm, 

 ùTôÕØû\ûVd ûLVôiÓ A¥lTûP (úRokR)f Nôo×L°u 

YûLdùLÝdLû[ U§l©ÓúYôm, YN§«u ùTôÚhÓ 
dy
dx  = f ′(x)-I 

y′G]d Ï±l©ÓúYôm 
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8.4.1 A¥lTûPd ùLôsûLLL°−ÚkÕ £X A¥lTûPf Nôo×L°u 

YûLdùLÝ LôQp 

I. Uô±−f Nôo©u YûLdùLÝ éf£VUôÏm 

   ARôYÕ.     
d
dx  (c) = 0, CeÏ c Uô±− … (1) 

¨ìTQm : f(x) = c GuL, ©u f(x + ∆x) = c 

   
df(x)
dx   = 

lim
∆x → 0  

f(x + ∆x) − f(x)
∆x

  

   ∴ 
d
dx  (c) = 

lim
∆x → 0  

c − c
∆x

   = 0 . 

II. xn-u YûLdùLÝ nxn − 1 CeÏ n JÚ ®¡RØß Gi, 

 ARôYÕ         
d
dx  (xn) = nxn − 1 . … (2) 

¨ìTQm: f(x) = xn GuL,  ©u f(x + ∆x) = (x + ∆x)n 

 ClúTôÕ  
d f(x)

dx   = 
lim

∆x → 0  
f(x + ∆x) − f(x)

∆x
  

   ∴ 
d(xn)

dx   = 
lim

∆x → 0  
(x + ∆x)n− xn

∆x
   = 

lim
∆x → 0   

xn 




1 + 

∆x
x

 n
 − xn

∆x
  

    = 
lim

∆x → 0  xn  







1 + 

∆x
x  

n
 − 1

∆x
  

    = xn − 1 
lim

∆x → 0   













1 + 

∆x
x  

n
 − 1

∆x
x

  . 

    y  =  1 + 
∆x
x   GuL, ∆x → 0 B]ôp   y → 1 . 

   ∴ 
d(xn)

dx   = xn − 1 lim
y → 1  



yn − 1

y − 1
  

    = n xn − 1  

    = nxn − 1. 





Q 
lim

y → a 
yn − an

y − a
 = nan − 1   
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Ï±l× : CkRj úRt\m GkR JÚ ùUnùVi¦tÏm EiûUVô]Õ, 

G,Lô, 8.43: y = x5  G²p  
dy
dx LôiL,

 

¾oÜ  : dy
dx = 5x5 − 1 = 5x4. 

G,Lô, 8.44: y = x  G²p  
dy
dx LôiL, 

¾oÜ : 
dy
dx = 1.x1 − 1 = 1x° = 1 . 

G,Lô, 8.45:  y = x  G²p  
dy
dx  LôiL, 

¾oÜ :     y  = x

1
2   ; 

   
dy
dx  = 

d
dx  (x 

1
2 ) = 

1
2 x

1
2 − 1

  = 
1
2  x

− 
1
2  = 

1
2 x

  . 

G,Lô, 8.46: y  = 
1

x x
  G²p  

dy
dx  LôiL, 

¾oÜ : y = x
− 

3
2  . 

   
dy
dx  = − 

3
2   x

− 
3
2 − 1

  = − 
3
2   x

− 
5
2   

III.  sinx-u YûLdùLÝ cosx  

 ARôYÕ y  =  sinx   G²p 
dy
dx   =  cosx  … (3) 

¨ìTQm : 
 y = sinx GuL, 

 y + ∆y = sin (x + ∆x)  

 ∆y = sin (x + ∆x) − sin x = 2 sin 
(x + ∆x − x)

2    cos 
(x + ∆x + x)

2   

  = 2 sin 
∆x
2   . cos 



x + 

∆x
2   

 
∆y
∆x

  = 
2 sin 

∆x
2  cos 



x + 

∆x
2

∆x
   =  

sin 
∆x
2

∆x
2

  cos 



x + 

∆x
2   



 75

 
dy
dx  = 

lim
∆x → 0  

∆y
∆x

  = 
lim

∆x → 0  
sin 

∆x
2

∆x
2

  . 
lim

∆x → 0  cos 



x + 

∆x
2   

  = 1. 
lim

∆x → 0  cos 



x + 

∆x
2   . 

 f(x) = cosx JÚ ùRôPof£Vô] Nôo× BRXôp 

  = 1. cosx 
lim

∆x → 0  f(x + ∆x) = 
lim

∆x → 0  cos (x + ∆x)  

  = cosx .  = cosx 
          
IV. cosx-u YûLdùLÝ − sinx 

 ARôYÕ  y = cosx G²p  
dy
dx  = − sinx . … (4) 

¨ìTQm : y = cosx.   x U§lûT ∆x A[ÜdÏ EVojÕL, 

  ©u y + ∆y = cos (x + ∆x)  ; 

   ∆y = cos (x + ∆x)  −  cosx 

    = − 2 sin 
x + ∆x − x

2    sin 
x + ∆x + x

2   

    = − 2 sin 
∆x
2    sin 



x + 

∆x
2   

   
∆y
∆x

  = − 
sin 

∆x
2

∆x
2

  . sin 



x + 

∆x
2   ; 

   
dy
dx  = 

lim
∆x → 0   

∆y
∆x

   =  − 
lim

∆x → 0  
sin 

∆x
2

∆x
2

  sin 



x + 

∆x
2   

    = − 
lim

∆x → 0  
sin 

∆x
2

∆x
2

  . 
lim

∆x → 0  sin 



x + 

∆x
2   

 sin x ùRôPof£Vô] Nôo× GuTRôp  

 
lim

∆x → 0  sin 



x + 

∆x
2  = sin x  Utßm 

lim
θ → 0   

sinθ
θ   = 1   ∴    

dy
dx  = − sin x . 
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úRt\m 8.3 f Utßm g B¡V] x-Il ùTôßjÕ YûL«PjRdL 

Nôo×Ls; c JÚ Uô±− G²p 

 (i)  
d(cf(x))

dx   = c 
d ( )f(x)

dx    … (5) 

 (ii)  
d( )f(x) ± g(x)

dx   = 
d( )f(x)

dx    ± 
d( )g(x)

dx    . … (6) 

G,Lô, 8.47:  y  =  
3
x
  G²p 

dy
dx  LôiL, 

¾oÜ :  y = 3 x
− 

1
2 

  
dy
dx  = 3



− 

1
2   x

− 
1
2 − 1

  = − 
3
2  x

− 
3
2    

G,Lô, 8.48 : y = 3x4 − 1/ 
3

x  G²p  
dy
dx  LôiL, 

¾oÜ :  y = 3x4 − x−1/3  

   
dy
dx  = 

d
dx   (3x4 − x−1/3) = 3 

d(x4)
dx   − 

d
dx  (x− 1/3) 

    = 3 × 4x4−1 − 



− 

1
3   x

− 
1
3 − 1

   

    = 12x3 + 
1
3 x

− 
4
3  

V.   y =  logax G²p  
dy
dx  = 

1
x   logae    … (7) 

ÕûQjúRt\m :  y = logex  G²p  
dy
dx  = 

1
x   … (8) 

¨ìTQm : (7)p a = e G]d ùLôsL, 

  
d
dx  (logex) = 

1
x  logee = 

1
x  . 1 = 

1
x . 

G,Lô, 8.49: y = x2 + cosx G²p  y′ LôiL, 

¾oÜ :  y = x2 + cosx. 

   G]úY    y′ = 
dy
dx  = 

d
dx  (x2 + cosx) 
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    = 
d(x2)

dx   + 
d(cosx)

dx    

    = 2x2 − 1 + (− sin x)  

    = 2x − sin x 

G,Lô, 8.50: 1/ 
3

x   + log5x + 8-u x-Il ùTôßjR YûLdùLÝd LôiL, 

¾oÜ :   y = x − 1/3 + log5x + 8 GuL 

   y′ = 
dy
dx   =  

d
dx  





x
− 

1
3 + log

5
x + 8   

    = 
d 





x
− 

1
3

dx   +  
d(log

5
x)

dx    + 
d(8)
dx    

    = − 
1
3  x 

− 
1
3 − 1

 + 
1
x log5

e + 0,   

    = − 
1
3  x

− 
4
3 + 

1
x log5e 

G,Lô, 8.51 : x5 + 4x4 + 7x3 + 6x2 + 2-u YûLdùLÝd LôiL, 

¾oÜ :  y = x5 + 4x4 + 7x3 + 6x2 + 8x + 2  GuL 

   y′ = 
d
dx  (x5 + 4x4 + 7x3 + 6x2 + 8x + 2) 

    = 
d(x5)

dx    + 
d(4x4)

dx    + 
d(7x3)

dx    + 
d(6x2)

dx    + 
d (8x)

dx  + 
d(2)
dx    

    = 5x4 + 4 × 4x3 + 7 × 3x2 + 6 × 2x + 8 × 1 + 0  

    = 5x4 + 16x3 + 21x2 + 12x + 8 . 

G,Lô, 8.52:  y = e7x
-u YûLdùLÝûY A¥lTûPd ùLôsûLûV 

TVuTÓj§ LôiL, 

¾oÜ : y = e7x 

 y + ∆y = e7 (x + ∆x) 

 
∆y
∆x

  = 
e7x . e7∆x − e7x

∆x
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  = e7x  





e7∆x − 1

∆x
  

 y′ =  
lim

∆x → 0  
∆y
∆x

  = 
lim

∆x → 0   e7x 





e7∆x − 1

∆x
  = e7x lim

∆x → 0  7 





e7∆x − 1

7∆x
  

  = 7 e7x  lim
t → 0   



et − 1

t        (Q t = 7∆x→0 as ∆x → 0) 

  = 7 e7x  × 1  = 7e7x.               (Q
lim

t → 0   
et − 1

t   = 1) 

 Ï±lTôL. y = ex G²p  
d
dx  (ex) = ex … (9) 

úUÛm. CúR úTôuß 

 VI. y = tanx-u YûLdùLÝ y′ = sec2 x … (10) 

 VII. y = secx-u YûLdùLÝ y′ = secx tanx … (11) 

 VIII. y = cosec x-u YûLdùLÝ y′ = − cosec x cot x … (12) 

 IX. y = cotx-u YûLdùLÝ  y′ = − cosec 2x  … (13) 
Ï±l× :  YûLd ùLÝdL°u Øû\«û]d LôQ ¾oÜl ×jRLjûRl TôodLÜm, 

T«t£ 8.4 

 1. y = x3 − 6x2 + 7x + 6  G²p  
dy
dx  LôiL, 

 2. f(x) = x3 − 8x + 10 G²p f ′(x) LôiL,  

  C§−ÚkÕ f ′(2) Utßm f ′(10) LôiL, 

 3. f(x) = ax2 + bx + 12 Gu\ Nôo©tÏ  

   f ′(2) = 11 Utßm  f ′(4) = 15 G²p a, b-dL°u U§l× LôiL, 
 4. ¸rdLôÔm Nôo×Lû[ x-Il ùTôßjÕ YûLdùLÝd LôiL, 

  (i) x7 + ex (ii) log7x +200 

  (iii) 3 sinx + 4 cosx − ex (iv) ex + 3tanx + logx6 

  (v) sin 5 + log10x + 2secx (vi) x − 3/2 + 8e + 7 tanx 

  (vii) 



x + 

1
x

3
  (viii) 

(x − 3) (2x2 − 4)
x   

úRt\m 8.4:  (YûLlTÓjR−u ùTÚdLp ®§) (Product Rule) : 
 u Utßm v GuT] x-Il ùTôßjÕ YûL«PjRdL Nôo×Ls G²p 

CYt±u ùTÚdLp 
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   y = u(x)  v(x) YûL«PjRdL Nôo× Utßm 

   y′ = u(x)  v′(x) + v(x)  u′(x) … (14) 
¨ìTQm:  y = u(x)  v(x) 

   y + ∆y = u(x + ∆x)  v(x + ∆x) 

     ∆y = u(x + ∆x)  v(x + ∆x) − u(x)  v(x) 

   ∴   
dy
dx  = 

lim
∆x → 0  

∆y
∆x

   

    = 
lim

∆x → 0  
u(x + ∆x)  v(x + ∆x) − u(x)  v(x)

∆x
 . 

 u(x + ∆x)  v(x)-I ùRôÏ§«p áh¥dL¯jÕ Uôt±VûUdL: 

y′ = 
lim

∆x → 0  
u(x + ∆x) v(x + ∆x) − u(x + ∆x)  v(x) + u(x + ∆x)  v(x) − u(x) v(x)

∆x
  

  = 
lim

∆x → 0  
u(x + ∆x) [ ]v(x + ∆x) − v(x)  + v(x) [ ]u(x + ∆x) − u(x)

∆x
  

  = 
lim

∆x → 0  u(x+∆x).
lim

∆x → 0   
v(x + ∆x) − v(x)

∆x
 + v(x) 

lim
∆x → 0  

u(x + ∆x) − u(x)
∆x

  

 ClúTôÕ u YûL«PjRdLRôp. CÕ ùRôPof£Vô]úR, 

CYt±−ÚkÕ. 

   
lim

∆x → 0  u(x + ∆x) = u(x)  

  u Utßm v B¡V] YûL«PjRdL Nôo×Ls GuTRôp 

   u′(x) = 
lim

∆x → 0  
u(x + ∆x) − u(x)

∆x
    

  Utßm v′(x) = 
lim

∆x → 0  
v(x + ∆x) − v(x)

∆x
  . 

 G]úY  y′ = u(x) v′(x) + v(x)  u′(x). 

 AÕúTôX, u, v Utßm w GuT] YûL«PjRdL Nôo×Ls BL 

CÚkÕ y = u(x)  v(x)  w(x) BLÜm CÚl©u  

   y′ = u(x)  v(x)  w′(x) + u(x)  v′(x)  w(x) + u′(x)  v(x)  w(x) 

Ï±l× (1) : úUtùNôu] ùTÚdLp ®§ûV ¸rdLôÔUôß ¨û]®p 

ùLôs[Xôm, 
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 CÚ Nôo×L°u ùTÚdL−u YûLdùLÝ 

 = (ØRp Nôo×) (CWiPôm Nôo©u YûLdùLÝ)+ 

              (CWiPôm Nôo×) (ØRp Nôo©u YûLdùLÝ). 

Ï±l× (2) : ùTÚdLp ®§ûV ¸rdLôÔUôß §Úl© GÝRXôm, 

   (u(x) . v(x))′ = u(x) . v′(x) + v(x) . u′(x) 

   
( )u(x) . v(x) ′
u(x) . v(x)   = 

u′(x)
u(x)   + 

v′(x)
v(x)   . … (15) 

 CRû] ¸rdLôÔUôß ùTôÕûUlTÓjRXôm : 

 YûL«PjRdL Nôo×Ls u1, u2, … ,un GuT]Yt±u 

YûLdùLÝdLs u1′, u2′, …,  un′ G²p 

   
(u1 . u2 … un)′

u1 . u2 … un
  = 

u1′
u1

   +  
u2′
u2

  + 
u3′
u3

  + … + 
un′
un

  . … (16) 

G,Lô, 8.53: YûLlTÓjÕ : ex tan x  

¾oÜ :   y = ex . tanx GuL, 

 ©u× y′ = 
d
dx  (ex . tanx)  = ex 

d
dx  (tanx) + tanx 

d
dx  (ex)  

    = ex. sec2x + tanx . ex  

    = ex (sec2x + tanx) . 

G,Lô, 8.54: y = 3x4 ex + 2sinx + 7 G²p  y′ LôiL, 

¾oÜ :  y′ = 
d y
dx    =  

d(3x4 ex + 2sinx + 7)
dx    

    = 
d(3x4 ex)

dx    + 
d(2 sinx)

dx    + 
d(7)
dx    

    = 3 
d(x4 ex)

dx    + 2 
d(sin x)

dx   + 0 

    = 3 



x4 

d
dx (ex) + ex 

d
dx (x4)  + 2 cosx    

    = 3 [x4 . ex + ex . 4x3] + 2 cosx  

    = 3x3 ex (x + 4) + 2 cosx . 

G,Lô, 8.55:  x-Il ùTôßjÕ YûLlTÓjÕ : (x2 + 7x + 2) (ex − logx)  



 81

¾oÜ :  y = (x2 + 7x + 2) (ex − logx)  GuL, 

   y′ = 
d
dx  [ ](x2 + 7x + 2) (ex − logx)   

    = (x2 + 7x + 2) 
d
dx  (ex − logx) + (ex − logx) 

d
dx  (x2 + 7x + 2) 

    = (x2 + 7x + 2)  



d

dx (ex) − 
d
dx (logx)   

     + (ex − logx) 



d

dx (x2) + 
d
dx (7x) + 

d
dx (2)   

    = (x2 + 7x + 2)  



ex − 

1
x   + (ex − logx) (2x + 7 + 0) 

    = (x2 + 7x + 2) 



ex − 

1
x   + (ex − logx) (2x + 7) . 

G,Lô, 8.56: (x2 − 1) (x2 + 2)-I x-I ùTôßjÕ YûLdùLÝûY ùTÚdLp 

®§ûVl TVuTÓj§ LôiL, TpÛßl×d úLôûYVôL ®¬ÜTÓj§Ùm 

YûLdùLÝd LôiL, CWiÓm JúW ®ûPûVj RÚm GuTûR 

N¬TôodL, 

¾oÜ :   y = (x2 − 1) (x2 + 2)  GuL, 

 ClúTôÕ  y′=
d
dx  [(x2 − 1) (x2 + 2)] 

    = (x2 − 1) 
d
dx  (x2 + 2) + (x2 + 2) 

d
dx  (x2 − 1) 

    = (x2 − 1) 



d

dx (x2) + 
d
dx (2)  + (x2 + 2) 



d

dx (x2) + 
d
dx ( − 1)   

    = (x2 − 1) (2x + 0) + (x2 + 2) (2x + 0) 

    = 2x (x2 − 1) + 2x (x2 + 2)   

    = 2x (x2 − 1 + x2 + 2) = 2x (2x2 + 1) . 
ùTÚdLp ®§ 

   y = (x2 − 1) (x2 + 2) = x4 + x2 − 2 

   y′ = 
d
dx  (x4 + x2 − 2) = 4x3 + 2x = 2x (2x2 + 1) 

 CWiÓ Øû\LÞm JúW ®ûPûVj RÚ¡u\] GuTûR 

LY²ÙeLs, 
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G,Lô, 8.57:  ex logx  cotx-I YûLlTÓjÕL, 

¾oÜ :      y = ex logx cotx  GuL, 
    = u1 . u2 . u3  (say) 

 CeÏ u1 = ex ; u2  = log x, u3 = cot x. 

   y′ = u1 u2 u3′ + u1 u3 u2′ + u2 u3 u1′ 

    = ex logx (− cosec2x) + ex cot x . 
1
x  + logx . cotx . ex 

    = ex  



 cotx . logx + 

1
x cotx − logx . cosec2x  

Ï±l× :  CkRd LQdûL Ï±l× (2)-Il TVuTÓj§ ¾odL, 

T«t£ 8.5 

¸rdLôÔm Nôo×Lû[ x-Il ùTôßjÕ YûLlTÓjÕL, 

  (1) ex cos x (2)  
n

x   log x  ,  x > 0 

  (3) 6 sin x log10x + e (4)  (x4 − 6x3 + 7x2 + 4x + 2) (x3 −1) 

  (5) (a − b sinx) (1 − 2 cosx) (6)  cosec x . cotx 

  (7)  sin2x (8) cos2x 

  (9) (3x2 + 1)2 (10)  (4x2 − 1) (2x + 3) 

  (11) (3 secx − 4 cosec x) (2 sin x + 5 cos x) 

  (12)  x2 ex sinx (13) x  ex log x. 

úRt\m :  8.5 (YÏjRp ®§) (Quotient rule) (¨ìTQªu±) 

 u Utßm v B¡V] YûL«PjRdLf Nôo×Ls G²p 

 
d 



u

v
dx   = 

v 
du
dx − u 

dv
dx

v2    … (17) 

 ARôYÕ   



u

v

′
 = 

vu′ − uv′

v2   .        

G,Lô,  8.58: YûLlTÓjÕ :  
x2 − 1

x2 + 1
   . 

¾oÜ :  y = 
x2 − 1

x2 + 1
  = 

u
v ,  u = x2 − 1 ;  v = x2 + 1   GuL, 
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 y′ = 
d
dx   







x2 − 1

x2 + 1
= 

(x2+1) (x2−1)′ − (x2−1) (x2+1)′

(x2+1) 2    (17u T¥) 

    = 
(x2 + 1) (2x) − (x2 − 1) (2x)

(x2 + 1) 2    
[ ](x2 + 1) − (x2 − 1) 2x

(x2 + 1) 2   

    = 2x 
2

(x2 + 1) 2   =  
4x

(x2 + 1) 2  . 

G,Lô, 8.59: 
x2 + ex sinx
cosx + logx -u x-Il ùTôßjR YûLdùLÝd LôiL, 

¾oÜ :  

 y = 
x2 + ex sinx
cosx + logx   =  

u
v  ,  u = x2 + ex sinx,  v = cosx + logx  GuL, 

ClùTôÝÕ    

 y′ = 
vu′ − uv′

v2   

  = 
(cosx + logx) (x2 + ex sinx)′ − (x2 + exsinx) (cosx + logx) ′

(cosx + logx)2   

  = 
(cosx + logx) [ ](x2)′ + (exsinx)′  − (x2 + ex sinx) [ ](cosx)′ + (logx)′

(cosx + logx)2   

  = 
(cosx + logx) [ ]2x + ex cosx + sin x ex  − (x2 + exsinx) 



− sinx + 

1
x

(cosx + logx)2   

  = 
(cosx + logx) [ ]2x + ex(cosx + sinx)  − (x2 + ex sin x) 



1

x − sinx

(cosx + logx)2   . 

G,Lô, 8.60: 
sinx + cosx
sinx − cosx

 -I x-Il ùTôßjÕ YûLlTÓjÕL, 

¾oÜ : y = 
sinx + cosx
sinx − cosx

  = 
u
v  ,   u = sinx + cosx,  v = sinx − cosx   GuL, 

 y′ = 
vu′ − uv′

v2  =
(sinx − cosx) (cosx − sinx) − (sinx + cosx) (cosx + sinx)

(sinx − cosx)2   
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  = 
− [ ](sinx − cosx)2 + (sinx + cosx) 2

(sinx − cosx)2   

  = 
− ( )sin2x + cos2x − 2sinx cosx + sin2x + cos2x + 2sin x cos x

(sinx − cosx)2   

  = − 
2

(sinx − cosx)2  

T«t£ 8.6 
¸rdLôÔm Nôo×Lû[ YÏjRp ®§ûVl TVuTÓj§ 

YûLlTÓjÕL: 

 (1) 
5

x2  (2) 
2x − 3
4x + 5  (3) 

x7 − 47

x − 4
  

 (4) 
cos x + log x

x2 + ex   (5) 
log x − 2x2

logx + 2x2   (6) 
logx
sinx  

 (7) 
1

ax2 + bx + c
  (8) 

tan x + 1
tan x − 1

         (9) 
sin x + x cosx
x sin x − cosx

       (10) 
logx2

ex   

Nôo©u Nôo©]Õ YûLdùLÝ  (Ne¡− ®§) (Chain Rule) : 

 xu NôoTôL uÜm. uu NôoTôL ym CÚl©u y B]Õ xu Nôo× 

Guß ùNôpXlTÓm, ARôYÕ u = f(x) BLÜm y = F(u)  BLÜm 

CÚl©u y = F(f(x)) BÏm, CRû] Nôo©u Nôo× GuTo, 

 y = F(u)p u-I CûPlThP Uô± Gu\ûZdLXôm, 

úRt\m 8.6: u = f(x) u YûLdùLÝ f′(x)  BLÜm y = F(u)-u YûLdùLÝ 

F′(u) BLÜm CÚl©u. Nôo©u NôoTô] F(f(x))u YûLdùLÝ  

F′(u) f′(x)dÏf NUm BÏm, CeÏ udÏ f(x)  G]l ©W§«P úYiÓm, 

¨ìTQm : u = f(x), y = F(u). 

 ClúTôÕ u + ∆u = f(x + ∆x), y + ∆y = F(u + ∆u) 

 G]úY  
∆u
∆x

   =  
f(x + ∆x) − f(x)

∆x
  , 

∆y
∆u

  = 
F(u + ∆u) − F(u)

∆u
  

 f′(x) = 
du
dx  ≠ 0 G²p ∆u, ∆x ≠ 0. 

 f B]Õ YûL«PjRdL Nôo× BRXôp. CÕ ùRôPof£Vô] 

Nôo×m áP, G]úY ∆x→0 G²p  x + ∆x→x,   f(x+∆x)→f(x). 
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   ARôYÕ. 
lim

∆x → 0 (x+∆x) = x  Utßm 
lim

∆x → 0 f(x+∆x) = f(x). 

 G]úY  
lim

∆x → 0  (u + ∆u) = u. 

 ∆x → 0 B]ôp ∆u ≠ 0 BRXôp  
∆y
∆x

   =  
∆y
∆u

  . 
∆u
∆x

  G] GÝRXôm, 

 f Utßm F B¡V CWiÓm ùRôPof£Vô] Nôo×Ls GuTRôp. 

∆u → 0 GàmùTôÝÕ ∆x → 0 Utßm ∆y → 0 Gàm ùTôÝÕ ∆u → 0. 

 G]úY   
lim

∆x → 0   
∆y
∆x

  = 
lim

∆u → 0  
∆y
∆u

  . 
lim

∆x → 0 
∆u
∆x

  

  = y′(u)  u′(x) = F′(u)  f′(x)  = F′(f(x))  f′(x) … (18) 
 CkRf Ne¡− ®§ûV úUÛm A§LUô] Nôo×LÞdÏ ®¬ÜTÓjR 

Ø¥Ùm, 
 ARôYÕ y = F(u), u = f(t), t = g(x) G²p 

   
dy
dx = F′(u) . u′(t) . t′(x) 

  ARôYÕ        
dy
dx = 

dF
du  . 

du
dt   . 

dt
dx  . … (19) 

G,Lô, 8.61: YûLlTÓjÕL : log x    

¾oÜ : y = log x  GuL, 

  u = x  G] GÓjÕdùLôsúYôùU²p y = log u BÏm, Ne¡− 

®§lT¥ 
dy
dx  = 

dy
du  . 

du
dx  

  ClúTôÕ  
dy
du  = 

1
u   ;  

du
dx  ; 

1
2 x

  

G]úY 
dy
dx =  

1
u  . 

1
2 x

   =  
1

x . 2 x
  =  

1
2x . 

G,Lô, 8.62: YûLlTÓjÕL : sin (log x) 
¾oÜ : y = sin u GuL, CeÏ  u = log x 

 Ne¡− ®§lT¥.  
dy
dx  = 

dy
du  . 

du
dx  ,  

 ClúTôÕ  
dy
du  = cos u  ; 

du
dx  = 

1
x  

 ∴    
dy
dx  = cos u . 

1
x   =  

cos (logx)
x   . 
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G,Lô, 8.63: YûLlTÓjÕL : esinx2
 

¾oÜ : y = esinx2
  ;  u = sinx2   ;  t = x2 

            ©u  y = eu, u = sint, t = x2 

 ∴ Ne¡− ®§lT¥ 

   
dy
dx = 

dy
du  . 

du
dt   . 

dt
dx   =  eu . cost. 2x 

    = esinx2
 . cos(x2) . 2x = 2x esin(x2) cos (x2) 

    = 2x esin(x2) cos (x2) . 
G,Lô, 8.64: xIl ùTôßjÕ sin (ax + b)I YûLlTÓjÕL, 

¾oÜ :   y = sin (ax + b) = sinu, u = ax + b 

   
dy
du  = cos u  ;  

du
dx  = a 

   ∴ 
dy
dx  = cos u . a = a cos (ax + b). 

T«t£ 8.7 
¡rdLôÔm Nôo×Lû[ xIl ùTôßjÕ YûLlTÓjÕL, 

 (1) log (sinx) (2) esin x (3) 1 + cotx  

 (4) tan(logx) (5) 
ebx

cos (ax + b)  (6) log sec 



π

4 + 
x
2   

 (7) log sin (ex + 4x + 5) (8) sin 





x
3
2           (9) cos ( )x       (10)  esin(logx). 

8.4.2 úSoUôß Nôo©u YûLdùLÝ (Derivative of inverse functions) 
 y = f(x) Gu\ Nôo©tÏ x = φ(y) Gàm úSoUôß Nôo× LôQlùTtß. 

úUÛm 
dx
dy =φ′(y)≠0 G²p y=f(x)-u YûLdùLÝ 

1
 φ′(y)

dÏf NUm, ARôYÕ 

   
dy
dx  = 

1





dx

dy

    … (20) 

¨ìTQm : x = φ(y) ©u  
dx
dx  = 

d(φ(y))
dx     

  ARôYÕ 1 = φ′(y)  
dy
dx   (Ne¡− ®§lT¥) 

   1 = 
dx
dy  . 

dy
dx .    BLúY,   

dy
dx  = 

1





dx

dy

 .   
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úSoUôß §¬úLôQª§f Nôo×L°u YûLdùLÝ : 

I. y = sin−1x-u YûLdùLÝ  
dy
dx  = 

1

1 − x2
    … (21) 

¨ìTQm :       y = sin−1x  Utßm x = sin y 

            ©u   
dx
dy  = cos y  =  1 − sin2y  = 1 − x2   

    
d(sin−1x)

dx   = 
dy
dx   =  

1





dx

dy

  = 
1

1 − x2
  .  

II. y = cos−1x-u YûLdùLÝ 
dy
dx  = − 

1

1 − x2
  … (22) 

¨ìTQm : y = cos−1x  Utßm x = cos y 

   ∴    
dx
dy  = − siny = − 1 − cos2y  =  − 1 − x2  

   
d(cos−1x)

dx   = 
dy
dx   =  

1





dx

dy

   =  
− 1

1 − x2
  . 

UôtßØû\ : sin−1x + cos−1x = 
π
2  GuTÕ SUdÏj ùR¬Ùm 

 ⇒   
d
dx  (sin−1x) + 

d
dx  (cos−1x) = 

d
dx  



π

2   

   
1

1 − x2
  + 

d(cos−1x)
dx   = 0    ∴ 

d(cos−1x)
dx   = − 

1

1 − x2
  . 

III. y = tan−1x-u YûLdùLÝ 
dy
dx  = 

1

1 + x2   … (23) 

¨ìTQm : y = tan−1x  Utßm x = tany 

  ⇒ x′ = 
d
dy  (tan y)  = sec2y = 1 + tan2y = 1 + x2 

     y′ = 
1

x′   =  
1

1 + x2    

IV. y = cot−1x-u YûLdùLÝ y′ = − 
1

1 + x2  . … (24) 

¨ìTQm : y = cot−1x  Utßm x = cot y. 
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dx
dy  = − cosec2y =  − (1 + cot2y) = − (1 + x2) 

 ∴ (20)u T¥ 
dy
dx  = 

1





dx

dy

  =  − 
1

1 + x2  . 

Uôtß Øû\: tan−1x + cot−1x = 
π
2  GuTÕ SUdÏj ùR¬Ùm, 

 xIl ùTôßjÕ CÚ×\Øm YûLdùLÝd LôQ,  

   
d (tan−1x)

dx   + 
d (cot−1x)

dx   = 
d 



π

2
dx     

   
1

1 + x2  + 
d (cot−1x)

dx   = 0 

   ∴ 
d (cot−1x)

dx   = − 
1

1 + x2  . 

V. y = sec−1x -u YûLdùLÝ 
dy
dx  = 

1

x x2 − 1
        … (25) 

¨ìTQm:  y = sec−1x  Utßm x = secy 

   
dx
dy  = sec y tan y = sec y sec2 y − 1    

 ∴ (20)u T¥  
d (sec−1x)

dx   = 
dy
dx   =  

1
dx
dy

   =  
1

x x2 − 1
  . 

VI. y = cosec−1xu YûLdùLÝ 
dy
dx  = − 

1

x x2 − 1
  … (26)  

¨ìTQm:  y = cosec−1x  Utßm x = cosec y 

   
dx
dy  = 

d (cosec y)
dy   =  − cosec y cot y 

    = − cosec y cosec 2y − 1  = − x x2 − 1  

G]úY (20)u T¥ 
dy
dx  = 

1
dx
dy

  = − 
1

x x2 − 1
  . 

G,Lô, 8.65: YûLlTÓjÕL : y = sin−1 (x2 + 2x )  
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¾oÜ : y = sin−1 (x2 + 2x) 

  u = x2 + 2x G] ûYjÕd ùLôsúYôm,    ©u y = sin−1(u)  JÚ 

Nôo©u Nôo×,  

 G]úY Ne¡− ®§lT¥. 

   y′ = 
dy
du   

du
dx  = 

1

1 − u2
   

d (x2 + 2x)
dx  ,  by (21) 

    = 
1

1 − (x2 + 2x)2
  (2x + 2)  =  

2(x + 1)

1 − x2(x + 2)2
  . 

G,Lô, 8.66: y = cos−1 



1 − x

1 + x    G²p 
dy
dx  LôiL, 

¾oÜ : y = cos−1 



1 − x

1 + x  . 

 u = 
1 − x
1 + x  G] GÓjÕd ùLôsúYôm, G]úY y = cos−1(u)  JÚ 

Nôo©u Nôo×, 

Ne¡− ®§lT¥ 

   
dy
dx  = 

dy
du  . 

du
dx  .  

 ∴  
dy
dx  = − 

1

1 − u2
  . 

d 



1 − x

1 + x
dx     

  = − 
1

1 − u2
   





(1+x) (−1) − (1−x) (1)

(1+x)2    =  − 
1

1−



1−x

1+x
2
 . 

− 2

(1 + x)2  

  = −  
1

(1 + x)2 − (1 − x)2

1 + x

    
− 2

(1 + x)2  =  
(1 + x)

4x
    

2

(1 + x)2  =  
1

x (1 + x)
  . 

G,Lô, 8.67: y = tan−1 (ex) G²p y′ LôiL, 

¾oÜ : y = tan−1 (ex). u = ex G] GÓdL y = tan−1 (u) BÏm, 

  Ne¡− ®§lT¥    y′ = 
dy
du  . 

du
dx  = 

1

1 + u2   
d (ex)

dx     =  
ex

1 + e2x  . 
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T«t£ 8.8  
¸rdLôÔm Nôo×L°u YûLdùLÝdLs LôiL : 

 (1) sin−1 



1 − x

1 + x       (2) cot−1 (ex2
)    

 (3) tan−1 (log x)        (4) y = tan−1 (cotx) + cot−1 (tanx) 

8.4.3 UPdûL êXm YûLdùLÝd LôQp (Logarithmic differentiation) 
 y = uv

. CeÏ u Utßm v B¡V] x-u Nôo×Ls G²p  

x-Il ùTôßjR y-u YûL«PûXd LôiúTôm,  

 y = uv
-I  y = elog uv

 = evlog u
 G] GÝR Ø¥Ùm, 

 ClùTôÝÕ y B]Õ Nôo©u Nôo× AûUlûTf NôokRRôÏm, 

G]úY y′ = evlog u    
d (v log u)

dx    

  = ev log u  



v . 

1
u u′ + log u.v′   = uv 



v

u u′ + v′ log u   

  = vuv − 1 u′ + uv (log u) v′. … (27) 

Uôtß Øû\ : 

 y = uv    CÚ×\Øm UPdûL GÓdL 

 log y = log uv    ⇒    log y  =  v log u 

 xIl ùTôßjÕ CÚ×\Øm YûL«P : 

   
1
y   

dy
dx  = v 

1
u  u′ + v′ log u 

   
dy
dx  = y 



v

u u′ + v′ log u   = uv  



v

u u′ + v′ log u    

G,Lô, 8.68: y = xα, (α ùUnùVi)u YûLdùLÝ LôiL, 

¾oÜ  .  y = xα , y = uv
 Gàm Y¥Yj§p Es[Õ, 

 CeÏ  u = x , v = α 

   u′ = 1, v′ = 0 

G]úY (27)-u T¥.        y′ = α xα −1 . 1 + xα . (log x) . 0  

    = αxα − 1    (Qu = x, v = α , v′ = 0) 
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Ï±l× : G,Lô, 8.74−ÚkÕ xn
u YûLdùLÝ = nxn − 1 B]Õ GkR 

ùUnùVu ndÏm ùUnVô]Õ GuTûR ÖhTUôLd LY²lúTôUôL, 

G,Lô, 8.69:  xIl ùTôßjÕ xsinx
u YûLdùLÝ LôiL, 

¾oÜ : y = xsinx
GuL, CeÏ u = x ; v = sinx  ;  u′ = 1  ;  v′ = cosx. 

 G]úY (27)u T¥. y′ = 
dy
dx  = sinx . xsinx − 1 . 1 + xsinx (log x) cosx 

    = xsinx 



sinx

x  + cosx (log x)  . 

G,Lô, 8.70: YûLlTÓjÕL :  
(1 − x) x2 + 2

(x + 3) x − 1
  

¾oÜ :  y = 
(1 − x) x2 + 2

(x + 3) x − 1
  GuL, 

 CÚ×\Øm UPdûL GÓdL. 

   logy = log (1 − x) x2 + 2  − log (x + 3) x − 1  

    = log (1 − x) + 
1
2  log (x2 + 2) − log (x + 3) − 

1
2 log (x − 1). 

x-Il ùTôßjÕ YûL«P :  

 ∴ 
1
y   

dy
dx  = 

− 1
1 − x

   +  
2 x

2(x2 + 2)
  −  

1
x + 3  − 

1
2  . 

1
x − 1

  

  =  
x

x2 + 2
   +  

1
2   .  

1
x − 1

   −  
1

x + 3  

 ∴  
dy
dx  = y 





x

x2 + 2
 + 

1
2(x − 1)

 − 
1

x + 3   . 

  = 
(1 − x) x2 + 2

(x + 3) x − 1
   





x

x2 + 2
 + 

1
2(x − 1)

 − 
1

x + 3   

T«t£ 8.9 
xIl ùTôßjÕ ¸rdLôÔm Nôo×Lû[ YûL«ÓL 

 (1) x
2

  (2) xx2
 (3) xtanx (4) sinx sinx 

 (5) (tan−1x)logx (6) (log x)sin 
−1

x (7) 
(x2 + 2) (x + 2)

( )x + 4  (x − 7)
  

 (8) (x2 + 2x + 1)
x − 1

  (9)  
sin x cos (ex)

ex + log x
  (10) x sinx + (sin x)x 
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8.4.4 ©W§«Pp Øû\ êXm YûLdùLÝd LôÔRp 

(Method of substitution): 
 £X úSWeL°p ©W§«Pp Øû\ YûL«PûX G°RôdÏm, 

¸rdLôÔm GÓjÕdLôhÓ CmØû\ûV ®[dÏm, 

G,Lô, 8.71 : ¸rdLôÔm Nôo×L°u YûLdùLÝd LôiL, 

 (i) (ax + b)n (ii) log (ax + b)n 

 (iii) sin−1 
2x

1 + x2 (iv) cos−1  
1 − x2

1 + x2  (v) sin2 (ax + b) 

¾oÜ :   (i) y = (ax + b)n.  

     u = ax + b G]l ©W§«ÓL. ©u y = un. 
 ClúTôÕ y B]Õ uûYl ùTôßjR Nôo× Utßm u B]Õ x-Il 

ùTôßjR Nôo×, Ne¡− ®§lT¥.  

   y′ = 
dy
du  . 

du
dx  = nun − 1. 

d (ax + b)
dx    

    = n (ax + b)n − 1. a  = na (ax + b)n − 1. 

 (ii) y = log (ax + b)n
GuL,    ax + b = u G]l ©W§«ÓL.  

  ©u (i)p Es[Õ úTôX ùRôPW.   y′ = 
na

ax + b . 

 (iii) y = sin−1  
2x

1 + x2  .  

  x = tanθ  G]l ©W§«P. θ = tan−1x . 

 ∴  y = sin−1  
2 tanθ

1 + tan2θ
   = sin−1 (sin 2θ) 





Q sin2θ =  

2 tan θ
1 + tan2θ

   

  = 2θ     (Q sin−1 (sin θ) = θ) 

  = 2 tan−1 x . 

 ∴ 
dy
dx = 2 . 

d
dx   (tan−1x)  =  

2

1 + x2  . 

 (iv)   y = cos−1  
1 −x2

1 + x2  GuL .  

    x = tanθ G]l ©W§«ÓL, 

    θ = tan−1x  Utßm 
1 − x2

1 + x2  = 
1 − tan2θ
1 + tan2θ

  = cos2θ 
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    ∴ y = cos−1 (cos2θ)  =  2θ = 2 tan−1x 

    
dy
dx  = 2 . 

1

1 + x2   =  
2

1 + x2  . 

 (v)      y =  sin2  (ax + b)  
     ax + b = u  Utßm v  =  sin u G]l ©W§«ÓL, 

  ©u y = v2, v = sinu Utßm u = ax + b. 
  G]úY Ne¡− ®§lT¥ 

    
dy
dx = 

dy
dv  . 

dv
du  . 

du
dx   = 2 v . cos u . a 

     = 2 a sin u . cos u  = a sin 2u = a sin 2 (ax + b). 
G,Lô, 8.72:   

       YûL«ÓL (i) sin−1 (3x − 4x3)   (ii) cos−1 (4x3 − 3x)  (iii) tan−1 






3x − x3

1 − 3x2 . 

¾oÜ : 

 (i)  y = sin−1 (3x − 4x3)  GuL, 

   x = sin θ G]l T§−«P. θ = sin−1x . 

ClùTôÝÕ y = sin−1 (3sinθ − 4 sin3θ) 

    = sin−1 (sin3θ)  = 3θ = 3 sin−1x. (Q sin3θ = 3 sin θ − 4 sin3θ) 

   
dy
dx = 3 . 

1

1 − x2
   =  

3

1 − x2
  

 (ii)  y = cos−1 (4x3 − 3x)  GuL, 

   x = cos θ G]l ©W§«P. θ = cos−1 x. 

   y = cos−1 (4 cos3θ − 3 cos θ) 

    = cos−1 (cos 3θ)  (∴ cos 3θ = 4cos3θ − 3 cos θ)  

    = 3θ = 3 cos−1x. 

 ∴  
dy
dx  = − 

3

1− x2
  . 

 (iii)  y = tan−1 






3x − x3

1 − 3x2   GuL, 
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   x  = tanθ GuL,  G]úY θ = tan−1x . 

   y = tan−1  






3tanθ  − tan3θ

1 − 3tan2θ
  = tan−1 (tan3θ) = 3θ = 3 tan−1x. 

   ∴  
dy
dx  = 

3

1 + x2  . 

T«t£ 8.10 
YûL«ÓL : 

(1) cos−1 
1 + cosx

2   (2) sin−1 
1 − cos2x

2   (3) tan−1  
1 − cosx
1 + cosx  

(4) tan−1




cosx + sinx

cosx − sinx
   (5) tan−1 






1 + x2 − 1

x   (6) tan−1 
1 + x2

1 − x2   

(7) tan−1 
x + a

1 − ax
  (8) tan−1 

1 + x − 1 − x

1 + x + 1 − x
    

(9) cot−1







1+sinx + 1−sin x

1+sinx − 1−sin x
   

  (CeÏ sin2x/2+cos2x/2=1; sinx=2 sin x/2 cos x/2 G]d ùLôsL,) 

8.4.5 ÕûQVXÏf Nôo×L°u YûLdùLÝ 

(Differentiation of parametric functions) 
 x, y Gàm CWiÓ Uô±Ls êu\ôYÕ Uô± t-u Nôo×L[ôL  

CÚl©u. x, y GuTûY ÕûQVXÏf Nôo×Ls G]lTÓm, 

 x = f(t), y = g(t) GuT] ÕûQVXÏf NUuTôÓLs, t ÕûQVXÏ, 

t-u EVoYô¡V ∆tdÏ CûQVôL x, ydL°u EVoûY ∆x, ∆y GuúTôm, 

 G]úY   x + ∆x = f(t + ∆t) and  y + ∆y = g(t + ∆t) 

 Utßm          ∆x = f(t + ∆t) − f(t),   ∆y = g(t + ∆t) − g(t). 

 ∴ 
dy
dx  = 

lim
∆x → 0  

∆y
∆x

  = 
lim

∆x → 0  











∆y

∆t





∆x

∆t

  = 

lim
∆t → 0 

∆y
∆x

 
lim

∆t → 0 
∆x
∆t

     =  




dy

dt





dx

dt

     …(28)  

      CeÏ 
dx
dt    ≠ 0 . ∆x → 0     ⇒  f(t + ∆t) → f(t)  ⇒    ∆t → 0 GuTûRd 

LY²dLÜm, 

G,Lô, 8.73: x = a cos3t, y = a sin3t  G²p 
dy
dx  LôiL, 
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¾oÜ : x = a cos3t, y = a sin3t. 

  ClùTôÝÕ         ∴ 
dx
dt   = − 3a cos2t sin t  and  

dy
dt   = 3a sin2t cos t . 

 G]úY (28)-u T¥   
dy
dx  = 

dy
dt
dx
dt

   =  
3a sin2t cos t

− 3a cos2t sin t
  = − 

sint
cost   =  −  tan t . 

G,Lô, 8.74:  x = a (θ + sin θ), y = a (1 − cos θ) G²p 
dy
dx  LôiL, 

¾oÜ :   
dx
dθ = a (1 + cosθ)      

dy
dθ  = a(0 + sin θ) 

   ∴ 
dy
dx  = 





dy

dθ





dx

dθ

   = 
a sinθ

a(1 + cosθ)
   =  

2 sin 
θ
2  cos 

θ
2

 2 cos2θ
2

   = tan 
θ
2 . 

T«t£ 8.11 
 x, yB¡V] ÕûQVX¡u FPôL ©ûQdLlThP NUuTôÓLs 

G²p (ÕûQVXûL ¿dLôUp) 
dy
dx -Id LôiL, 

 (1) x = a cos θ, y = b sin θ  (2) x = at2,   y = 2at 

 (3) x = a sec3θ, y = b tan3θ (4) x = 4t, y = 
4
t    

 (5) x = 2 cos θ − cos 2θ, y = 2 sinθ − sin 2θ        

 (6) x = a 



cos θ + log tan 

θ
2  , y = a sin θ (7) x = 

3at

1 + t3
  ,  y =  

3at2

1 + t3
                  

8.4.6 EhTÓ Nôo×L°u YûLdùLÝd LôQp  
(Differentiation of implicit functions): 
 x, y GuT] f(x, y) = 0 Gu\ NUuTôh¥u Y¥Yj§p 

©ûQdLlTh¥ÚkÕ CkRf NUuTôPô]Õ y-dÏ G°ûUVô] 

Øû\«p ¾oÜ LôQ CVXôU−Úl©u y-I x-u EhTÓ Nôo× GuTo,, 

 y B]Õ x-u NôoTôL ùY°lTûPVôL RWlT¥u y B]Õ x-u 

ùY°lTÓ Nôo× G]d á\lTÓm, y B]Õ x-u EhTÓ NôoTôL 

CÚl©u áP ARu y-dÏj ¾o®PôUúXúV RWlThP ùRôPoûT 

YûL«ÓY§u êXm 
dy
dx -Id LôiTÕ Nôj§VUô]RôÏm, ¸rdLôÔm 

GÓjÕdLôhÓL°u êXm CRû] ®[dÏúYôm, 
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G,Lô, 8.75: x3 + 8xy + y3 = 6 GàmúTôÕ 
dy
dx LôiL, 

¾oÜ : x3 + 8xy + y3 = 64 SUdÏj RWlThÓs[Õ, 

 xIl ùTôßjÕ CÚ×\Øm YûLlTÓjR. 

  3x2 + 8 



x 

dy
dx + y . 1   + 3y2 

dy
dx  = 0 

  3x2 + 8y + 8x 
dy
dx  + 3y2 

dy
dx  = 0 

  (3x2 + 8y) + (8x + 3y2) 
dy
dx  = 0 

  (8x + 3y2) 
dy
dx  = − (3x2 + 8y)      ∴ 

dy
dx   = −  

(3x2 + 8y)

 (8x + 3y2)
   

G,Lô, 8.76: tan (x + y) + tan (x − y) = 1 G] CÚl©u 
dy
dx  LôiL, 

¾oÜ : tan (x + y) + tan (x − y) = 1 G] RWlTh¥Úd¡\Õ, 

 xIl ùTôßjÕ CÚ×\Øm YûL«P. 

 sec2(x + y) 



1 + 

dy
dx   + sec2 (x − y) 



1 − 

dy
dx   = 0 

 [sec2 (x + y) + sec2(x − y)] + [sec2(x + y) − sec2 (x − y)] 
dy
dx  = 0 

 [sec2(x + y) − sec2(x − y)] 
dy
dx  = − [sec2 (x + y) + sec2(x − y)] 

   ∴ 
dy
dx  = − 

sec2(x + y) + sec2(x − y)

sec2(x + y) − sec2(x − y)
  = 

sec2(x + y) + sec2(x − y)

sec2(x − y) − sec2(x + y)
  . 

G,Lô, 8.77: xy + xe− y + yex = x2 G²p  
dy
dx  LôiL, 

¾oÜ : xy + xe− y + yex = x2 
 SUdÏ RWlTh¥Úd¡\Õ, 

 xIl ùTôßjÕ CÚ×\Øm YûL«P. 

 x 
dy
dx  + y.1 + xe− y  



− 

dy
dx  + e−y .1+ y.ex + ex  

dy
dx  = 2x 

 (y + e− y + yex) + (x − xe− y + ex) 
dy
dx  = 2x 
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 (yex + y + e− y − 2x) + (ex − xe− y + x) 
dy
dx  = 0 

 (ex − xe− y + x) 
dy
dx  = − (yex + y + e− y − 2x) 

   ∴ 
dy
dx  = − 

(yex + y + e−y
 − 2x)

(ex
 − xe− y

 + x)
  = 

(yex + y + e−y − 2x)

(xe− y − ex − x)
  . 

T«t£ 8.12 

¸rdLôÔm EhTÓ Nôo×LÞdÏ  
dy
dx   LôiL, 

 (1) 
x2

a2   −  
y2

b2  = 1 (2) y = x sin y  (3) x4 + y4 = 4a2x3y3 

 (4) y tanx − y2 cos x + 2x = 0 (5) (1 + y2) secx − y cotx + 1 = x2  

 (6) 2y2+
y

1 + x2 + tan2x + siny = 0 (7) xy = tan (xy)  (8) xm yn = (x + y)m + n 

 (9) ex + ey = ex + y (10) xy = 100 (x + y)             (11) xy = yx 

 (12) ax2 + by2 + 2gx + 2fy + 2 hxy + c = 0  G²p. 
dy
dx  + 

ax + hy + g
hx + by + f   = 0 

G]dLôhÓL, 

8.4.7 EVoY¬ûN YûLdùLÝdLs (Higher order derivatives) : 
 y = f(x) B]Õ xIl ùTôßjÕ YûL«PjRdL NôoTôL CÚdLhÓm, 

CRu YûLdùLÝYô¡V 

 
dy
dx  = 

lim
∆x → 0  

f(x + ∆x) − f(x)
∆x

 I y = f(x)u ØRp Y¬ûN YûLdùLÝ 

G] AûZdLlTÓm, xIf NôokR ØRp Y¬ûN YûLd ùLÝYô¡V f′(x) 
YûL«PjRdLRôLúYô ApXÕ YûL«PjRLôRRôLúYô CÚdLXôm, 

f′(x)  YûL«PjRdLùR²p 
d
dx 



dy

dx    = 
lim

∆x → 0   
f′(x + ∆x) − f′(x)

 ∆x
  B]Õ  

y = f(x)u xIl ùTôßjR CWiPôm Y¬ûN YûLdùLÝ G] 

AûZdLlTÓ¡\Õ, CÕ 
d2y

dx2  G] Ï±dLlTÓ¡\Õ, 
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 CRW Ï±ÂÓL[ô¡V y2, y′′, y
..

  ApXÕ D2y CeÏ D2 ≡ 
d2

dx2  

GuT]Üm CWiPôm Y¬ûN YûLdùLÝdLû[d Ï±dL 

TVuTÓjRlTÓ¡u\], CÕúTôXúY y = f(x)u êu\ôm Y¬ûN YûLd 

ùLÝûY 
d3y

dx3  = 
d
dx  







d2y

dx2   = 
lim

∆x → 0 
f′′(x + ∆x) − f′′(x)

∆x
 G] YûWVßdLXôm,  

CeÏ f′′(x) YûL«PjRdLRô«ÚdL úYiÓm GuTÕ AY£Vm, 

 úUúXf ùNôu]Õ úTôX y3, y′′′, y
…

  ApXÕ D3y úTôu\ 

Ï±ÂÓLÞm êu\ôm Y¬ûN YûLdùLÝûYd Ï±dLl 

TVuTÓjRlTÓ¡u\], 

G,Lô, 8.78: y = x2 G²p y3 LôiL, 

¾oÜ :  y1 = 
dy
dx  = 

d
dx  (x2) = 2x 

   y2 = 
d
dx   



dy

dx  = 
d
dx  (2x) = 2 

   y3 = 
d3y

dx3   =  
d
dx   







d2y

dx2   = 
d
dx  (2) = 0. 

G,Lô, 8.79: 

 y = A cos4x + B sin 4x, A Utßm B GuT] Uô±−Ls. G²p  
y2 + 16y = 0 G]d LôhÓL, 

¾oÜ : 

 y1 = 
dy
dx  =  (A cos4x + B sin 4x)′  = − 4A sin4x + 4B cos 4x 

 y2 = 
d2y

dx2   =  
d
dx 



dy

dx   

  = 
d
dx  (− 4 A sin 4x + 4B cos 4 x) 

  = − 16 A cos 4x − 16 B sin 4x 

  = − 16 (A cos4x + B sin 4x) = − 16y 

 ∴ y2 + 16y = 0 

G,Lô,8.80: log (logx) Gu\ Nôo©u CWiPôm Y¬ûN YûLdùLÝûYd 

LiÓ©¥dLÜm, 
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¾oÜ : y = log  (logx) GuL, 

Ne¡− ®§lT¥   
dy
dx = 

1
logx  . 

d (log x)
dx   = 

1
logx  . 

1
x  

  = 
1

x logx  = (x log x)−1   

 
d2y

dx2  = 
d
dx 



dy

dx   = 
d (x log x)−1

dx   = − (x logx)−2   
d (x log x)

dx   

  = − 
1

(x log x)2  



x . 

1
x + log x . 1    = − 

1 + logx

(x logx)2 . 

G,Lô, 8.81: y = log (cosx) G²p y3 LiÓ©¥dLÜm, 

¾oÜ :   y = log (cosx)  RWlTh¥Úd¡\Õ, 

 y1 = 
d [log (cosx)]

dx  = 
1

cosx   
d (cos x)

dx  ,  Ne¡− ®§lT¥ 

  = 
1

cosx  . (− sinx) = − tanx 

 y2 = 
d y1
dx    = 

d (− tanx)
dx   = − sec2x   

 y3 = 
d (y2)

dx    = 
d (− sec2x)

dx     = − 2 sec x . 
d (secx)

dx    

  = − 2 secx . secx . tanx  = − 2 sec2x tanx. 

G,Lô, 8.82:  y = eax sin bx G²p 
d2y

dx2  − 2a . 
dy
dx  + (a2 + b2) y = 0 G] ¨ßÜL, 

¾oÜ : y = eax sin bx RWlTh¥Úd¡\Õ, 

 
dy
dx  = eax . b cos bx + a eax sin bx 

  = eax (b cos bx + a sin bx) 

 
d2y

dx2  = 
d
dx  






 

 e
ax (b cos bx + a sin bx)  

  = eax 





 

 − b2 sin bx + ab cos bx  + (b cos bx + a sin bx)a eax 

  = − b2(eax sin bx) + a  beax cos bx + a.eax(b cos bx + a sin bx) 

  = − b2  y + a  



dy

dx − aeax sin bx   + a 
dy
dx  
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  = − b2  y + a 



dy

dx − a.y   + a 
dy
dx  

  = 2a  
dy
dx   −  (a2 + b2)y 

 G]úY,  
d2y

dx2  − 2a 
dy
dx + (a2 + b2)y = 0 . 

G,Lô, 8.83: y = sin (ax + b) G²p y3 = a3 sin 



ax + b + 

3π
2   G] ¨ßÜL, 

¾oÜ : y = sin (ax + b) G] ùLôsL, 

 y1 = a cos (ax + b)  = a sin 



ax + b + 

π
2   

 y2 = a2 cos 



ax + b + 

π
2    = a2 sin 



ax + b + 

π
2 + 

π
2   = a2 sin



ax + b + 2. 

π
2   

 y3 = a3cos 



ax + b + 2. 

π
2 = a3sin 



ax + b + 2.

π
2+

π
2  = a3 sin 



 ax + b + 3 

π
2  

G,Lô, 8.84: y = cos (m sin−1x)  G²p (1− x2)y3−3xy2 + (m2 − 1)y1= 0 G] ¨ßÜL, 

¾oÜ : y = cos (m sin−1x)  SUdÏ RWlTh¥Úd¡\Õ, 

  y1 = − sin (m sin−1x) . 
m

1 − x2
 

  y1
2 = sin2 (m sin−1x) 

m2

(1 − x2)
  

 C§−ÚkÕ     (1 − x2)y1
2 = m2 sin2 (m sin− 1x) = m2 [ ]1 − cos2 (m sin−1 x)   

 ARôYÕ. (1 − x2) y1
2 = m2 (1 − y2). 

 ÁiÓm YûL«P. (1 − x2)2y1 
d y1
dx    + y1

2 (− 2x) = m2 



− 2y 

dy
dx   

 (1 − x2) 2y1y2 − 2xy1
2 = − 2m2yy1 

 (1 − x2) y2 − xy1 = − m2y 

 ÁiÓm JÚØû\ YûL«P. 

 (1 − x2) 
d y2
dx   + y2 (− 2x) − 





x .
d y1
dx + y1 . 1    = − m2 

dy
dx  

 (1 − x2) y3 − 2xy2 − xy2 − y1 = − m2y1 

 (1 − x2) y3 − 3xy2 + (m2 − 1) y1 = 0. 
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T«t£ 8.13 

 (1) 
d2y

dx2  if y = x3 + tan x LôiL, 

 (2) 
d3y

dx3   if y = x2 + cotx LôiL, 

 (3) CWiPôm Y¬ûN YûLdùLÝdLs LôiL, 

  (i) x2 + 6x + 5 (ii) x sinx (iii) cot−1x . 
 (4) êu\ôm Y¬ûN YûLdùLÝdLs LôiL. 

  (i) emx + x3 (ii) x cos x . 

 (5) y = 500 e7x + 600e− 7x
 G²p 

d2y

dx2  = 49y G]d LôhÓL, 

 (6) y = etan−1x G²p (1 + x2) y2 + (2x − 1)y1 = 0 G] ¨ßÜL, 

 (7) y = log (x2 − a2)  G²p y3 = 2 




1

(x + a)3 + 
1

(x − a)3   G] ¨ßÜL, 

 (8) x = sin t ;  y = sin pt G²p (1 − x2) 
d2y

dx2  − x 
dy
dx + p2y = 0 G]d LôhÓL, 

 (9) x = a (cos θ + θ sin θ) G²p y = a (sin θ − θ cos θ), 

  a θ 
d2y

dx2  = sec3θ G]d LôhÓL, 

 (10) y = (x3 − 1) G²p x2 y3 − 2xy2  + 2y1 = 0 G] ¨ßÜL,
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YûLdùLÝdL°u Th¥Vp 

                Nôo× YûLdùLÝ 

 1. k ;  (k Uô±−) (k)′ = 0 

 2. kf(x) ( )kf(x) ′  = kf′(x) 

 3. u ± v (u ± v)′ = u′ ± v′ 
 4. u1 + u2 + … + un (u1+ u2 + … un)′ = u1

′ + u2
′+ … + un

′ 

 5. u . v (uv)′ = uv′ + vu′ 

   
(uv)′
uv   =

u′
u   + 

v′
v      

 6. u1.u2 … un (u1.u2 .. un) ′ = u1
′ u2u3.. un +u1u2

′.. un  

   + … + u1u2 … un − 1 un
′ 

   
(u1.u2 .. un)′

 u1.u2 .. un
  = 

u1
′

 u1
  + 

u2
′

 u2
  + … + 

un
′

 un
  

 7. xn (n ∈ R) (xn)′ = nx n −  1 

 8. logax (loga
x)′ = 

logae

x   

 9. logex (logex)′ = 
1
x  

 10. sinx (sin x)′ = cos x 

 11. cos x (cosx)′ = − sin x 

 12. tanx (tanx)′ = sec2x 

 13. cotx (cotx)′ = − cosec2x 

 14. secx (secx)′ = sec x . tan x 

 15. cosec x (cosec x)′ = − cosec x . cot x 

 16. sin−1x (sin−1x)′ = 
1

1 − x2
  

 17. cos−1x (cos−1x)′ = 
− 1

1 − x2
  

 18. tan−1x (tan−1x)′ = 
1

1 + x2 
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  Nôo× YûLdùLÝ 

 19. cot−1x (cot−1x)′ = − 
1

1 + x2 

 20. sec−1x (sec−1x)′ = 
1

x x2 − 1
  

 21. cosec−1x (cosec−1x)′ = − 
1

x x2 − 1
  

 22. 
u
v  



u

v

′ 
 = 

v.u′ − u.v′

v2   

 23. ex (ex) ′ = ex 

 24. uv (uv)′ = vuv − 1. u′ + uv (logu)v′ 
 25. ax (ax)′ = ax(log a) 

 26. 


y = f(x)

x = ϕ (y) ( fu úSoUôß)  
dy
dx   =  

1
dx
dy

  . 

 27. y = f(u), u = ϕ (x) 
dy
dx   =  

dy
du   .  

du
dx  . 

 28. 


 y = f(u)

 u = g(t)
 t = h(x) 

 
dy
dx   =  

dy
du   ×  

du
dt    ×  

dt
dx  . 

 29. 


y = g (t)

 x = f(t)  
dy
dx   =  

dy
dt
dx
dt

   =  
y′ (t)
x′ (t)

  

 30. f(x, y) = k 
dy
dx   =  

f1 (x,y)

f2 (x, y)  , f2 (x, y) ≠ 0 

Ï±l× : úUúX Es[ 1 ØRp 25YûWVô] YônTôÓL°p   

  ( . )′ =  
d ( . )

dx   GuTûR ùR¬kÕ ùLôsL, 
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9, ùRôûL«Pp 
 (Integral Calculus) 

9.1 A±ØLm : 
 ÖiL¦RUô]Õ Ød¡VUôL Y¥®V−p GÝ¡u\ ©uYÚm 

CWiÓ ©Wf£û]Lû[BWôn¡u\Õ, 

 (i) Yû[YûW«u ùRôÓúLôh¥u Nôn®û]d LôÔRp, CÕ 

YûLÖi L¦Rj§p GpûX LôQp Yô«XôL 

BWôVlTÓ¡u\Õ, 

 (ii) Yû[YûW«u TWlT[Ü LôÔRp, CÕ ùRôûL 

ÖiL¦Rj§p Utù\ôÚ GpûX LôQp Yô«XôL 

BWôVlTÓ¡u\Õ, 

 ùSÓeLôXUôL ùRôûL ÖiL¦RUô]Õ CÚúYß §ûNL°p 

BWôVlThÓ Y[of£l ùTtß YkRÕ, JÚ×\m CùX©²v (Leibnitz) 
Utßm AYÚûPV Y¯ YkRYoLs ùRôûL ÖiL¦Rj§û]. 

YûL«P−u G§oUû\ Øû\ L¦RUôLd LÚ§]o, Uß×\m 

Bo¡ª¥v. ëúPôd^v Utßm TXo ùRôûL ÖiL¦Rj§û] JÚ 

ùLôÓdLlThP CûPùY°«p JÚ Nôo×dÏ¬V Yû[YûW«u¸r 

Es[ TWlT[ûY U§l©Óm Øû\VôLd LÚ§]o, 

 17Bm èt\ôi¥u Cß§«p úUÛs[ CÚYûL LÚjÕLÞm 

NUUô]Õ G] LiP±kR]o. ARôYÕ Yû[YûW«u TWlT[ûYd 

LiP±V Es[ ùTôÕYô] Øû\Ùm. YûL«P−u G§oUû\ 

Øû\Ùm Juú\ùV] ¨ì©dLlThPÕ, 

 ùRôûL«PûX YûL«P−u G§oUû\ Øû\VôL ØRp 

TÏ§«Ûm. Yû[YûW«u TWlT[ûYd LôÔm Øû\VôL CWiPôm 

TÏ§«Ûm LôiúTôm, 

  (+, −) ; (×, ÷), 





( )n,  n   úTôu\ G§oUû\ ùNVpØû\ 

ú_ô¥Lû[l Tt± SuÏ A±kÕsú[ôm, CúRúTôp YûL«PÛm. 

ùRôûL«PÛm áP JußdùLôuß G§oUû\ ùNVpØû\ 

ú_ô¥VôÏm, ClTÏ§«p YûL«P−u G§oUû\f ùNVpØû\ûV 

YûWlTÓjÕúYôm, 
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YûWVû\ : 

 f(x) GuTÕ I Gu¡\ CûPùY°«p YûWVßdLlThP HúRàm 

JÚ Nôo× GuL, I-p Es[ JqùYôÚ x-dÏm  F′ (x) = f(x) G²p 

F(x)B]Õ f(x)-u G§oUû\ YûLÂÓ G]lTÓm, 

 i.e. x-Il ùTôßjÕ F(x)-u YûLÂÓ f(x) G²p F(x) B]Õ x-Il 

ùTôßjÕ f(x)-u ùRôûLVôÏm, 

  i.e. ⌡⌠ f(x) dx  = F(x) 

 GÓjÕdLôhPôL. 

   
d
dx  (sinx) = cosx   G] A±úYôm 

 CqYô\ô«u.   ⌡⌠ cosx dx  = sinx. BÏm, 

  úUÛm. 
d
dx  (x5) = 5x4

 GuT§−ÚkÕ ⌡⌠
 

 5x4 dx    =  x5 

 Sum Gu\ YôojûR«u ØRp GÝjÕ S B]Õ úUÛm ¸ÝUôL 

¿iÓ ‘⌡⌠ ’ Gu\ Y¥Ym ùTtß ùRôûLÂhÓ Ï±Vô«tß, 

 Nôo× f(x)-I ùRôûLf Nôo× (Integrand) G]Üm dx-p Es[ x-I 

ùRôûLUô±  (Integrator) G]Üm áßYo, ùRôûLd LôÔm 

Y¯Øû\«û] ùRôûL«Pp G] AûZd¡uú\ôm, 

ùRôûLd LôQ−u Uô±− (Constant of integration) : 

 ¸rdLôÔm CWiÓ GÓjÕdLôhÓLû[d LôiL, 

G,Lô,  9.1: 

 





d
dx (2x + 5)   = 2

d
dx (2x)            = 2

d
dx (2x − 4)       = 2

d
dx( )2x − 7  = 2

         ⇒     ⌡⌠ 2dx   =  2x + ?  =  2x + C 

 ‘C’ B]Õ 5, 0, − 4 ApXÕ − 7  úTôu\ GkR JÚ Uô±−VôLÜm 

CÚdLXôm, (TPm 9.1(a)). 
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G,Lô,  9.2: 

 





d
dx (x2 + 1)   = 2x

d
dx (x2)         = 2x

d
dx(x2 − 4)    = 2x

             ⇒  ⌡⌠ 2xdx   = x2 + ? = x2 + C 

 ‘C’ B]Õ 1, 0, − 4... úTôu\ GkR JÚ Uô±−VôLÜm CÚdLXôm, 

(TPm 9.1(b)) 

 
 TPm 9.1.a TPm 9.1.b 

     Cq®RUôL ⌡⌠ f(x) dx  Gu\ ùRôûL JÚ Ï±l©hP ùRôûLûV 

UhÓm Ï±dLôUp JÚ Ï±l©hP YûL«Ûs[ ùRôûLL°u 

ùRôÏl©û]d Ï±d¡\Õ, F(x)-I úUtLiP ùRôÏl©Ûs[ JÚ 

NôoTôL GÓjÕd ùLôiPôp 

 ⌡⌠ f(x) dx = F(x) + C G] GÝRXôm, 

   CeÏ ‘C’ B]Õ ùRôûL LôQ−u Uô±− G] AûZdLlTÓ¡\Õ, 

úUÛm ‘C’ GuTÕ JÚ Ï±l©hP Uô±−VôL CpXôUp HúRàm JÚ 

Uô±−ûVd Ï±lTRôp. ⌡⌠f(x) dx -I YûWVßdÏhTPôR (indefinite 

integral) ùRôûL GuTo, 
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ãj§WeLs : 

⌡⌠xn dx  = 
xn + 1

n + 1   + c           (n ≠ − 1) 

⌡
⌠ 

1
xn dx  = − 

1

(n − 1) xn − 1  + c  ( n ≠ 1] 

⌡
⌠ 

1
x dx  = log x  + c 

⌡⌠ex dx  = ex  + c 

⌡⌠ax dx  = 
ax

loga   + c 

⌡⌠sinx dx  = − cosx + c 

⌡⌠cos x dx  = sinx + c 

⌡⌠cosec2x dx  = − cotx  + c 

⌡⌠sec2x dx  = tanx  + c 

⌡⌠secx tanx dx  = sec x  + c 

⌡⌠ cosecx cotx dx = − cosecx  + c 

⌡
⌠ 

1

1 + x2 dx  = tan−1x  + c 

⌡

⌠ 

1

1 − x2
  dx = sin−1x  + c 

G,Lô,  9.3 – 9.7:   
 ¸rdLôiT]Ytû\ x-I ùTôßjÕ ùRôûL LôiL, 

  (3) x6 (4) x−2 (5) 
1

x10  (6) x  (7) 
1
x
  

¾oÜ :   

(3)  ⌡⌠ x6 dx = 
x6 + 1

6 + 1     =  
x7

7  + c 

(4) ⌡⌠ x−2 dx = 
x−2 + 1

−2 + 1
   = − 

1
x  + c 

(5) 
⌡
⌠ 

1

x10 dx  = ⌡⌠ x− 10 dx   

  = 
x− 10 + 1

− 10 + 1  + c  

 
⌡
⌠ 1

x10  dx = − 
1

9x9  + c 

  (CeÏ ¸rdLôÔm ãj§Wj§û] 

úSW¥VôLÜm TVuTÓjRXôm) 

   
⌡
⌠ 

1

xn dx  = − 
1

(n − 1) xn − 1 CeÏ n ≠ 1] 

(6) ⌡⌠ x dx  = ⌡⌠ x1/2  dx  

  = 
x3/2

3/2   + c  

  ⌡⌠ x  dx = 
2
3  x3/2 + c 

(7) 
⌡
⌠ 1

x
  dx = ⌡

⌠
x

− 
1
2  dx 

   = 
x−1/2 + 1

− 1/2 + 1
 + c   

   = 
x 1/2

+ 1/2   + c 

  
⌡
⌠ 

1
x
  dx = 2 x  + c 
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G,Lô,  9.8 – 9.10: ùRôûLd LôiL : 

  (8) 
sinx

cos2x
  (9)

cotx
sinx  (10) 

1

sin2x
    

¾oÜ : 

 (8) 
⌡
⌠ 

sinx

cos2x
 dx = ⌡

⌠ 
sinx
cosx . 

1
cosx dx   

    = ⌡⌠ tanx secx dx  =  secx + c 

 (9) ⌡
⌠cotx

sinx  dx = ⌡⌠cosecx  cotx dx  = − cosecx + c 

 (10) 
⌡
⌠ 

1

sin2x
 dx  = ⌡⌠ cosec2x dx  = − cotx + c 

T«t£ 9.1 
¸rdLôiT]Ytû\ x-I ùTôßjÕ ùRôûLd LôiL, 

 (1) (i) x16 (ii) x

5
2  (iii) x7  (iv) 

3
x4  (v) (x10) 

1
7  

 (2) (i) 
1

x5  (ii) x−1 (iii) 
1

x

5
2

  (iv) 
1

3
x5

  (v) 




1

x3  

1
4  

 (3) (i) 
1

cosec x  (ii) 
tanx
cosx (iii) 

cosx

sin2x
  (iv) 

1

cos2x
  (v) 

1

e−x  

9.2  x-u JÚT¥f Nôo×L°u NôoTôL AûUkR ùRôûLf  

    Nôo©û]j ùRôûL«Pp : i.e. ⌡⌠ f(ax + b) dx  

 YûL«PÛdÏm ùRôûL«PÛdÏm Es[ ùRôPo©uT¥ 

  
d
dx   



(x − a)

10
10

   = (x − a)9   ⇒  ⌡⌠ (x − a)9dx      =  
(x − a)10

10   

  
d
dx  [sin (x + k)]  = cos(x + k)  ⇒  ⌡⌠ cos(x + k) dx  = sin(x + k) 
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 úUÛs[ GÓjÕdLôhÓL°−ÚkÕ Uô± x-EPu GkR JÚ 

Uô±−ûVd áh¥]ôÛm L¯jRôÛm ùRôûL«hÓ YônTôh¥p GkR 

Uôt\Øm HtTÓYÕ CpûX G] A±¡ú\ôm, 

 B]ôp 

  
d
dx   



1

l  (elx + m)   = elx + m   ⇒  ⌡⌠ elx + m dx            = 
1
l   e(lx + m) 

  
d
dx  



1

a sin(ax + b)   = cos (ax + b)  ⇒  ⌡⌠cos (ax + b) dx    =  
1
a  sin(ax + b) 

       CkR GÓjÕdLôhÓL°u êXm Sôm A±YÕ VôùR²p Uô±  

x-EPu HúRàm JÚ Uô±− ùTÚd¡ YÚm G²p. A¥lTûP 

ùRôûLÂhÓ YônTôhûP AdÏ±l©hP Uô±−Vôp YÏjÕ 

úRûYVô] Nôo×dÏ¬V ùRôûLûVl ùT\Xôm GuTRôÏm, 

i.e. 
⌡⌠ f(x) dx  = g(x)+c  G²p.  ⌡⌠ f(ax + b) dx  = 

1
a  g(ax +b)+ c BÏm, 

®¬ÜTÓjRlThP A¥lTûP YônTôÓLs 

  ⌡⌠(ax + b)ndx  = 
1
a    



(ax + b)n + 1

n + 1   + c    (n ≠ − 1) 

  ⌡
⌠ 

1
ax + b dx  = 

1
a   log (ax + b) + c 

  ⌡⌠ eax + b dx  = 
1
a  eax + b + c 

  ⌡⌠sin(ax + b)dx  = −  
1
a  cos (ax + b) + c 

  ⌡⌠cos (ax + b) dx  = 
1
a  sin (ax + b) + c 

  ⌡⌠sec2(ax + b)dx  = 
1
a  tan (ax + b) + c 

  ⌡⌠cosec2 (ax + b) dx  = −   
1
a  cot (ax + b) + c 

  ⌡⌠cosec (ax + b) cot (ax + b) dx  = −   
1
a  cosec (ax + b) + c 

  
⌡
⌠ 1

1 + (ax)2  dx = 
1
a  tan−1(ax) + c 

  
⌡

⌠ 1

1 − (ax)2
 dx = 

1
a  sin−1(ax) + c 
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 úUÛs[ YônTôh¥û] ©W§«Pp êXØm EÚYôdLXôm 

GuTRû] ©u]o LôiúTôm, 
G,Lô,  9.11 – 9.17: ¸rdLôiT]Yt±u ùRôûLd LôiL, 

 (11) (3 − 4x)7 (12) 
1

3 + 5x  (13) 
1

(lx + m)n  (14) e8 − 4x 

 (15) sin (lx + m) (16) sec2 (p − qx) (17) cosec (4x + 3)  cot (4x + 3) 
¾oÜ : 

 (11) ⌡⌠(3 − 4x)7dx  = 



− 

1
4    

(3 − 4x)8

8   + c  

  ⌡⌠(3 − 4x)7dx  = − 
1
32  (3 − 4x)8+ c 

 (12) ⌡
⌠ 1

3 + 5x dx = 
1
5  log (3 + 5x) + c 

 (13) 
⌡
⌠ 1

(lx + m)n dx =  



1

l    






(− 1)

(n − 1) (lx + m)n − 1  + c 

      ∴  
⌡
⌠ 1

(lx + m)n dx  = − 



1

l(n − 1)
   

1

(lx + m)n − 1  + c 

 (14) ⌡⌠e8 − 4xdx  = 



1

− 4
  e8 − 4x + c 

  ⌡⌠e8 − 4xdx  = − 
1
4  e8 − 4x + c 

 (15) ⌡⌠sin (lx + m) dx  = 



1

l   [ ]− cos (lx + m)   + c 

   = − 
1
l   cos (lx + m) + c 

 (16) ⌡⌠sec2 (p − qx) dx = 



− 

1
q   [tan(p − qx)] + c 

 (17) ⌡⌠cosec (4x + 3)  cot (4x + 3) dx  = − 
1
4  cosec (4x + 3) + c 

T«t£ 9.2 
ùRôûLd LôiL, 

 (1) (i) x4 (ii) (x + 3)5 (iii) (3x + 4)6 (iv) (4 − 3x)7 (v) (lx + m)8 

 (2) (i) 
1

x6  (ii) 
1

(x + 5)4  (iii) 
1

(2x + 3)5 (iv) 
1

(4 − 5x)7 (v) 
1

(ax + b)8  



 111

 (3) (i) 
1

x + 2  (ii) 
1

3x + 2  (iii) 
1

3 − 4x
  (iv) 

1
p + qx  (v) 

1
(s − tx)

  

 (4) (i) sin (x + 3)  (ii) sin (2x + 4)  (iii) sin (3 − 4x) 
   (iv) cos (4x + 5) (v) cos (5 − 2x) 

 (5) (i) sec2(2 − x)  (ii) cosec2(5 + 2x) (iii) sec2 (3 + 4x) 

  (iv) cosec2(7−11x) (v) sec2(p − qx) 
 (6) (i) sec (3 + x) tan (3 + x) (ii) sec (3x + 4) tan (3x + 4)  
  (iii) sec (4−x) tan (4 − x)  (iv) sec (4 − 3x) tan (4 − 3x) 
  (v) sec (ax + b) tan (ax + b) 
 (7) (i) cosec (2 − x) cot (2 − x) (ii) cosec (4x + 2) cot (4x + 2)  
  (iii) cosec (3−2x) cot (3 − 2x) (iv) cosec (lx + m) cot (lx + m)  
  (v) cot (s−tx) cosec (s−tx) 

 (8) (i) e3x             (ii) ex + 3      (iii) e3x + 2         (iv) e5 − 4x        (v) eax + b 

 (9) (i) 
1

cos2 (px + a)
 (ii) 

1

sin2 (l − mx)
  (iii) (ax + b)−8  (iv) (3 − 2x)−1  (v) e−x 

 (10) (i) 
tan (3 − 4x)
cos (3 − 4x)

  (ii) 
1

ep + qx  (iii)  
1

tan(2x + 3) sin(2x + 3)  

  (iv) (lx + m)
1
2    (v) (4 − 5x)  

Ti×Ls : 

(1) k GuTÕ HúRàm JÚ Uô±− G²p ⌡⌠kf(x) dx  = k ⌡⌠f(x) dx  

(2)  f(x) Utßm  g(x) GuTûY x-u Nôo×Ls G²p  

  ⌡⌠[ ]f(x) + g(x) dx  = ⌡⌠f(x) dx  + ⌡⌠g(x) dx  

G,Lô,  9.18 – 9.21: ¸rdLôiT]Yt±u ùRôûLd LôiL, 

 (18) 10x3 − 
4

x5  + 
2

3x + 5
     (19) k sec2 (ax + a) − 

3
(4x + 5)2  + 2sin (7x − 2) 

 (20) ax + xa + 10 − cosec 2x  cot2x   (21) 
1
5  cos 



x

5 + 7   + 
3

(lx + m)    +  e
x
2 + 3

  

¾oÜ : 

(18)  
⌡
⌠





10x3 − 

4

x5 + 
2

3x + 5
 dx   = 10 ⌡⌠x3 dx − 4

⌡
⌠dx

x5 + 2
⌡
⌠ 1

3x + 5
 dx  
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   = 10 



x4

4   −  4 




− 

1

4x4   + 2 
[ ]2 3x + 5

3   

   = 
5
2 x4 + 

1

x4  + 
4
3  3x + 5 + c 

 (19) ⌡
⌠ 

 [k sec2 (ax + b) − 
3

(4x + 5)2 + 2sin (7x − 2)] dx 

   = k ⌡⌠sec2(ax + b) dx  −  ⌡
⌠

(4x + 5)
2
3 dx  +  2⌡⌠sin(7x − 2) dx  

   = k 
tan (ax + b)

a   − 
1
4  

(4x + 5)
2
3 + 1





2

3 + 1
  + (2) 



1

7   (− cos (7x − 2)) + c 

 = 
k
a  tan (ax + b) − 

3
20  (4x + 5)

5
3  − 

2
7  cos (7x − 2) + c 

 (20) ⌡⌠ ( )ax + xa + 10 − cosec 2x  cot2x dx  

    = ⌡⌠ axdx  + ⌡⌠xadx + 10 ⌡⌠dx  − ⌡⌠ cosec 2x   cot 2x dx  

    = 
ax

loga   +  
xa + 1

a + 1   +  10x  +  
cosec 2x

2    +  c 

 (21) ⌡

⌠

 





1

5 cos 



x

5 + 7  + 
3

lx + m + e
x
2 + 3

 dx  

    = 
1
5  ⌡

⌠ cos 



x

5 + 7  dx  + 3 ⌡
⌠ 

1
lx + mdx   + ⌡

⌠
 e 

x
2 + 3

dx  

    = 
1
5  . 

1
( )1/5   sin 



x

5 + 7    + 3 



1

l   log (lx + m)  + 
1

(1/2)  e 
x
2 + 3

 + c 

    = sin 



x

5 + 7    + 
3
l   log (lx + m)  + 2e 

x
2 + 3

 + c 

T«t£ 9.3 

x-I ùTôßjÕ ¸rdLôiT]Yt±u ùRôûLd LôiL, 

 (1) 5x4 + 3(2x + 3)4 − 6(4 − 3x)5 (2) 
3
x  + 

m
4x + 1  − 2 (5 − 2x)5 
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 (3) 4 − 
5

x + 2 + 3 cos 2x (4) 3e7x − 4sec (4x + 3) tan(4x + 3) + 
11

x5  

 (5) p cosec2 (px − q) − 6(1 − x)4 + 4e3 − 4x    

 (6) 
4

(3 + 4x)  + (10x + 3)9 − 3cosec (2x + 3) cot (2x + 3) 

 (7) 6 sin5x − 
l

(px + q)m   (8) a sec2 (bx + c) + 
q

el − mx  

 (9) 
1





3 + 

2
3x

  − 
2
3  cos 



x − 

2
3   + 3 



x

3 + 4  
6
  

 (10) 7 sin  
x
7  − 8sec2 



4 − 

x
4   + 10 



2x

5  − 4  
3
2         (11) 2xe + 3ex + ee 

 (12) (ae)x − a−x + bx 

9.3 ùRôûLÂÓ LôÔm Øû\Ls : 
 ùRôûL«Pp LôiTÕ GuTÕ YûL«PûXl úTôuß AqY[Ü 

G°RpX, JÚ Nôo©û] YûL«P úYiÓùU²p ARtùLuß 

®§Øû\Ls YûL«P−p §hPYhPUôLÜm ªLjùR°YôLÜm 

Es[], 

 
Lt

∆x → 0   
f(x + ∆x) − f(x)

∆x
  Gu\ YûWVßdLlThP Øû\«û] 

TVuTÓj§ f(x)-I YûL«PXôm, GÓjÕdLôhPôL logxI YûL«P 

úYiÓùU²p úUÛs[ Øû\«û] TVuTÓj§ YûL«P CVÛm, 

B]ôp logx-I ùRôûL«P ClT¥lThP ®§Øû\Ls ¡ûPVôÕ, 

GlT¥ ùRôûL«Pj ùRôPeÏYÕ GuTÕáP 

YûWVßdLlTP®pûX, 

 úUÛm Nôo×L°u áhPp. L¯jRp. ùTÚdLp. YÏjRp Utßm 

Nôo©]Õ Nôo× úTôu\ Nôo×L°u AûUl×Lû[ YûL«P R²jR² 

YûL«Pp Øû\Ls ®[dLUôL Es[], ùRôûLÂh¥p 

ClT¥lThP ®§Øû\Ls ùR°YôL CpûX, ùRôûL«P−p JÚ£X 

®§Øû\Ls CÚkRúTô§Ûm AYt±û] TVuTÓjR TX 

LhÓlTôÓLs Es[], 

 ùRôûL«P−p Es[ Cf£X ®§Øû\Ls ªL Ød¡VjÕYm 

YônkRûYVôÏm, Cq®§Øû\Lû[ RdL CPeL°p £\lTôL 

ûLVô[ A§L T«t£ úRûY, ùRôûLd LôQÛdÏ¬V ªL Ød¡V 

SôuÏ Øû\Ls ¸rYÚUôß : 
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 (1) áhPp ApXÕ L¯jRXôL ©¬jùRÝ§ ùRôûL«Pp 

 (2) ©W§«Pp Øû\ 
 (3) TÏ§j ùRôûL«Pp Øû\ 
 (4) AÓdÏLû[ T¥lT¥VôLf ÑÚd¡ ùRôûL LôÔm Øû\ 
 úUÛs[ ØRp êuß Øû\«û] UhÓm CeÏ LtúTôm, 

9.3.1 áhPp ApXÕ L¯jRp Nôo×L[ôL ©¬jùRÝ§ ùRôûLd 

LôQp : 
 ùLôÓdLlTÓm ùRôûLf NôoûT £X úSWeL°p ùRôûL«Pp 

YônlTôh¥û] úSW¥VôLl TVuTÓj§ ùRôûL LôQ CVXôÕ, 

B]ôp CRû] áhPp ApXÕ L¯jRp Nôo×L[ôL ©¬jùRÝ§ 

ùRôûL«PÛdÏ HÕYôL Uôt±VûUjÕ ùRôûL LôQXôm, 

GÓjÕdLôhPôL 

     (1 + x2)
3
, sin 5x cos2x, 

x2 − 5x + 1
x  , sin5x, 

ex + 1

ex  , (tanx + cotx)2 úTôu\ 

Nôo×Lû[ úSW¥VôL YônlTôh¥u êXm ùRôûL«P CVXôÕ, 

CRû] úUtá±VYôß ©¬jùRÝ§ ùRôûL LôQXôm, 

G,Lô,  9.22 -   ùRôûL LôiL 

 (22) ⌡⌠(1 + x2)
3
dx  = ⌡⌠ ( )1 + 3x2 + 3x4 + x6 dx  

   = x + 
3x3

3   + 
3x5

5   + 
x7

7   + c 

   = x + x3 + 
3
5  x5 + 

x7

7   + c 

 (23) ⌡⌠sin5x cos 2x  dx = ⌡
⌠ 

1
2 [ ]sin (5x + 2x) + sin (5x − 2x)   dx 

[Q 2sin A cosB = sin (A+B) + sin(A − B)] 

   = 
1
2   ⌡⌠

 
 [sin7x + sin3x] dx 

   = 
1
2  



− cos7x

7  − 
cos3x

3   + c 

 ∴ ⌡⌠sin5x cos 2x  dx  =  −   
1
2  



cos7x

7  + 
cos3x

3   + c 
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 (24) ⌡
⌠x2− 5x + 1

x  dx  = ⌡
⌠

 



x2

x  − 
5x
x  + 

1
x  dx  = ⌡

⌠ 



x − 5 + 

1
x dx  

   = ⌡⌠xdx − 5 ⌡⌠dx  + ⌡
⌠ 

1
x dx 

   = 
x2

2   − 5x + logx + c 

 (25) ⌡⌠ cos3x dx  = ⌡
⌠ 

1
4 [3cosx + cos 3x] dx  

   = 
1
4   





3 ⌡⌠ cosx dx + ⌡⌠ cos3x dx   

   = 
1
4  



3 sin x + 

sin 3x
3   + c 

 (26) 
⌡

⌠ 

ex + 1

ex  dx  = 
⌡

⌠ 







ex

ex + 
1

ex   dx  =  ⌡⌠ 1dx + ⌡⌠e−x dx  

   = x − e− x + c 

 (27) ⌡⌠ (tanx + cotx) 2dx  = ⌡⌠( )tan2x + 2tanx cotx + cot2x  dx  

   = ⌡⌠ [( )sec2x − 1  + 2 + (cosec2x − 1)] dx  

   = ⌡⌠( )sec2x + cosec2x dx  

   = tanx + (− cotx) + c 

   = tanx − cotx + c 

 (28) ⌡
⌠ 

1
1 + cosx dx = 

⌡
⌠ 

(1 − cosx)
(1 + cosx) (1 − cosx)

  dx 

   = 
⌡
⌠ 

1 − cosx

1 − cos2x
 dx  = 

⌡
⌠ 

1 − cosx

sin2x
 dx 

   = 
⌡
⌠ 





1

sin2x
 − 

cosx

sin2x
 dx  = ⌡⌠ [ ]cosec2x − cosecx cotx  dx  
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   = ⌡⌠ cosec2x dx  − ⌡⌠ cosecx cotx dx  

   = − cotx − (− cosec x) + c 

   = cosec x − cotx + c     
Ï±l× : Uôtß Øû\ 

 









⌡
⌠ 1

1 + cosx dx = 

⌡
⌠

1

2 cos2 x
2

 dx = 
1
2 ⌡

⌠ sec2 
x
2 dx = 

1
2 

tan 
x
2

1
2

+c = tan 
x
2+c   

 (29) ⌡
⌠ 

1 − cos x
1 + cosx  dx  = 

⌡

⌠

 
2sin2 

x
2

2 cos2 
x
2

 dx   =  ⌡
⌠ tan2 

x
2 dx  

   = ⌡
⌠ 



sec2 

x
2 − 1  dx  = 

tan 
x
2

1
2

  − x + c 

   = 2 tan 
x
2  − x + c … (i)   

Uôtß Øû\ : 

  ⌡
⌠ 

1 − cos x
1 + cosx  dx  = 

⌡
⌠ 

(1 − cosx)
(1 + cosx) 

(1 − cosx)
(1 − cosx)

 dx  

   = 
⌡

⌠ 

(1 − cosx)2

1 − cos2x
 dx  = 

⌡

⌠ 

1 − 2cosx + cos2x

sin2x
 dx  

   = 
⌡

⌠

 






1

sin2x
 − 

2 cosx

sin2x
 + 

cos2x

sin2x
 dx  

   = ⌡⌠ ( )cosec2x − 2cosecx cot x + cot2x  dx  

   = ⌡⌠ [ ]cosec2x − 2cosecx cotx + (cosec2x − 1)  dx  

   = ⌡⌠ [ ]2 cosec2x − 2 cosec x cotx − 1  dx  
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   = 2 ⌡⌠cosec2x dx − 2   ⌡⌠cosec x cotx dx  − ⌡⌠ dx  

   = − 2 cot x − 2 (− cosec x) − x + c 

  ⌡
⌠ 

1 − cos x
1 + cosx  dx  = 2 cosec x − 2 cotx − x + c … (ii) 

Ï±l× : (i), (ii)-p CÚkÕ 2 tan 
x
2  − x + c-m  2 cosec x − 2 cotx − x + c-m 

§¬úLôQª§ ®¡RlT¥ NUm G]d LôQXôm, 

 (30) ⌡⌠ 1 + sin 2x dx  = ⌡⌠ (cos2x + sin2x) + (2 sinx cosx)  dx   

   = ⌡⌠ (cosx + sin x) 2  dx  = ⌡⌠ (cosx + sin x) dx  

   = [sinx − cosx] + c 

 (31) 
⌡
⌠

 
x3 + 2
x − 1

 dx  = 
⌡
⌠x3 − 1 + 3

x − 1
 dx   =  

⌡
⌠

 



x3 − 1

x − 1
 + 

3
x − 1

 dx  

   = 
⌡
⌠

 



(x − 1) (x2 + x + 1)

x − 1
 + 

3
x − 1

 dx  

   = 
⌡
⌠ 



x2 + x + 1 + 

3
x − 1

 dx  

   = 
x3

3   + 
x2

2   + x + 3 log (x − 1) + c 

 (32) 
⌡
⌠ 

cos2x

sin2x cos2x
 dx  = 

⌡

⌠

 
cos2x − sin2x

sin2x cos2x
 dx  

   = 
⌡

⌠ 







cos2x

sin2x cos2x
 − 

sin2x

sin2x cos2x
 dx  

   = 
⌡
⌠ 





1

sin2x
 − 

1

cos2x
 dx  

   = ⌡⌠(cosec2x − sec2x) dx  

   = − cotx − tanx + c 
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 (33) 
⌡

⌠

 
3x − 2x + 1

6x  dx  = 
⌡

⌠

 






3x

6x − 
2x +1

6x  dx  = ⌡
⌠











3

6  
x
 − 2. 



2

6  
x

 dx  

   = ⌡
⌠











1

2  
x
 − 2 



1

3  
x

 dx  = ⌡⌠ (2−x − 2.3−x) dx  

   = 
− 2− x

log2   − 2 . 
(− 3−x)
log3  + c  

   = 
2

log3  3− x  −  
1

log2  2− x + c 

 (34) ⌡⌠ ex log2  . ex dx = ⌡⌠ elog2
x
  ex dx  =  ⌡⌠ 2xex dx  

   = ⌡⌠ (2e) x dx   =  
(2e)x

log2e  + c 

 (35) 
⌡
⌠ 

dx

x + 3 − x − 4
  = 

⌡

⌠

 
x + 3 + x − 4

{ }x + 3 − x − 4  { }x + 3 + x − 4
 dx   

   = 
⌡
⌠

 
x + 3 + x − 4

(x + 3) − (x − 4)
 dx   = ⌡

⌠
 

x + 3 + x − 4
7  dx  

   = 
1
7   ⌡⌠[ ](x + 3)1/2  +  (x − 4)1/2  dx 

  
⌡
⌠ 

dx

x + 3 − x − 4
  = 

1
7    



2

3 (x + 3)3/2 + 
2
3 (x − 4)3/2  + c 

 (36) ⌡⌠ (x − 1) x + 1 dx  = ⌡⌠{(x + 1) − 2}( )x + 1   dx 

   = ⌡⌠ [ ](x + 1)3/2 − 2(x + 1)1/2  dx  

   = 
2
5  (x + 1)5/2 − 2. 

2
3  (x + 1)3/2 + c 

  ⌡⌠(x − 1) x + 1  dx = 
2
5  (x + 1)5/2  − 

4
3  (x + 1)3/2  + c 

 (37) ⌡⌠(3x + 4) 3x + 7 dx =  ⌡⌠{(3x + 7) − 3} 3x + 7 dx   

   = ⌡⌠ ((3x + 7) 3x + 7 − 3 3x + 7)  dx  



 119

   = ⌡⌠((3x + 7)3/2 − 3 (3x + 7)1/2) dx  

   = 
1
3  

(3x + 7)5/2

5/2   − 3 .  
1
3   

(3x + 7)3/2

3/2   + c 

   = 
2

15  (3x + 7)5/2 − 
2
3  (3x + 7)3/2 + c 

 (37a) 
⌡
⌠ 

9

(x − 1) (x + 2)2  dx = 
⌡
⌠





A

x−1
+

B
x+2+ 

C

(x+2)2   dx  
TÏ§l ©u]eL[ôL

 ©¬jÕ GÝÕRp  

   = 
⌡
⌠ 





1

x − 1
 − 

1
x + 2 − 

3

(x + 2)2   dx         

   = log (x − 1) − log (x + 2) + 
3

(x + 2)  + c 

T«t£ 9.4 
ùRôûLd LôiL 

 (1) (2x − 5) (36 + 4x) (2) (1 + x3)
2
 (3) 

x3 + 4x2 − 3x + 2

x2   

 (4) 
x4 − x2 + 2

x + 1   (5) 
(1 + x) 2

x
  (6) 

e2x+ e−2x + 2

ex    

 (7) sin23x + 4cos 4x (8) cos32x − sin6x (9) 
1

1 + sinx   

 (10) 
1

1 − cosx
  (11) 1 − sin2x  (12) 1 + cos2x  

 (13) 
1

sin2x cos2x
  (14) 

sin2x
1 + cosx  (15) sin7x cos5x 

 (16) cos3x cosx (17) cos2x sin4x (18) sin10x sin2x 

 (19) 
1 + cos2x

sin22x
  (20) (ex − 1)2e−4x (21) 

1 − sinx
1 + sinx  

 (22) 
2x + 1 − 3x −1

6x   (23) exlogaex (24)  
ax + 1 − bx − 1

cx   

 (25) 




x + 

1
x

 
2
  (26) sinmx cosnx (m > n)    (27) cos px cosqx (p > q) 
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 (28) cos25x sin10x (29) 
1

x + 1 − x − 2
   (30) 

1
ax + b − ax + c

   

 (31) (x + 1) x + 3)    (32) (x − 4) x + 7              (33) (2x + 1) 2x + 3     

 (34) 
x + 1

(x + 2) (x + 3)  (35)  
x2 + 1

(x − 2) (x + 2) (x2 + 9)
  

9.3.2 ©W§«Pp ApXÕ T§−Pp Øû\«p ùRôûLd LôQp : 
 £X NUVeL°p ùLôÓdLlThÓs[ ùRôûLf Nôo× f(x), ùRôûL 

LôiTRtúLtT AûUVôUp CÚdLXôm, AúR úSWj§p ùRôûLf 

Nôo× f(x)-I RdL ©W§«Pp êXm ùRôûL«ÓYRtúLtT 

Uôt±VûUjÕ ùRôûLd LôQ CVÛm, 

   F(u) = ⌡⌠ f(u) du,  G] GÓjÕdùLôiPôp  

 ©\Ï 
dF(u)

du   = f(u) BÏm 

 u = φ (x) GuL,   ©u 
du
dx  = φ′(x) 

 úUÛm 
dF(u)

dx   = 
dF(u)

du   . 
du
dx  

    = f(u) φ′(x) 

   i.e. 
dF(u)

dx   = f [φ (x)] φ′(x) 

   ⇒ F(u) = ⌡⌠f [φ (x)] φ′(x) dx  

   ∴  ⌡⌠ f(u)du  = ⌡⌠f [φ(x)] φ′(x) dx  

 ⌡⌠ f [φ (x)]φ′ (x) dx = ⌡⌠f(u) du   

 úUtLiP Øû\ûV £\lTôL ûLVô[ úYiÓùU²p RÏkR 

©W§«PûXj úRokùRÓlT§pRôu Es[Õ, ©W§«Pp £X 

úSWeL°p x = φ(u) G]Üm ApXÕ u = g(x) G]Üm úRoÜ ùNnRp 

úYi¥«ÚdÏm, 
G,Lô,  9.38 – 9.41: ùRôûLd LôiL, 

 (38) ⌡⌠ 5x4ex5
dx  (39) ⌡

⌠ cosx
1 + sinx dx  (40) 

⌡

⌠ 

1

1 − x2
 dx   (41)

⌡
⌠ 

1

1 + x2 dx  



 121

 (38), (39) B¡V ØRp CÚ LQdÏLû[ u = φ(x) G]Üm (40), (41) 
B¡V CÚ LQdÏLû[ x = φ(u) G]Üm ©W§«hÓj ùRôûLd 

LôiúTôm,, 

 (38) I = ⌡⌠ 5x4ex5
dx   GuL, 

  x5 = u G]l ©W§«P. … (i) 

 ∴ 5x4 dx = du … (ii) 
 ùRôûLUô± x-B]Õ u-BL ©W§«PlThÓ Uôt\lThPR]ôp 

ùRôûLf Nôo× ØÝYÕm u êXUôL Uôt±VûUjRp úYiÓm, 

 ∴  I = ⌡⌠ ( ) ex5
 ( )5x4 dx    GuTRû] 

    = ⌡⌠ eu du  G] Sôm ùTß¡ú\ôm, 

((i), (ii)-I TVuTÓj§) 

    = eu + c 

    = ex5
 + c   (ùLôÓjÕs[T¥úV x-p GÝR  

       u = x5
G]l ©W§«PÜm) 

 (39)  I = ⌡
⌠ 

cosx
1 + sinx   dx   GuL 

     (1 + sinx) = u G]l ©W§«P. … (i) 
   cosx dx = du … (ii) 

   ∴  I = ⌡
⌠ 

1
(1 + sinx) (cosx dx)  

    = ⌡
⌠ 

1
u du  ((i), (ii)-I TVuTÓj§)  

    = logu + c 

  ⌡
⌠ 

cosx
1 + sinx   dx = log (1 + sinx) + c 

 (40)  I = 
⌡

⌠ 

1

1 − x2
 dx   GuL, 

   x = sinu  G]l ©W§«P ….(i)   ⇒   u = sin−1x 

   dx = cos udu  … (ii) 
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  ∴ I = 
⌡

⌠ 1

1 − x2
  dx 

    = 
⌡

⌠ 1

1 − sin2u
   (cosu du)    ((i), (ii)-I TVuTÓj§) 

    = 
⌡

⌠ 1

cos2u
  (cosu du) 

    = ⌡⌠ du    =   u + c 

 ∴ 
⌡

⌠ 

1

1 − x2
 dx  = sin−1 x + c (Q u  = sin−1x) 

 (41)  I = 
⌡
⌠ 

1

1 + x2 dx   GuL, 

   x = tanu  G]l ©W§«P. ⇒  u = tan−1x 

   dx = sec2u du 

  ∴ I = 
⌡
⌠ 1

1 + tan2u
  sec2u du 

    = 
⌡
⌠ 1

sec2u
  sec2u du   =  ⌡⌠du  

   I = u + c 

 ∴  
⌡
⌠ 1

1 + x2  dx = tan−1x + c 

£X úRokRûUkRj ùRôûLLs 

 (i) ⌡
⌠

 
f ′(x)
f(x)   dx  =  log [f(x)] + c 

 (ii) 
⌡

⌠ f ′(x)

f(x)
 dx  = 2 f(x)  + c 

 (iii) ⌡⌠f ′(x) [ ]f(x) n dx  = 
[ ]f(x) n + 1

n + 1   + c      CeÏ  n ≠ − 1 
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¨ìTQm : 

 (i)  I = ⌡
⌠

 
f ′(x)
f(x)   dx  GuL, 

   f(x) = u   G]l ©W§«P. 

  ∴ f ′(x)dx = du 

  ∴ I = ⌡
⌠1

u du    =  log u + c   =   log [f(x)] + c 

  i.e. ⌡
⌠

 
f ′(x)
f(x)   dx = log [f(x)] + c 

 (ii)  I = 
⌡

⌠ f ′(x)

f(x)
 dx    GuL, 

    = 
⌡
⌠ 

1
u

 du         CeÏ u = f(x) G²p du = f ′(x) dx 

    = 2 u  + c = 2 f(x)  + c 

  ∴ 
⌡

⌠f ′ (x)

f(x)
 dx  = 2 f(x)  + c 

 

 (iii)  I = ⌡⌠f ′(x) [ ]f(x) n dx  GuL,              CeÏ n ≠ − 1 

   f(x) = u  G]l ©W§«P. 

  ∴ f ′(x) dx = du 

  ∴ I = ⌡⌠ { }f(x) n ( ) f ′(x) dx   

    = ⌡⌠un du    =    
un + 1

n + 1   + c               (Q n ≠ − 1) 

∴ ⌡⌠f ′(x) [ ]f(x) n dx  = 
[ ]f(x) n + 1

n + 1   + c 

G,Lô, s 9.42 – 9.47: ùRôûLd LôiL, 

 (42) 
2x + 1

x2 + x + 5
  (43) 

ex

5 + ex  (44) 
6x + 5

3x2 + 5x + 6
  (45) 

cosx
sinx
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  (46) (4x − 1) (2x2 − x + 5)4         (47) (3x2 + 6x + 7) (x3 + 3x2 + 7x − 4)11 

¾oÜ : 

 (42)          I =  
⌡
⌠ 2x + 1

x2 + x + 5
 dx  = 

⌡
⌠ 1

(x2 + x + 5)
 {(2x + 1) dx}  GuL, 

   x2 + x + 5 = u   G]l ©W§«P 
   (2x + 1) dx = du 

  ∴ I = ⌡
⌠ 

1
u du    =  log u + c = log (x2 + x + 5) + c 

  ∴
⌡
⌠ 2x + 1

x2 + x + 5
 dx  = log (x2 + x + 5) + c 

 (43)  I = 
⌡

⌠ ex

5 + ex dx   GuL, 

   5 + ex = u   G]l ©W§«P. 

   ex dx = du 

  ∴ I = 
⌡
⌠ 

1

5 + ex (ex dx)  

  ∴  = ⌡
⌠ 

1
u du  

   I = logu + c    =   log (5 + ex) + c 

  i.e.
⌡

⌠ ex

5 + ex dx  = log (5 + ex) + c 

 (44)  I = 
⌡

⌠ 6x + 5

3x2 + 5x + 6
 dx    GuL, 

   3x2 + 5x + 6 = t  G]l ©W§«P. 

   (6x + 5) dx = dt 

 ∴  I = 
⌡
⌠ 

1
t
 dt    =   2 t  + c = 2 3x2 + 5x + 6  + c 

 ∴ 
⌡

⌠ 6x + 5

3x2 + 5x + 6
 dx  = 2 3x2 + 5x + 6  + c 
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 (45)  I = 
⌡
⌠ cosx

sinx
 dx    GuL, 

   sinx = t   G]l ©W§«P. 

   cosx dx = dt 

  ∴ I = 
⌡
⌠ 

1
t
 dt  

  i.e.  I = 2 t  + c = 2 sinx  + c 

  i.e. 
⌡
⌠ cosx

sinx
 dx  = 2 sin x  + c 

 (46)  I = ⌡⌠(4x − 1) (2x2 − x + 5)4  dx  GuL, 

   2x2 − x + 5 = u   G]l ©W§«P. 

   (4x − 1) dx = du 

  ∴ I = ⌡⌠(2x2 − x + 5)4 ( )(4x − 1) dx   

    = ⌡⌠ u4du  =   
u5

5   + c =  
(2x2 − x + 5)

5

5   + c 

 i.e. ⌡⌠(4x − 1) (2x2 − x + 5)4 dx = 
(2x2 − x + 5)

5

5   + c 

 (47)  I = ⌡⌠(3x2 + 6x + 7) (x3 + 3x2 + 7x − 4)11 dx  GuL, 

 x3 + 3x2 + 7x − 4 = u   G]l ©W§«P. 

 ∴ (3x2 + 6x + 7) dx = du 

  ∴ I = ⌡⌠(x3 + 3x2 + 7x − 4)11  { }(3x2 + 6x + 7)dx   

    = ⌡⌠ u11du  

   I = 
u12

12   + c =    
(x3 + 3x2 + 7x − 4)12

12   + c 

              ∴⌡⌠(x3 + 3x2 + 7x − 4)11  (3x2+6x+7) dx = 
(x3 + 3x2 + 7x − 4)12

12   + c 
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G,Lô,  9.48 – 9.67: ùRôûLd LôiL, 

 (48) x16 (1 + x17)
4
 (49) 

x24

(1 + x25)
10  (50) 

x15

1 + x32  (51) x(a − x)17 

 (52) cot x (53) cosec x (54) 
log tanx

sin2x   (55) sin15x cosx 

 (56) sin7x (57) tanx secx  (58) 
etanx

cos2x
  (59) 

e x

x
  

 (60) 
esin−1x

1 − x2
  (61) e2logx ex3

 (62) 
logx

x   (63) 
1

x logx        

 (64) 
1

x + x
   (65) 

ex/2 − e− x/2

ex − e−x  (66) 
xe − 1 + ex − 1

xe + ex    

 (67) αβ xα − 1 e −βxα    
(68) (2x − 3) 4x + 1)  

¾oÜ :  

 (48) ⌡⌠x16 (1 + x17)
4
 dx 

   I = ⌡⌠x16 (1 + x17)
4
 (dx)   GuL, 

   1 + x17 = u   G]l ©W§«P. … (i)  

   17x16dx = du 

   dx = 
1

17x16 du    … (ii) 

   ∴  I  = 
⌡
⌠x16(u)4 





1

17x16 dx     ((i), (ii)-I TVuTÓj§) 

     = 
1

17  ⌡⌠ u4du     =    
1
17  



u5

5  + c 

  ⌡⌠x16 (1 + x17)
4
 dx = 

1
85  (1 + x17)

5
 + c 

 (49) 
⌡

⌠ x24

(1 + x25)
10  dx 
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   I = 
⌡

⌠ x24

(1 + x25)
10  dx  GuL, 

   1 + x25 = u  G]l ©W§«P. … (i) 

   25x4  dx = du  

   dx = 
1

25x24  du … (ii) 

  ∴ I = 
⌡

⌠x24

u10 




1

25x24 du   ((i), (ii)-I TVuTÓj§) 

    = 
1

25  
⌡
⌠ 1

u10 du    =  
1
25  





− 

1

9u9  + c   

 ∴   
⌡

⌠ x24

(1 + x25)
10  dx = − 

1

225 (1 + x25)
9  + c 

 (50) 
⌡

⌠ x15

1 + x32 dx  

   I = 
⌡

⌠ x15

1 + x32 dx    GuL, 

   x16 = u  G]l ©W§«P. … (i) 

   16x15dx = du 

   dx = 
1

16x15 du  … (ii) 

  ∴  = 
⌡

⌠ x15

1 + u2 




1

16x15 du    ((i),(ii)-I TVuTÓj§) 

    = 
1

16  
⌡
⌠ 1

1 + u2 du  

   I = 
1

16  tan−1u + c 

  
⌡

⌠ x15

1 + x32 dx  = 
1

16  tan−1 (x16) + c 
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 (51) ⌡⌠x(a − x)17 dx  

   I = ⌡⌠x(a − x)17 dx   GuL, 

   (a − x) = u  G]l ©W§«P   ⇒  x  =  a − u   

   dx = − du 

  ∴ I = ⌡⌠(a − u)u17 (− du)  

    = ⌡⌠(u18− au17) du  

   I = 
u19

19   − a 
u18

18   + c 

  ∴ ⌡⌠x(a − x)17 dx  = 
(a − x)19

19   − 
a(a − x)18

18   + c 

 (52) ⌡⌠cot x dx  

   I = ⌡⌠cot x dx   GuL, 

   sin x = u  G]l ©W§«P. 
   cosx dx = du 

  ∴ I = ⌡
⌠cosx

sinx  dx   =  ⌡
⌠ 

1
u du   =  log u + c 

 ∴  ⌡⌠cot x dx  = log sinx + c 

 (53) ⌡⌠cosec x dx  

 Let  I = ⌡⌠cosec x dx  = 
⌡
⌠cosecx [cosecx − cotx]

[cosecx − cotx]
 dx 

 cosecx − cotx = u G]l ©W§«P.      … (i) 

 (− cosec x cotx + cosec2x)dx = du 
 cosecx (cosecx − cotx) dx = du  …(ii) 

 ∴    I = 
⌡
⌠cosecx [cosecx − cotx]

[cosecx − cotx]
 dx 

  = ⌡
⌠du

u     =  log u + c ((i),(ii)-I TVuTÓj§) 
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 ∴  ⌡⌠cosec x dx  = log (cosecx − cotx) + c       (ApXÕ) 

 ⌡⌠cosec x dx  = log tan  
x
2  + c       (ÑÚe¡V Y¥®p) 

 (54) ⌡
⌠log tanx

sin2x  dx  

  I = ⌡
⌠log tanx

sin2x  dx   GuL, 

  log tanx = u G]l ©W§«P. … (i) 

 ∴ 
1

tanx  sec2xdx = du       ⇒     
cosx
sinx   . 

1

cos2x
  dx  =  du 

 i.e. 
2

2sinx cosx  dx = du       ⇒     
2

sin2x  dx  =  du 

  dx = 
sin2x

2   du … (ii) 

 ∴ I = ⌡
⌠ u

sin2x . 



sin2x

2  du          ((i),(ii)-I TVuTÓj§) 

   = 
1
2  ⌡⌠ udu    =   

1
2  



u2

2   + c 

  ⌡
⌠log tanx

sin2x  dx  = 
1
4  [log tanx]2 + c 

(55) ⌡⌠sin15x cosx dx  

   I = ⌡⌠sin15x cosx dx   GuL, 

   sinx = t G]l ©W§«P  ⇒     cosx dx  =  dt  

  ∴ I = ⌡⌠ t15 dt   =  
t16

16  + c 

  ∴ ⌡⌠sin15x cosx dx  = 
sin16x

16   + c 

 (56) ⌡⌠sin7x dx  

   I = ⌡⌠sin7x dx   GuL, 
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  ∴  = ⌡⌠ sin6x sinx dx  = ⌡⌠ (1 − cos2x)3 (sinx dx)  

   cosx = t G]l ©W§«P    ⇒    − sin x dx   =   dt  

   sinx dx = (− dt) 

  ∴ I = ⌡⌠(1 − t2)
3
 (− dt)  

    = ⌡⌠(1 − 3t2 + 3t4 − t6) (− dt)  

    = ⌡⌠(t6 − 3t4 + 3t2 − 1) dt  

    = 
t7

7   −  3 
t5

5   +  3 
t3

3  − t + c 

 ∴  ⌡⌠sin7x dx  = 
cos7x

7    −  
3
5   cos5x  +  cos3x − cosx + c 

(Ï±l× : sinnx, cosnx-p n JÚ Jtû\lTûP GiQôL CÚkRôp 

UhÓúU úUÛs[ Øû\ûV ûLVô[ CVÛm). 

(57) ⌡⌠tanx secx dx  

 I = ⌡⌠tanx secx dx  GuL, 

 secx = t G]l ©W§«P. 

 secx tanx dx = dt                        ∴ dx = 
dt

secx tanx  

ØÝûUVôL t-dÏ Uôt\ 

 ∴ I = ⌡
⌠ tan x    ( )t   



1

secx tanx dt    

  =  ⌡
⌠ 

t
secx dt    =   ⌡

⌠ 
t

t  dt  = 
⌡
⌠ 

1
t
 dt = 2 t  + c 

 ∴ ⌡⌠tanx secx dx  = 2 sec x  + c 

 (ùLôÓdLlThP ùRôûLfNôo× ef(x) Gu\ AûUl©p 

Es[úTôÕ. f(x) B]Õ x-p JÚT¥ Nôo©u NôoTôL CpXôU−Úl©u 

u=f(x) G]l ©W§«ÓRp êXm ùRôûLd LôQXôm). 
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(58) 
⌡

⌠ etanx

cos2x
 dx  

 I = 
⌡

⌠ etanx

cos2x
 dx  GuL, 

 tan x = t  G]l ©W§«P. 

 sec2x dx = dt                         ∴ dx  =  cos2x dt 

 ∴ I = 
⌡

⌠ et

cos2x
  . cos2x dt   =   ⌡⌠ et dt   =  et + c 

 ∴  
⌡

⌠ etanx

cos2x
 dx  = etanx + c 

(59) 
⌡

⌠e x

x
 dx  

 I = 
⌡

⌠e x

x
 dx   GuL, 

 x = t G]l ©W§«P     ∴ x  =  t2    ⇒   dx = 2tdt 

 ∴  I = ⌡
⌠ 

et

t   . 2t  dt   =   2 ⌡⌠ e
t
 dt    =   2 e

t
 + c 

 ∴    ⌡

⌠e x

x
 dx  = 2 e x + c 

(60) 
⌡
⌠ esin−1x

1 − x2
 dx  

 I = 
⌡
⌠ esin−1x

1 − x2
 dx   GuL, 

 sin−1x = t        G]l ©W§«P. 

 
1

1 − x2
  dx = dt            ⇒    dx  =  1 − x2  dt    
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 ∴  I = 
⌡

⌠  

et

1 − x2
  1 − x2  dt   

   = ⌡⌠ et dt    =  et + c 

 ∴  
⌡
⌠ esin−1x

1 − x2
 dx  = esin−1x + c 

(61) ⌡⌠e2logx ex3
 dx  

 I = ⌡⌠e2logx ex3
 dx   GuL, 

 x3 = t G]l ©W§«P.     ⇒    3x2 dx = dt       ∴  dx  =  
1

3x2  dt 

 ∴    I = ⌡⌠ elogx2
 ex3

 dx     =    ⌡⌠ x2 ex3
 dx  

  = 
⌡
⌠ x2 et 





1

3x2 dt     

  =   
1
3  ⌡⌠ et  dt    =  

1
3  e

t 
+ c 

 ∴  ⌡⌠e2logx ex3
 dx  = 

1
3   e

x3
 + c 

(62) ⌡
⌠logx

x  dx  

 I = ⌡
⌠logx

x  dx   GuL, 

 logx = u G]l ©W§«P.     ⇒    
1
x  dx = du           ∴   dx  = x du 

 ∴  I = ⌡
⌠ 

u
x (x du)    =   ⌡⌠u du    =    

u2

2   + c 

 ⌡
⌠logx

x  dx  = 
1
2  [logx]2 + c 
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(63)  ⌡
⌠ 1

x logx dx  

 I = ⌡
⌠ 1

x logx dx   GuL, 

 logx = u  G]l ©W§«P. 

 
1
x  dx = du          ∴   dx  =  x du 

 ∴  I = ⌡
⌠ 

1
xu   (x du)  = ⌡

⌠1
u  du  =  log u + c 

 ⌡
⌠ 1

x logx dx  = log (logx) + c 

(64) 
⌡
⌠ 1

x + x
 dx 

 I = 
⌡
⌠ 1

x + x
 dx  GuL, 

 x  = t  G]l ©W§«P.        ⇒    x = t2   
 dx = 2t dt 

 ∴ I   = 
⌡
⌠ 1

t2 + t
  2t dt     =  2 ⌡

⌠ t
t(t + 1)  dt 

  = 2 ⌡
⌠ 



1

1 + t  dt    =  2 log (1 + t) + c 

 ∴  ⌡
⌠ 1

x + x
 dx = 2 log ( )1 + x   + c 

(65) 
⌡

⌠ex/2 − e− x/2

ex − e−x  dx  

 I = 
⌡

⌠ex/2 − e− x/2

ex − e−x  dx   GuL, 

 ex\2 = t  G]l ©W§«P ⇒    
1
2  e x\2 dx  =  dt   

 dx = 
2

ex/2 dt   =   
2
t   dt 
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 ∴    I = 
⌡
⌠ 

t − 1/t

t2 − 1/t2
  



2dt

t   

  = 2 

⌡
⌠ 

(t2 − 1)
t

(t4 − 1)

t2

  
dt
t    = 2 

⌡

⌠

 
(t

2
 − 1)

t
4
 − 1

  dt 

  = 2 
⌡

⌠

 
t
2
 − 1

(t
2
 − 1) (t

2
 + 1)

  dt   =  2 
⌡

⌠ 

1

1 + t
2  dt   = 2 tan

−1
t + c 

∴ 
⌡

⌠ex/2 − e− x/2

ex − e−x  dx  = 2 tan−1( )ex/2  + c 

(66) 
⌡

⌠xe − 1 + ex − 1

xe + ex  dx  

  I = 
⌡

⌠xe − 1 + ex − 1

xe + ex  dx   GuL, 

 xe + ex = t   G]l ©W§«P.                … (i) 

 (exe − 1+ ex) dx = dt ,                e(xe − 1 +ex − 1) dx  = dt 

 ∴   dx  = 
1

e(xe − 1 + ex − 1)
 dt  … (ii) 

 ∴  I  = ⌡
⌠

 
(xe − 1 + ex − 1)

t  






1

e( )xe − 1 + ex − 1
 dt  (i),(ii)-I TVuTÓj§) 

                =  
1
e  ⌡

⌠1
t   dt   =   

1
e  log t + c  

 ∴  
⌡

⌠xe − 1 + ex − 1

xe + ex  dx  = 
1
e  log (xe + ex) + c 

 (67) ⌡⌠αβ xα − 1 e −βxα
 dx  
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 I = ⌡⌠αβ xα − 1 e −βxα
 dx   GuL, 

 − βxα = u  G]l ©W§«P ⇒  − αβxα − 1dx = du  ∴ dx = − 
1

αβ xα− 1  du    

 ∴   I = 
⌡

⌠ αβxα − 1 eu 







−1

αβ xα− 1  du  = − ⌡⌠ eu  du   =  − eu + c 

∴  ⌡⌠αβ xα − 1 e −βxα
 dx  =  − e−βxα

 + c 

(68) ⌡⌠(2x − 3) 4x + 1 dx 

 I = ⌡⌠(2x − 3) 4x + 1 dx   GuL, 

 (4x + 1) =  t2 G]l ©W§«P ⇒  x  =  
1
4  (t2 − 1)    ∴  dx  =  

t
2  dt 

 ∴   I = ⌡
⌠









2 . 
1
4 (t2−1)−3  (t) 



t

2  dt  =  ⌡
⌠1

2 (t2 − 1 − 6) . 
t2

2 dt 

  = 
1
4  ⌡⌠(t4 − 7t2) dt   =  

1
4  



t5

5 − 
7
3 t3   + c 

⌡⌠(2x − 3) 4x + 1 dx = 
1

20  (4x + 1)5/2− 
7
12 (4x + 1)3/2 + c 

T«t£ 9.5 
ùRôûLd LôiL 

 (1) x5(1 + x6)
7
 (2) 

(2lx + m)

lx2 + mx + n
  (3) 

4ax + 2b

(ax2 + bx + c)10   

 (4) 
x

x2 + 3
  (5) (2x + 3) x2 + 3x − 5  (6) tanx 

 (7) sec x (8) cos14x sinx (9) sin5x  

 (10) cos7x (11) 
1 + tanx

x + log secx  (12) 
emtan

−1
x

1 + x2   



 136

 (13) 
xsin−1 (x2)

1 − x4
  (14) 

5(x + 1) (x + logx)4

x   (15) 
sin (logx)

x   

 (16) 
cot x

log sinx  (17) sec4x tanx (18) tan3x sec x 

 (19) 
sinx

sin (x + a)  (20) 
cosx

cos (x − a)
                  (21) 

sin 2x

a cos2x + b sin2x
   

 (22) 
1 − tanx
1 + tanx  (23) 

tan x
sinx cosx (24) 

(log x)2

x   

 (25) e3logx ex4
 (26) 

xe − 1 + ex − 1

xe + ex + ee   (27) x (l − x)16 

 (28) x(x − a)m (29) x2 (2 − x)15 (30) 
sin x

x
  

 (31) (x + 1) 2x + 3  (32) (3x + 5) 2x + 1  (33) (x2 + 1) x + 1  

9.3.3 TÏ§j ùRôûL«Pp : 

 (i) ùRôûLf Nôo× f(x) B]Õ CÚúYß Nôo×L°u ùTÚdLXôL 

CÚkRôúXô 

 (ii) úSW¥VôL ùRôûL«Pp YônlTôhûP TVuTÓj§ 

ùRôûL«P Ø¥VôR NôoTôL CÚkRôúXô ApXÕ  

 (iii) tan−1x, logx úTôu\ Nôo× R²VôLj ùRôûLd LôQ 

ùLôÓdLlTh¥ÚkRôúXô  

TÏ§j ùRôûL«Pp Øû\«û]l TVuTÓj§ ùRôûL LôQXôm, 

 ùRôûL«Pp ãj§Wj§û] CÚ Nôo×LÞdÏ¬V ùTÚdL−u 

YûLÂhÓ YônlTôh¥u êXm RÚ®dLXôm, 

 f(x), g(x) GuT] YûL«PjRdL HúRàm CÚNôo×Ls GuL,  

AqYô\ô«u 
d
dx  [ ]f(x) g(x)   = f ′(x) g(x) + f(x) g′(x) 
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YûL«P−u G§oUû\ Øû\«u YûWVû\lT¥ 

   f(x) g(x) = ⌡⌠f ′(x) g(x) dx  + ⌡⌠ f(x) g′(x) dx  

Uôt± AûUdL 

   ⌡⌠ f(x) g′(x) dx  = f(x) g(x) − ⌡⌠f ′(x) g (x) dx  … (1) 

 úUÛs[ ãj§Wj§û] G°V Øû\«p Uôt± GÝR 

   u = f(x),  v = g(x)  G] GÓjÕd ùLôsúYôm 

   ∴    du = f ′(x) dx,    dv = g′(x) dx 

G]úY (1) B]Õ ⌡⌠ u dv = uv − ⌡⌠ v du  

 úUÛs[ ùRôûL«Pp ãj§WUô]Õ ⌡⌠ u dv -Cu ØÝûUVô] 

¾oYôL CpXôUp. ¾o®u JÚ TÏ§ûV UhÓm A°jÕ Á§ûV 

Utù\ôÚ ùRôûL«Pp ⌡⌠ v du  Yô«XôL GÝRlTh¥ÚlTRôp. 

Cfãj§Wj§û] TÏ§j ùRôûL«Pp G] AûZd¡ú\ôm, 

      TÏ§j ùRôûL«Pp Øû\«û] £\lTôL ûLVô[ úYiÓùU²p 

⌡⌠ u dv -Cp u Gu\ NôoûT úRoÜ ùNnY§pRôu Es[Õ, u-I úRoÜ 

ùNnV ¸rdLôÔm Øû\«û] ûLVôÞRp ELkRÕ, 

 (i) ùRôûLf Nôo× logx, tan−1x ... úTôu\ úSW¥ ùRôûLd LôQ 

CVXôR NôoTôL CÚdÏmúTôÕ logx, tan−1x-I u BL GÓjRp 

úYiÓm, 

 (ii) ùRôûLf Nôo× CÚ Nôo×L°u ùTÚdLp NôoTôL 

CÚdÏmúTôÕ CWiÓm R²jR²úV ùRôûLd LôQ 

CVÛmúTôÕ. A§p JÚ Nôo× xn (x ∈ N)BL CÚl©u u = xn
 

G] GÓjÕd ùLôs[Üm, 

 (iii) Ut\T¥ uI Sm ®ÚlTlT¥ úRoÜ ùNnÕ ùLôs[Xôm, 
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¸rdLôÔm AhPYûQ. TÏ§ ùRôûLÂh¥p u, dv B¡VYtû\ 

úRoÜ ùNnV ERÜm, 

Gi ùLôÓdLlThP 

ùRôûLLs 
u dv uI úRoÜ ùNnV 

LôWQm 
1. 

⌡⌠logx dx  

⌡⌠tan−1 x dx  

log x  

tan−1x 

dx 

dx 

2. 
⌡⌠xn logx dx  log x xn dx 

3. 
⌡⌠ xn tan−1 x  dx  tan−1x xn dx 

 

logx, tan−1x 
úSW¥VôL ùRôûL 

LôQ CVXôÕ, 

4. 
⌡⌠xneax  dx    

(n is a positive 
integer) 

 

xn 

 

eax dx 

CWiÓm 

ùRôûL«P 

CVÛm xn
I uBL 

GÓjRôp x-u 

AÓdÏ. YûL«Pp 

êXm T¥lT¥VôL 

Ïû\kÕ 

ùLôiúP úTôÏm, 

5. 
⌡⌠xn(sinx or cos x)dx xn sinx dx  

or 
 cos xdx 

CWiÓm 

ùRôûL«P 

CVÛm xn
I uBL 

GÓjRôp x-u 

AÓdÏ. YûL«Pp 

êXm T¥lT¥VôL 

Ïû\kÕ 

ùLôiúP úTôÏm, 
6. 

⌡⌠ eax cos bx dx   or 

⌡⌠ eax sin bx dx  

eax or 
cos bx / sin bx 

Ut\ûY − 

G,Lô,   9.69 – 9.84: ùRôûLd LôiL 

 (69) xex (70) x sin x (71) x logx (72) x sec2x 

 (73) x tan−1x (74) logx (75) sin−1x (76) x sin2x 
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 (77) x sin 3x cos2x (78) x 5x (79) x3ex2 
(80) e

x
  

 (81) 
⌡

⌠x sin−1x

1 − x2
 dx (82) tan−1 





2x

1 − x2   (83) x2e3x (84) x2cos2x 

¾oÜ : 

 (69) ⌡⌠xex dx   =  ⌡⌠(x) (exdx)  

 TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

   u = x  Utßm dv = ex dx   G] GÓjÕd ùLôsúYôm, 

 ©\Ï du = dx Utßm  v =  ⌡⌠  ex dx = ex
 BÏm, 

   ∴     ⌡⌠xex dx  = xex − ⌡⌠ exdx  = xex − ex + c 

(70) ⌡⌠x sin x dx  = ⌡⌠(x) (sin x dx)  

 TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

 u = x   Utßm dv = sin dx   G] GÓjÕd ùLôsúYôm, 

 du = dx   Utßm v = − cosx 

 ∴  ⌡⌠x sin x dx  = (x) (− cosx) − ⌡⌠ (− cosx) (dx)  

  = − x cosx + ⌡⌠cosx dx  

∴ ⌡⌠x sin x dx  = − x cosx + sinx + c 

(71) ⌡⌠x logx  = ⌡⌠(logx) (x dx)  

     log x -I YônlTôh¥u êXm úSW¥VôLj ùRôûL«P CVXôRRôp 

 u = logx  Utßm dv = x dx   G] GÓjÕd ùLôsúYôm 

 ∴  du = 
1
x  dx  Utßm v  = 

x2

2   

∴ ⌡⌠x logx   = (logx) 



x2

2   − ⌡
⌠





x2

2    



1

x dx    
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  = 
x2

2   logx − 
1
2  ⌡⌠ x dx  

∴ ⌡⌠x logx  = 
x2

2   logx − 
1
4 x2 + c 

 (72) ⌡⌠x sec2x dx   = ⌡⌠(x) (sec2x dx)  

 TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR  

   u = x,     dv = sec2x dx  G] GÓjÕdùLôiPôp 

 du = x,       v = tanx  BÏm, 

  ∴ ⌡⌠x sec2x dx  = x tanx − ⌡⌠tanx dx    

   = x tanx − log secx + c               

 ∴ ⌡⌠x sec2x dx  = x tanx + log cosx + c            

(73) ⌡⌠x tan−1x dx  = ⌡⌠(tan−1x) (x dx)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

  ⌡⌠x tan−1x dx  =  (tan−1x) 



x2

2   − 
⌡

⌠





x2

2  




1

1 + x2  dx  

   = 
x2

2   tan−1x − 
1
2  

⌡

⌠ x2

1 + x2 dx  

   = 
x2

2   tan−1x −
1
2  

⌡

⌠

 






(x2 + 1) − 1

1 + x2  dx  

   = 
x2

2   tan−1x −
1
2  

⌡

⌠

 






1+x2

1+x2−
1

1+x2  dx  

   = 
x2

2   tan−1x −
1
2  

⌡
⌠ 





1 − 

1

1 + x2  dx  

  I = 
x2

2   tan−1x −
1
2  [ ]x − (tan−1x)  + c 

 ∴⌡⌠x tan−1x dx  = 
1
2   [x2 tan−1x + tan−1x − x] + c 

    u = tan−1x        dv= xdx 

∴du = 
1

1 + x2 dx    v = 
x2

2   

 



 141

(74) ⌡⌠logx dx  = ⌡⌠(logx) (dx)  

 TÏ§j ùRôûL«P−u ãj§WjûRl 

TVuTÓjR 

    = (logx) (x) − ⌡
⌠x . 

1
x dx  

    = x log x − ⌡⌠ dx  

 ∴  ⌡⌠logx dx  = x logx − x + c 

  

  u = logx dv = dx 

du = 
1
x  dx v = x 

 

 (75) ⌡⌠sin−1x dx  = ⌡⌠(sin−1x) (dx)  

 TÏ§j ùRôûL«P−u ãj§WjûRl 

TVuTÓjR 

  ⌡⌠sin−1x dx  = (sin−1x) (x) − 
⌡

⌠ x . 

1

1 − x2
  dx 

     = x sin−1x − 
⌡

⌠ 

x

1 − x2
  dx 

u = sin−1x                dv = dx 

du = 
1

1 − x2
  dx     v = x 

  

 

©W§«Pp Øû\«û] ûLVô[  

 1 − x2  = t 

 1− x2 = t2 

 − 2x dx = 2t d t 

 dx = 
2tdt
−2x

   =  
− t
x   dt 

 ∴    ⌡⌠sin−1x dx  = x sin−1x − ⌡
⌠x

t  



− t

x  dt  

  = x sin−1x + ⌡⌠ dt     =  x  sin−1x + t + c 

 ∴   ⌡⌠sin−1x dx  = x sin−1x + 1 − x2  + c 
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 (76) ⌡⌠x sin2x dx  

   I = ⌡⌠x sin2x dx   GuL, 

    = ⌡
⌠ x 






1

2 (1 − cos2x)  dx  

    = 
1
2  ⌡⌠ (x − x cos 2x) dx 

    = 
1
2  





⌡⌠ xdx − ⌡⌠x cos2x dx   

   I = 
1
2  



x2

2  − I1                   … (1) 

CeÏ  I1 = ⌡⌠ x cos2x dx  

 TÏ§j ùRôûL«P−u ãj§WjûRl 

TVuTÓjR I1 

   I1 = ⌡⌠ (x)  (cos2x dx)  

    = 



x sin2x

2  − ⌡
⌠ 

sin2x
2  dx   

    = 
x
2  sin2x − 

1
2  



− cos2x

2   

   I1 = 
x
2  sin2x + 

1
4  cos2x 

I1I (1)-p ©W§«P.  

   I = 
1
2  



x2

2  − I1   

    = 
1
2  



x2

2  − 



x

2 sin2x + 
1
4 cos2x  +c 

∴ ⌡⌠x sin2x dx  = 
x2

4   − 
x
4  sin2x − 

cos2x
8   + c 

[sinxu AÓd¡û] 

¿dL 

sin2x = 
1
2  (1 − cos2x)] 

 
 
 
 
 
 
 
 
 
  u = x       dv = cos2x dx 

du = dx       v = 
sin2x

2   

 

 (77) ⌡⌠x sin 3x cos2x dx  = ⌡
⌠ x 

1
2 [ ]sin (3x + 2x) + sin(3x − 2x)  dx    

         



‡  sinA cosB = 

1
2  {sin(A + B) + sin (A − B)}   
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  = ⌡
⌠ x 

1
2 [ ]sin (3x + 2x) + sin(3x − 2x)  dx  

  = 
1
2  ⌡⌠x (sin5x + sinx) dx     u = x         dv = (sin5x + sinx)dx 

   
TÏ§j ùRôûL«P−u

ãj§WjûRl TVuTÓjR du = dx      v  = 



− 

cos5x
5  − cos x   

  = 
1
2  





x 



− 

cos5x
5  − cosx  − ⌡

⌠




− 

cos5x
5  − cosx  dx   

  = 
1
2  





− x 



cos 5x

5  + cosx  + ⌡
⌠ 



cos 5x

5  + cosx  dx   

  =
1
2  



− x 



cos5x

5  + cosx  + 



sin5x

5 × 5
 + sinx  + c 

∴ ⌡⌠x sin 3x cos2x dx  = 
1
2  



− x 



cos5x

5  + cosx  + 
sin5x

25  + sinx  + c 

 (78) ⌡⌠x 5x dx  = ⌡⌠(x) (5x dx)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

   ⌡⌠x 5x dx  = x 
5x

log5  − ⌡
⌠ 5x

log5 dx  

    = 
x5x

log5  − 
1

log5  . 
5x

log5  + c 

 ∴  ⌡⌠x 5x dx  = 
x5x

log5  − 
5x

(log5)2  + c 

 u = x dv = 5x  dx 

du = dx v = 
5x

log5  

 

 (79) ØRp (82) YûW Es[ GÓjÕdLôhÓL°p. RdL ©W§«Pp 

êXm ùLôÓdLlThP ùRôûLf Nôo©û] TÏ§ ùRôûL«Pp 

ãj§Wj§û] TVuTÓjÕUôß Uôt± AûUjÕ ùRôûL 

LôQlThÓs[Õ, 

(79) ⌡⌠ x3ex2
 dx  

Let I = ⌡⌠ x3ex2
 dx  

  x2 = t  GuL, 

  ∴ 2x dx = dt 

  ∴ dx = 
dt
2x  
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  ∴  I = ⌡
⌠ x3 . et . 

dt
2x  

   = 
1
2  ⌡⌠ x2 et dt    =   

1
2  ⌡⌠ (t) (et dt)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

  ∴   I = 
1
2  



 tet − ⌡⌠ et dt   

   = 
1
2  ( ) tet − et + c    =  

1
2 ( x2ex2

−ex2
+ c) 

∴⌡⌠ x3ex2
 dx  = 

1
2  (x2ex2

 − ex2
) + c 

 
 

  u = t dv = et dt 

du = dt v = et 
 
 

 (80) ⌡⌠e
x
 dx  

   I  = ⌡⌠e
x
 dx  GuL, 

   x  = t  G]l ©W§«P. 

   ∴   x = t2     ⇒     dx = 2t dt 

   I = ⌡⌠ et 2tdt  

    = 2 ⌡⌠ (t) (et dt)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

   I = 2 



tet − ⌡⌠et dt   

    = 2 (tet − et) + c 

 ∴  ⌡⌠e
x
 dx = 2





x e
x
 − e

x
  + c 

 
 
 
 
 
 
 
 

  u = t dv = et dt 

du = dt v = et 
 
 
 
 
 
(Q t = x ) 

 (81) 
⌡

⌠x sin−1x

1 − x2
 dx   

   I = 
⌡

⌠x sin−1x

1 − x2
 dx    GuL, 
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   sin−1x = t G]l ©W§«P ⇒ x = sint  

 

  
1

1 − x2
  dx = dt 

   dx = 1 − x2  dt 

  ∴ I = 
⌡

⌠x 

t

1 − x2
  . ( )1 − x2 dt   

    = ⌡⌠ xt dt  

    = ⌡⌠(sint) (t) dt  

   I = ⌡⌠(t)  (sin t dt)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

    = t (− cost) − ⌡⌠( − cost) dt  

    = − t cost + ⌡⌠cost dt  

    = − t cos t + sin t + c 

   I = − (sin−1x) ( )1 − x2   + x +c 

∴  
⌡

⌠x sin−1x

1 − x2
 dx= x − 1 − x2  sin−1x + c 

 

 
 
 
 
 
 
 
 
 
 
 
 dv = sin t dt 

  u = t v = − cos t 
du = dt 
 
 
 
 
 

Qt  = sin−1x  ⇒   sint = x 

cos t = 1−sin2 t = 1 − x2  

(82) 
⌡
⌠tan−1





2x

1 − x2  dx    

   I = 
⌡
⌠tan−1





2x

1 − x2  dx  GuL, 

  x = tanθ G]l ©W§«P ⇒   dx = sec2θ  dθ    

 ∴ I = 
⌡
⌠ tan−1 





2tanθ

1 − tan2θ
  sec2θ dθ 

   = ⌡⌠tan−1 (tan2θ) sec2θ dθ  
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   = ⌡⌠2θ sec2θ dθ  

   = 2 ⌡⌠(θ) (sec
2
θ d θ)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

  ∴  I = 2 



θ tanθ − ⌡⌠tanθ d θ   

   = 2θ tanθ − 2 log secθ + c 

  I = 2 (tan−1x) (x) −2 log 1 + tan2θ +c 

∴
⌡
⌠tan−1





2x

1 − x2  dx  = 2x tan−1x−2 log 1+x2 +c 

 
 

u = θ dv = sec2θ dθ 

du = dθ v = tanθ 
 
 

 (83), (84) GÓjÕdLôhÓL°p x-u AÓdÏ CWiÓ BRXôp 

CÚØû\ TÏ§j ùRôûL«Pp Øû\ TVuTÓjRlThÓs[Õ, 

(83) ⌡⌠x2e3x dx  = ⌡⌠(x2) (e3x dx)   

TÏ§j ùRôûL«P−u

 ãj§WjûRl TVuTÓjR 

 ⌡⌠x2e3x dx  = 
x2e3x

3   − ⌡
⌠e3x

3   2x dx 

  = 
x2e3x

3   − 
2
3  ⌡⌠(x) (e3x dx)  

ÁiÓm TÏ§j ùRôûL«P−u ãj§WjûRl 

TVuTÓjR 

 ⌡⌠x2e3x dx  = 
x2e3x

3  − 
2
3  








x. 
e3x

3  − ⌡
⌠

 
e3x

3  dx   

  = 
x2e3x

3  − 
2xe3x

9  + 
2
9 ⌡⌠e3x dx  

  = 
x2e3x

3  − 
2xe3x

9  + 
2
27 e3x  + c  

∴⌡⌠x2e3x dx = 
x2e3x

3  − 
2xe3x

9  + 
2e3x

27  + c  

  u = x2 dv = e3x dx 

du = 2x dx v = 
e3x

3   

 
 

  u = x dv = e3x dx 

du = dx v = 
e3x

3   
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 (84) ⌡⌠x2cos2x dx  = ⌡⌠(x2)  (cos2x dx)    

TÏ§j ùRôûL«P−u

 ãj§WjûRl TVuTÓjR u = x2

du = 2x dx
    

dv = cos2x dx

 v = 
sin2x

2
  

 ⌡⌠x2cos2x dx  = x2 
sin2x

2   − ⌡
⌠ 

sin2x
2  . 2x dx  

  = x2 
sin2x

2   − ⌡⌠(x) (sin2x dx)  

ÁiÓm TÏ§j ùRôûL«P−u

 ãj§WjûRl TVuTÓjR  
u = x

du = dx    
dv = sin2x dx

 v = 
− cos2x

2
  

 ⌡⌠x2cos2x dx  = x2 
sin2x

2   − 






x( )− cos2x

2 −⌡
⌠





−cos2x

2  dx  

  = 
x

2
 sin2x

2   + 
x cos2x

2   − 
1
2  ⌡⌠ cos2x dx  

 I = 
x

2
 sin2x

2   + 
x cos2x

2   −  
1
4  sin2x + c 

∴⌡⌠x2cos2x dx  = 
1
2  x

2
 sin2x + 

1
2  x cos2x − 

1
4  sin2x + c 

 ¸rdLiP GÓjÕdLôhÓL°p Es[ ùRôûLfNôo× Ø¥®pXôR 

ÑZtùRôûL Nôo×Lû[ ùLôiPÕ, 
G,Lô,  9.85 – 9.87: ¸rdLôiTûYLû[ U§l©ÓL 

(85) ⌡⌠ ex cosx dx    (86) ⌡⌠ eax sin bx dx    (87) ⌡⌠sec3x dx  

¾oÜ :  (85) ⌡⌠ ex cosx dx  = ⌡⌠ (ex)  (cosx dx)  

 CeÏ CÚNôo×LÞm ùRôûLd LôQ CVÛm Nôo×L[ôRXôp u-I 

úRoÜ ùNnYÕ SUÕ ®ÚlTm, 
TÏ§j ùRôûL«P−u

 ãj§WjûRl TVuTÓjR 

 ⌡⌠ ex cosx dx  = exsinx − ⌡⌠ sinx ex dx  

  = exsinx − ⌡⌠ (ex) (sin x dx)   … (1) 

 

 
u = ex

 du = ex dx
  

dv = cosx dx
 v = sinx  

  
 

u = ex dv = sinx dx 

du = ex dx v = − cosx 
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ÁiÓm TÏ§j ùRôûL«P−u

 ãj§WjûRl TVuTÓjR  

 ⌡⌠ ex cosx dx  = ex sinx −



ex (− cosx) − ⌡⌠( − cosx) (ex dx)  

  = ex sinx + excosx − ⌡⌠ex cosx dx  

i.e. ⌡⌠ ex cosx dx  = ex sinx + excosx − ⌡⌠ex cosx dx  … (2) 

⌡⌠ ex cosx dx  CÚ×\Øm CÚlTRôp Uôt± AûUdL 

 2 ⌡⌠ ex cosx dx  = (ex sin x + ex cosx) 

 ∴⌡⌠ ex cosx dx  = 
1
2  [ex sinx + ex cosx] + c 

 ⌡⌠ ex cosx dx  = 
ex

2   (cosx + sinx) + c 

(86) ⌡⌠ eax sin bx dx   =  ⌡⌠(sin bx) (eaxdx)  

CÚ Nôo×LÞm ùRôûL LôQ CVÛm Nôo× 
 G]úY u-I Sm ®ÚlTlT¥ úRoÜ ùNnVXôm 

 ⌡⌠eax sin bx dx  = (sin bx) 
eax

a  −⌡
⌠ 

eax

a  (b cosbx) dx  

  = 
1
a  eax sin bx − 

b
a  ⌡⌠cos bx . eax dx  

ÁiÓm TÏ§j ùRôûL«P−u

 ãj§WjûRl TVuTÓjR  

 
u = sin bx
 du = b cos bx dx       

dv = eax dx       v = eax/ a 
                         
 
 

u=cos bx         dv=eax dx 
du=−b sin bx dx 

 ⌡⌠ eax sin bx dx  = 
1
a  eax sin bx − 

b
a  








(cos bx) 



eax

a  − ⌡
⌠eax

a  (− b sinbx dx)   

  = 
1
a  eax sin bx − 

b

a2  eax cos bx − 
b2

a2  ⌡⌠eax sin bx dx  

 ⌡⌠ eax sin bx dx  = 
1
a  eax sinbx − 

b

a2  eax cos bx − 
b2

a2  ⌡⌠eax sin bx dx  

Uôt± AûUdL 

 ⌡⌠eax sin bx dx  + 
b2

a2  ⌡⌠eax sin bx dx  = 
1
a  eax sin bx − 

b

a2  eax cos bx 
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 i.e. 








1 + 
b2

a2   ⌡⌠ eax sin bx dx  = 




1

a eax sin bx − 
b

a2 eax cos bx   

  






a2 + b2

a2   ⌡⌠ eax sin bx dx  = eax  




a sinbx − b cos bx

a2   

 ∴ ⌡⌠ eax sin bx dx   = 






a2

a2 + b2   × 
eax

a2   (a sin bx − b cos bx) 

∴  ⌡⌠ eax sin bx dx   =  






eax

a2 + b2   (a sin bx − b cos bx) + c 

 eax cos bx ApXÕ eax sin bx-I ùRôûLf NôoTôL ùLôÓdLlThÓ 

CÚkRôÛm. TÏ§j ùRôûL«PûX CÚØû\ TVuTÓj§. ©u 

NUuTôhûP ¾ojÕ ¾oÜ LôÔRp úYiÓm, 

LY]m : 

 TÏ§j ùRôûL«Pp ãj§Wj§û] TVuTÓjÕmúTôÕ u, dv Gu\ 

ú_ô¥«û] úRoÜ ùNnÙmúTôÕ ªLÜm LY]jÕPu ùNVpTP 

úYiÓm, ùRôPdLj§p u, dv ú_ô¥«û] GkùRkR Nôo×LÞdÏj 

úRoÜ ùNnúRôúUô. AúR Øû\«û] AÓjÕ YÚm TÏ§j 

ùRôûL«àdÏm úRoÜ ùNnRp úYiÓm, Uôt± úRoÜ ùNnRp 

áPôÕ, 

⌡⌠ex sin x dx -I GÓjÕd ùLôiPôp    ùRôPdLj úRoÜ 

 ⌡⌠ex sin x dx  = − ex cos x + ⌡⌠ cosx ex dx 

ÁiÓm TÏ§j ùRôûL«P−u ãj§WjûR

 R.H.S-p Uôt±VûUjÕ TVuTÓjR  

⌡⌠ex sin x dx = − excosx+ ⌡⌠cosx ex  −⌡⌠ex (−sin x) dx 

⌡⌠ex sin x dx = − excosx + cosx ex + ⌡⌠ex sin x dx  

 ⌡⌠ex sin x dx  = ⌡⌠ex sin x dx  ? 

u = ex       dv = sin x dx 

du = ex dx    v = − cosx 

 

u = cos x        dv=ex dx 

du = −sin x dx   v=ex 

 

 

 Cß§«p L.H.Sp Es[ûRl úTôXúY R.H.S-p ¡ûPdLl 

ùTtú\ôm, 
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87) ⌡⌠ sec3x dx  = ⌡⌠(sec x)  (sec2x dx)  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

 ⌡⌠ sec3x dx  = sec x tan x −⌡⌠(tanx) (sec x tanx dx)  

  = sec x tan x −⌡⌠tan2x sec x dx  

 

u = secx                  dv=sec2x dx 

du = secx tanx dx    v=tan x 

 

    = sec x tan x − ⌡⌠(sec2x − 1) sec x dx  

    = sec x tanx − ⌡⌠(sec3x − secx) dx  

    = sec x tan x − ⌡⌠ sec3x dx  + ⌡⌠secx dx  

   ⌡⌠ sec3x dx  = sec x tan x − ⌡⌠ sec3x dx  + log (secx + tan x) 

Uôt± AûUdL. 

  2 ⌡⌠ sec3x dx  = sec x tanx + log (secx + tanx) 

   ⌡⌠ sec3x dx  = 
1
2  [secx  tanx + log (secx + tanx)] + c 

T«t£ 9.6 
ùRôûLd LôiL 

 (1) xe−x (2) x cosx (3) x cosec2x (4) x secx tanx 

 (5) tan−1x (6) x tan2x (7) x cos2x (8) xcos 5x cos2x 

 (9) 2x e3x (10) x2e2x (11) x2 cos3x (12) (sin−1x) 
esin−1x

1 − x2
  

 (13) x5 ex2
 (14) tan−1 







3x − x3

1 − 3x2         (15) x sin−1(x2)          (16) cosec3x 

 (17) eax cosbx (18) e2x sin 3x           (19) ex cos 2x            (20) e3x sin 2x  

 (21) sec32x        (22) e4x cos 5x sin2x            (23) e−3x cos3x 
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YûL 1: 9.88 – 9.93: £\lTô] ùRôûLLs 

 (88) 
⌡
⌠ 

dx

a2 − x2  (89) 
⌡
⌠ 

dx

x2 − a2  (90) 
⌡
⌠ 

dx

a2 + x2  

 (91) 
⌡

⌠ 

dx

a2 − x2
  (92) 

⌡

⌠ 

dx

x2 − a2
  (93 

⌡

⌠ 

dx

x2 + a2
  

¾oÜ : 

(88)  
⌡
⌠ 

dx

a2 − x2  = 
⌡
⌠ 1

(a − x) (a + x)
 dx  

   = 
1

2a  
⌡
⌠ 2a

(a − x) (a + x)
 dx   

   = 
1

2a  
⌡
⌠(a − x) + (a + x)

(a − x) (a + x)
 dx          

(TÏ§l ©u]eL[ôL ©¬dÏm Øû\ûVÙm ûLVô[Xôm), 

   = 
1

2a  
⌡
⌠





1

a + x + 
1

a − x
 dx      

   = 
1

2a  [ ]log (a + x) − log(a − x)  

 ∴      
⌡
⌠ 

dx

a2 − x2  = 
1

2a  log 



a + x

a − x
  + c 

(89)  
⌡
⌠ 

dx

x2 − a2  dx  = 
⌡
⌠ dx

(x − a) (x + a)
  

   =  
1

2a  
⌡
⌠ 2a

(x − a) (x + a)
 dx  = 

1
2a  

⌡
⌠(x + a) − (x − a)

(x − a) (x + a)
 dx    

   = 
1

2a  
⌡
⌠





1

x − a
 − 

1
x + a  dx      

  = 
1

2a  [ ]log (x − a) − log(x + a)  

 ∴
⌡
⌠ 

dx

x2 − a2  = 
1

2a  log 



x − a

x + a   + c 
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(90) I = 
⌡
⌠ 

dx

a2 + x2  GuL, 

 x = a tanθ  G]l ©W§«P ⇒ θ = tan−1( )x / a   

 dx = a sec2θ dθ  

 ∴  I = 
⌡

⌠ a sec2θdθ

a2 + a2 tan2θ
   = 

⌡

⌠a sec2θdθ

a2 sec2θ
   = 

1
a  ⌡⌠ dθ  

 I = 
1
a  θ + c 

 ∴    
⌡
⌠ 

dx

a2 + x2  = 
1
a  tan−1 

x
a  + c 

(91) I = 
⌡

⌠ 

dx

a2 − x2
   GuL, 

 x = a sinθ G]l ©W§«P ⇒ θ = sin−1 (x / a)  
 dx = a cosθ dθ  

 ∴  I   = 
⌡

⌠ a cosθ dθ

a2 − a2 sin2 θ
  = 

⌡

⌠ a cosθ dθ

a 1 − sin2θ
  

  = 
⌡
⌠ 1

cosθ cosθ d θ  =  ⌡⌠ dθ  

 I = θ + c 

 ∴  
⌡

⌠ 

dx

a2 − x2
  = sin−1 

x
a  + c 

 (92)   I = 
⌡

⌠ 

1

x2 − a2
  dx  GuL 

  u = x + x2 − a2  G]l ©W§«P. 

        du = 






1 + 

(2x)

2 x2 − a2
 dx   =  







x2 − a2 + x

x2 − a2
  dx 

  ∴ dx = 
x2 − a2

x + x2 − a2
  du       = 

x2 − a2

u   du  
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  ∴  I = 
⌡

⌠ 

1

x2 − a2
  . 






x2 − a2

u  du   

   = ⌡
⌠1

u  du 

  I = log u + c 

  
⌡

⌠ 

1

x2 − a2
  dx = log ( )x + x2 − a2   + c 

 (x = a secθ Gu\ ©W§«Pp êXØm ùRôûLd LôQXôm G] 

ùNnÕ A±L) 

(93)  I =  
⌡

⌠ 

dx

x2 + a2
  GuL, 

 u = x + x2 + a2   G] ©W§«P. 

       du = 






1 + 

2x

2 x2 + a2
 dx    =   







x2 + a2 + x

x2 + a2
  dx 

 ∴ dx = 
x2 + a2

x + x2 + a2
  du        =   

x2 + a2

u   du 

 ∴  I = 
⌡

⌠ 

1

x2 + a2
  . 






x2 + a2

u  du   

  = ⌡
⌠1

u  du 

 I  = log u + c 

 
⌡

⌠ 

dx

x2 + a2
  = log ( )x + x2 + a2   + c 

 (x = a tan θ G]l ©W§«Pp êXØm ùRôûLd LôQXôm G] 

ùNnÕ A±L) 
Ï±l×ûW :  
 G°RôLj ùRôûLd LôQ TVuTPdá¥V ¸rdLôÔm 

©W§«PûX ¨û]®p ùLôsL, 
ùLôÓdLlThPÕ ©W§«Pp 

a2 − x2 x = a sinθ 

a2 + x2 x = a tanθ 

x2 − a2 x = a secθ 
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G,Lô,  9.94 – 9.105 :  
 ùRôûLd LôiL : 

 (94) 
1

1 + 9x2  (95) 
1

1 − 9x2  (96) 
1

1 + 
x2

16

  (97) 
1

1 − 4x2  

 (98) 
1

(x + 2) 2 − 4
  (99) 

1

(2x + 1) 2 − 9
  (100) 

1

25 − x2
  (101) 

1

1 − 
x2

16

  

 (102) 
1

1 − 16x2
  (103) 

1

x2 − 9
  (104) 

1

4x2 − 25
  (105) 

1

9x2 + 16
  

¾oÜ : 

(94) 
⌡
⌠ 1

1 + 9x2  dx = 
⌡
⌠ 

1

1 + (3x)2 dx  

  = 



tan−1 



3x

1   × 
1
3  + c 

  = 
1
3  tan−1 3x + c 

(95) 
⌡
⌠ 1

1 − 9x2  dx = 
⌡
⌠ 

1

1 − (3x)2 dx  

  = 
1

2.1  log 



1 + 3x

1 − 3x
  × 

1
3  

  = 
1
6  log 



1 + 3x

1 − 3x
  + c 

(96) 

⌡


⌠ 

1

1 + 
x2

16

  dx = 

⌡
⌠ 

1

1 + 



x

4
2
  dx 

  = 



1

1 tan−1 



x

4   
1

( )1/4   

  = 4 tan−1 



x

4  + c  
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(97) 
⌡
⌠ 1

1 − 4x2 dx = 
⌡
⌠ 

1

1 − (2x)2  dx 

  = 



1

2.1 log 



1 + 2x

1 − 2x
  × 

1
2  

  = 
1
4  log 



1 + 2x

1 − 2x
  + c 

(98)  
⌡
⌠ dx

(x + 2)2 − 4
 = 

⌡
⌠ 

dx

(x + 2)2 − 22  

  = 
1

2.(2)  log 



(x + 2) − 2

(x + 2) + 2   

  = 
1
4  log 



x

x + 4   + c 

(99) 
⌡
⌠ 1

(2x + 1) 2 − 9
  dx = 

⌡
⌠ 1

(2x + 1)2 − 32 dx 

                       =  



1

2.(3) log 



(2x + 1)− 3

(2x + 1) + 3  × 
1
2  

                       = 
1

12  log 



2x − 2

2x + 4     

                      =  
1
12  log 



x + 1

x + 2   + c 

 (100)  
⌡

⌠ 1

25 − x2
 dx = 

⌡

⌠ 

1

52 − x2
  dx 

  = sin−1 
x
5  + c 

(101)  

⌡


⌠ 1

1 − 
x2

16

  dx = 

⌡
⌠ 

1

1 − 



x

4
2
 dx 

  = 



sin−1 



x

4   . 
1

1/4 

  = 4 sin−1 



x

4  + c 
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(102)  
⌡

⌠ 1

1 − 16x2
  dx  = 

⌡

⌠ 1

1 − (4x)2
 dx 

  = [ ]sin−1 (4x)   
1
4   

  = 
1
4  sin−1 (4x) + c 

(103)  
⌡

⌠ 1

x2 − 9
  dx = 

⌡

⌠ 1

x2 − 32
  dx 

  = log ( )x + x2− 9  + c 

(104)  
⌡

⌠ 1

4x2 − 25
  dx = 

⌡

⌠ 

1

(2x)2 − 52
 dx 

                 = log [ ]2 x + (2x)2 − 52   × 
1
2  + c 

                 = 
1
2  log [ ]2x + 4x2 − 25   + c 

(105)  
⌡

⌠ 1

9x2 + 16
  dx = 

⌡

⌠ 

1

(3x)2 + 42
 dx 

  = log [ ]3 x + (3x)2 + 42   × 
1
3  + c 

                 =  
1
3  log [ ]3x + 9x2 + 16   + c 

YûL 2 : 
⌡
⌠ 

dx

ax2 + bx + c
   ,   

⌡

⌠ dx

ax2 + bx + c
   

     CqY¥®Ûs[ ùRôûLLû[ LQd¡P ØR−p (ax2 + bx + c)-I CÚ 

YodLeL°u áÓRXôL ¸rdLôÔUôß ©¬jùRÝ§ YûL1-u HúRàm 

JÚ £\lTô] AûUl©tÏ ùLôiÓ YkÕ ùRôûLd LôQXôm, 

 (ax2 + bx + c)-I CÚYodLeL°u áÓRXôL ©¬jùRÝR ØR−p  

x2
-Cu ÏQLm aûY ùTôÕ LôW¦VôL ùY°«p GÓjÕd ùLôs[ 

úYiÓm, ©u x-u ÏQLjûR CWiPôp YÏjÕ ARu YodLj§û] 

áh¥Ùm L¯jÕm CÚ YodLeL°u áÓRXôL ©uYÚUôß 

GÝRXôm, 
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 i.e.  ax2 + bx + c = a 



x2 + 

b
a x + 

c
a   

    = a 









x + 

b
2a

2
 + 

c
a − 



b

2a
2

  

    ApXÕ úSW¥VôL ¸rdLôÔm YônlTôh¥û] TVuTÓjRXôm, 

ax2 + bx + c = 
1
4a  [ ](2ax + b)2 + (4ac − b2)   

G,Lô,  9.106 – 9.113: ùRôûLd LôiL 

 (106) 
1

x2 + 5x + 7
 (107) 

1

x2 − 7x + 5
  (108) 

1

x2 + 16x + 100
  

 (109) 
1

9 + 8x − x2
  (110) 

1

6 − x − x2
  (111) 

1

3x2 + 13x − 10
    

  (112) 
1

2x2 + 7x + 13
   (113) 

1

18 − 5x − 2x2
  

¾oÜ : 

 (106) 
⌡
⌠ 1

x2 + 5x + 7
 dx = 

⌡
⌠ 

1





x + 

5
2

2
 + 7 − 



5

2
2  dx   = 

⌡
⌠ 

1





x + 

5
2

2
+ 

3
4

 dx  

   = 

⌡
⌠ 

1





x + 

5
2

2
 + 



3

2
2
  dx   = 

1
3

2

  tan−1  







x + 

5
2

3
2

  + c 

  
⌡
⌠ 1

x2 + 5x + 7
 dx = 

2
3

  tan−1 




2x + 5

3
  + c 

 (107) 
⌡
⌠ 1

x2 − 7x + 5
  dx = 

⌡
⌠

1





x − 

7
2

2
+5 − 



7

2
2  dx = 

⌡
⌠

1





x − 

7
2

2
 − 



29

2

2  dx 

   = 
1

2. 
29
2

  log 











x − 

7
2  − 

29
2





x − 

7
2  + 

29
2

  + c 

  
⌡
⌠ 1

x2 − 7x + 5
  dx = 

1
29

  log 




2x − 7 − 29

2x − 7 + 29
  + c 
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 (108) 
⌡

⌠ 1

x2 + 16x + 100
 dx  = 

⌡

⌠ 

1

(x + 8)2 + 100 − (8)2
 dx  

   = 
⌡

⌠ 1

(x + 8)2 + 62
  dx 

   = log [ ](x + 8) + (x + 8)2 + 62   + c 

   = log ( )(x + 8) + x2 + 16x + 100  + c 

(109) 
⌡

⌠ 1

9 + 8x − x2
  dx = 

⌡

⌠ 

1

9 − (x2 − 8x)
 dx = 

⌡

⌠ 

1

9 − { }(x − 4)2 − 42
  dx 

   = 
⌡

⌠ 

1

9 + 16 − (x − 4)2
  dx  =  

⌡

⌠ 

1

52 − (x − 4)2
  dx 

 
⌡

⌠ 1

9 + 8x − x2
  dx = sin−1  

x − 4
5   + c 

(110) 
⌡

⌠ 1

6 − x − x2
  dx = 

⌡

⌠ 

1

6 − (x2 + x)
 dx = 

⌡
⌠ 

1

6 − 












x + 

1
2

2
 − 



1

2
2

 dx  

  = 

⌡
⌠ 

1





6 + 

1
4  − 



x + 

1
2

2
 dx   =  

⌡
⌠ 

1





5

2
2
 − 



x + 

1
2

2
   

  = sin−1 







x + 

1
2

5
2

  + c  =  sin − 1 



2x + 1

5   + c 

  
⌡

⌠ 1

6 − x − x2
  dx = sin − 1 



2x + 1

5   + c 

  111 ØRp 113 YûW Es[ GÓjÕdLôhÓL°p  

 ax2 + bx + c = 
1

4a  [ ](2ax + b)2 + (4ac − b2)   Gu\ úSW¥ YônlTôÓ 

TVuTÓjRlThÓs[Õ, 
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(111) 
⌡
⌠ 1

3x2 + 13x − 10
  dx = 

⌡
⌠ 

4 × 3

(2 × 3x + 13)2 − 4 × 3 × 10 − 132  dx 

  = 
⌡
⌠ 

12

(6x + 13)2 − 289
  dx  = 12 

⌡
⌠ 

1

(6x + 13)2 − 172  dx 

  = 12×
1

2 × 17
  



log 



6x + 13 − 17

6x + 13 + 17   ×



1

6   + c         (6 - xu ÏQLm) 

  = 
1

17  log 



6x − 4

6x + 30   + c  = 
1

17  log 



3x − 2

3x + 15   + c 

 
⌡
⌠ 1

3x2 + 13x − 10
 dx  = 

1
17  log 



3x − 2

3x + 15   + c 

(112) 
⌡
⌠ 1

2x2 + 7x + 13
  dx = 

⌡
⌠ 

4 × 2

(4x+7)2+104 − 49
  dx  = 8 

⌡
⌠ 

1

(4x+7)2+ 552 dx 

  = 8. 
1
55

  × tan−1 




4x + 7

55
  ×  



1

4      (4 - xu ÏQLm) 

 
⌡
⌠ 1

2x2 + 7x + 13
 dx  = 

2
55

  tan−1 




4x + 7

55
  + c 

(113) 
⌡

⌠ 1

18−5x −2x2
 dx = 

⌡

⌠ 1

−{ }2x2+5x −18
dx 





L¯jRp Ï±«û]

YodLêX Ï±dÏ ùY°úV

 GÓdLd áPôÕ
 

  = 
⌡

⌠

 
4 × 2

− { }(4x + 5)2 − 18 × 8 − 52
  dx  

  = 
⌡

⌠ 2 2

132 − (4x + 5)2
  dx 

  = 2 2  








sin−1 



4x + 5

13   × 



1

4   + c 

  = 
1
2
  sin−1 



4x + 5

13   + c 

∴ 
⌡

⌠ 1

18 − 5x − 2x2
 dx  = 

1
2
  sin−1 



4x + 5

13   + c 
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YûL 3 : 
⌡
⌠ px + q

ax2 + bx + c
  dx  ,  

⌡

⌠ 

px + q

ax2 + bx + c
  dx Gu\ Y¥®Ûs[ 

ùRôûLLû[d LôQp 

 ùRôÏ§ px + q-I TÏ§«u YûLdùLÝ®u UPeÏ Utßm JÚ 

Uô±−ûVd ùLôiPRôLl ©¬jÕ ùRôûLd LôÔm Y¥®p GÝ§ 

G°§p ùRôûL LôQXôm, 

 ARôYÕ 

   (px + q) = A 
d
dx  (ax2 + bx + c) + B G] GÓjÕd ùLôiPôp 

i.e. (px + q) = A(2ax + b) + B  BÏm, 

 CP. YXlTdLeL°Ûs[ x-u ÏQLeLû[Ùm Uô±−Lû[Ùm 

R²jR²úV NUlTÓj§ A, B-u U§l×Lû[ LôQXôm, 

 (i) 
⌡
⌠ 

px + q

ax2 + bx + c
  =  

⌡
⌠ 

 A(2ax + b) + B

ax2 + bx + c
  dx  

   = A 
⌡
⌠ 





2ax + b

ax2 + bx + c
 dx + B 

⌡
⌠ 

1

ax2 + bx + c
  dx                      

 








‡⌡
⌠f′(x)

f(x)  dx = log f(x) ⇒ 
⌡
⌠ 





2ax + b

ax2 + bx + c
 dx  = [log(ax2 + bx + c)]   

∴ 
⌡
⌠ px + q

ax2 + bx + c
  dx = A [log(ax2 + bx + c)] + B 

⌡
⌠ 

1

ax2 + bx + c
  dx  

 

(ii) 
⌡

⌠ 

px + q

ax2 + bx + c
  dx  = A 

⌡

⌠ 

 (2ax + b)

ax2 + bx + c
  dx  + B 

⌡

⌠ 

1

ax2 + bx + c
  dx                             







⌡

⌠ f ′(x)

f(x)
 dx  = 2 f(x)   ⇒   

⌡

⌠ 

 (2ax + b)

ax2 + bx + c
 dx = 2 ax2 + bx + c  

 
⌡

⌠ px + q

ax2 + bx + c
  dx =  A ( )2 ax2 + bx + c   + B 

⌡

⌠ 

1

ax2 + bx + c
 dx  

 

G,Lô,  114: ùRôûLd LôiL : 

 (114) 
4x − 3

x2 + 3x + 8
  (115) 

3x + 2

x2 + x + 1
  (116) 

5x − 2

x2 − x − 2
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 (117) 
3x + 1

2x2 + x + 3
  (118) 

x + 1

8 + x − x2
  (119) 

4x − 3

x2 + 2x − 1
  

¾oÜ : 

(114)  
⌡
⌠ 4x − 3

x2 + 3x + 8
  dx 

  4x − 3 = A 
d
dx  (x2 + 3x + 8) + B GuL, 

  4x − 3 = A(2x + 3) + B … (i) 

 Uôt± AûUdL 4x − 3 = (2A) x + (3A + B) 

 ÏQLeLû[ NUlTÓjR.  2A = 4        ⇒   A = 2 

  3A + B = − 3     ⇒   B = − 3 − 3A = − 9 

 ∴ (i) ⇒ 

  (4x − 3) = 2(2x + 3) + (− 9) 

  ∴  
⌡
⌠ 4x − 3

x2 + 3x + 8
  dx = 

⌡
⌠ 

2(2x + 3) + (− 9)

x2 + 3x + 8
  dx 

   = 2 
⌡
⌠ 

(2x + 3)

x2 + 3x + 8
 dx  − 9 

⌡
⌠ 

dx

x2 + 3x + 8
  

  
⌡
⌠ 4x − 3

x2 + 3x + 8
  dx = 2I1 − 9I2  … (1) 

 CeÏ I1 = 
⌡
⌠ 

(2x + 3)

x2 + 3x + 8
  dx  Utßm I2 = 

⌡
⌠ 

dx

x2+3x + 8
 dx 

  I1= 
⌡
⌠ 

(2x + 3)

x2 + 3x  + 8
  dx 

  x2 + 3x − 18 = u   G²p   (2x + 3)dx = du  

 ∴    I1 = ⌡
⌠ 

du
u    =  log (x2 + 3x  + 8) … (2) 

  I2 = 
⌡
⌠ 

dx

x2 + 3x + 8
  = 

⌡
⌠ 4(1)

(2x + 3)2 + 4 × 8 − 32  dx 

   = 
⌡
⌠ 4

(2x+3)2 + ( )23 2 dx  =  4 × 
1
23

  × 
1
2   tan−1 

2x + 3
23
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  I2 = 
2
23

  tan−1 
2x + 3

23
   … (3) 

 (2), (3)-I (1)-p ©W§«P. 

∴    
⌡
⌠ 4x − 3

x2 + 3x + 8
  dx = 2 log (x2 + 3x + 8) − 

18
23

  tan−1 
2x + 3

23
  

 (115) 
⌡
⌠ 3x + 2

x2 + x + 1
  dx 

  3x + 2 = A 
d
dx  (x2 + x + 1) + B  GuL. 

   (3x + 12) = A(2x + 1) + B   … (1) 
 i.e.    3x + 2 = (2A)x + (A + B) 
 JjR Eßl×Lû[f NUlTÓjR 

  2A = 3    ;  A + B =  2 

  ∴ A = 
3
2    ; 

3
2  + B =  2    ⇒ B = 2 − 

3
2  = 

1
2  

  A = 
3
2   and  B = 

1
2   in (1) G]l ©W§«P. 

  ∴ (3x + 2) = 
3
2  (2x + 1) + 



1

2   

 ∴  
⌡
⌠ 3x + 2

x2 + x + 1
  dx = 

⌡


⌠3

2 (2x + 1) + 



1

2

x2 + x + 1
  dx 

   = 
3
2  

⌡
⌠ 

2x + 1

x2 + x + 1
  dx + 

1
2  

⌡
⌠ 1

x2 + x + 1
  dx 

 ∴  
⌡
⌠ 3x + 2

x2 + x + 1
  dx= 

3
2  { }log (x2 + x + 1)  + I … (2) 

 CeÏ   I = 
1
2  

⌡
⌠ 1

x2 + x + 1
  dx  =  

1
2  

⌡
⌠ 4 × 1

(2x + 1)2 + 4 × 1 × 1 − 12  dx 

   = 2 
⌡
⌠ 1

(2x + 1)2 + ( )3 2   =  2 × 
1
3

   



1

2   tan−1 




2x + 1

3
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  I = 
1
3

  tan−1 




2x + 1

3
  

 úUÛs[ I-I (2)-p ©W§«P. 

 ∴  
⌡
⌠ 3x + 2

x2 + x + 1
  dx = 

3
2  log (x2 + x + 1) + 

1
3

  tan−1 




2x + 1

3
  + c 

(116) 
⌡
⌠ 5x − 2

x2 − x − 2
  dx 

 5x − 2 = A 
d
dx  (x2 − x − 2) + B  GuL, 

 5x − 2 = A(2x − 1) + B … (1) 

 5x − 2 = (2A)x − A + B 
JjR Eßl×Lû[f NUlTÓjR. 

 2A = 5  ;  − A + B =  − 2   

 ∴ A = 
5
2     ;  − 

5
2  + B =  − 2  ⇒   B = − 2 + 

5
2   =  

1
2  

 A =  
5
2   and  B  =  

1
2   G] (1)-p ©W§«P.   

 (5x − 2) = 
5
2  (2x − 1) + 

1
2  

 ∴  
⌡
⌠ 5x − 2

x2 − x − 2
  dx = 

⌡


⌠5

2 (2x − 1) + 



1

2

x2 − x − 2
  dx 

  = 
5
2  

⌡
⌠ 

2x − 1

x2 − x − 2
  dx + 

1
2  

⌡
⌠ 1

x2 − x − 2
  dx 

 ∴  
⌡
⌠ 5x − 2

x2 − x − 2
  dx = 

5
2  { }log (x2 − x − 2)  + I… (2) 

CeÏ I = 
1
2  

⌡
⌠ 1

x2 − x − 2
  dx  =  

1
2  

⌡
⌠ 4 × 1

(2x − 1)2 − 8 − 1
  dx 

   = 
1
2  

⌡
⌠ 4

(2x − 1)2 − 32   =  
4
2  × 

1
2 × 3

  
1
2  log 



2x− 1 − 3

2x − 1 + 3
  

 I = 
1

3 × 2
  log 



2x − 4

2x + 2     = 
1
6  log 



x − 2

x + 1   
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 I-I (2)-p ©W§«P. 

   
⌡
⌠ 5x − 2

x2 − x − 2
  dx =

5
2  log (x2 − x − 2) +   

1
6  log 



x − 2

x + 1   + c 

Ï±l× : TÏ§l ©u]eL[ôL ©¬jÕ ùRôûLd LôiL, 

(117)  
⌡

⌠ 3x + 1

2x2 + x + 3
  dx 

 3x + 1 = A 
d
dx  (2x2 + x + 3) + B GuL, 

 3x + 1 = A(4x + 1) + B … (1) 
 3x + 1 = 4Ax + A + B 
JjR Eßl×Lû[f NUlTÓjR. 

 4A = 3  ;  A + B = 1 

 ∴ A = 
3
4   B  =  1 − A = 1 − 

3
4  = 

1
4  

(i)-u T¥ ⇒   ∴ 3x + 1 = 
3
4  (4x + 1) + 

1
4  

 ∴  
⌡

⌠ 3x + 1

2x2 + x + 3
  dx = 

⌡


⌠3

4 (4x + 1) + 
1
4

2x2 + x + 3
  dx 

  = 
3
4  

⌡

⌠ 

4x + 1

2x2 + x + 3
  dx + 

1
4  

⌡

⌠ 1

2x2 + x + 3
  dx 

 ∴  
⌡

⌠ 3x + 1

2x2 + x + 3
  dx = 

3
4 { }2 2x2+x+3 + I … (2)   









Q
⌡
⌠ f′(x)

f(x)
 dx = 2 f(x)     

CeÏ I = 
1
4  

⌡

⌠ 1

2x2 + x + 3
  dx 

  = 
1
4  

⌡

⌠ 4.2

(4x + 1)2 + 24 − 1
  dx 

  = 
1
2
  
⌡

⌠ 1

(4x + 1)2 + ( )23 2
  dx 

  I = 
1
2

  [ ]log (4x + 1) + (4x + 1)2 + 23   × 
1
4  
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(2)-p ©W§«P. 

⌡

⌠ 3x + 1

2x2 + x + 3
  dx = 

3
2  2x2 + x + 3 + 

1
4 2

  
 
 { }log (4x+1)+ (4x+1)2+23 + c 

 (118)  
⌡

⌠ x + 1

8 + x − x2
  dx 

 x + 1 = A 
d
dx  (8 + x − x2) + B  GuL, 

 x + 1 = A(1 − 2x) + B … (1) 
  = (− 2A)x + A + B 
JjR Eßl×Lû[f NUlTÓjR. 

 − 2A = 1  ;       A + B = 1 

 ∴ A = − 
1
2               B = 1 − A = 1 − 

1
2  = 

3
2  

 A = − 
1
2  Utßm B =  

3
2  G]l ©W§«P. 

(1)-u T¥ x + 1 = − 
1
2  (1 − 2x) + 

3
2  

 ∴  
⌡

⌠ x + 1

8 + x − x2
  dx = 

⌡


⌠− 

1
2 (1 − 2x) + 

3
2

8 + x − x2
  dx  

  = − 
1
2 

⌡

⌠ 

(1 − 2x)

 8 + x − x2
  dx + 

3
2  

⌡

⌠ 1

 8 + x − x2
  dx 

 ∴  
⌡

⌠ x + 1

8 + x − x2
  dx = − 

1
2  { }2 8 + x − x2 +    I… (2)        

CeÏ I = 
3
2  

⌡

⌠ 1

 8 + x − x2
  dx  

  = 
3
2   

⌡

⌠ 1

− {x2 − x − 8}
  dx 

  = 
3
2  

⌡

⌠ 4 × 1

− {(2x − 1)2 − 32 − 1}
  dx 

  = 
3
2  

⌡

⌠ 2

( )33 2 − (2x − 1)2
  dx 
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  = 3 










1

2  sin−1 




2x − 1

33
  

 I = 
3
2  sin−1 





2x − 1

33
  

(2)-p ©W§«P. 

 
⌡

⌠ x + 1

8 + x − x2
 dx = − 8 + x − x2  + 

3
2  sin−1 





2x − 1

33
  + c 

(119)  
⌡

⌠ 4x − 3

x2 + 2x − 1
  dx 

 4x − 1 = A(2x + 2) + B  GuL,   … (1) 
 4x − 3 = (2A)x + 2A + B 
JjR Eßl×Lû[f NUlTÓjR. 
 4 = 2A  ;        2A + B 
 ∴ A = 2,                   B = − 3 − 2A = − 3 − 4 = − 7 
 A = 2   Utßm     B = − 7 G] (1)-p ©W§«P. 

 4x − 3 = 2(2x + 2) − 7 

 ∴  
⌡

⌠ 4x − 3

x2 + 2x − 1
  dx = 

⌡

⌠2(2x + 2) − 7

x2 + 2x − 1
  dx 

  = 2
⌡

⌠ 

2x + 2

x2 + 2x − 1
  dx+(− 7) 

⌡

⌠ 1

x2 + 2x − 1
  dx 

 ∴  
⌡

⌠ 4x − 3

x2 + 2x − 1
  dx = 2{ }2 x2 + 2x − 1 +    I … (2)         

CeÏ I = − 7
⌡

⌠ 1

x2 + 2x −1
  dx  =  −7 

dx

(x + 1)2 − 1 − 1
  

  = − 7 
⌡

⌠ dx

(x + 1)2 − ( )2 2
  

  = − 7 log  { }(x + 1) + (x + 1) − ( )22      

 I = − 7 log { }(x + 1) + x2 + 2x − 1   

(2)-p ©W§«P. 
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⌡

⌠ 4x − 3

x2 + 2x − 1
 dx = 4 x2+2x −1 − 7 log { }(x+1)+ x2+2x−1  + c 

 
⌡

⌠ 1

a2 − x2
  dx = sin−1 

x
a  + c 

 
⌡

⌠ 1

x2 − a2
  dx = log [ ]x + x2 − a2   + c 

 
⌡

⌠ 1

x2 + a2
  dx = log [ ]x + x2 + a2   + c 

 B¡VYt±û] ØuúT LiúPôm, AúR YûL«p AûUkÕs[ 

¸Ýs[ êuß YônTôh¥û]d LôiL, 

YûL IV: 

 (120)⌡⌠ a2 − x2 dx  = 
x
2  a2 − x2  + 

a2

2   sin−1 
x
a  + c  

 (121) ⌡⌠ x2 − a2 dx  = 
x
2  x2 − a2  − 

a2

2   log [ ]x + x2 − a2   + c 

 (122) ⌡⌠ x2 + a2 dx  = 
x
2  x2 + a2  + 

a2

2   log [ ]x + x2 + a2   + c 

(120) I  =  ⌡⌠ a2 − x2 dx  GuL, 

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

 I = x a2 − x2  − 
⌡

⌠x 







− 

x

a2 − x2
  dx 

        dv =  dx 

 u = a2 − x2  v = x 

du = 
− 2x

2 a2 − x2
  dx 

    = x a2 − x2  − 
⌡

⌠

 
− x2

a2 − x2
  dx 

    = x a2 − x2  − 
⌡

⌠

 
a2 − x2 − a2

a2 − x2
  dx 
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    = x a2 − x2  − 
⌡

⌠

 






a2 − x2

a2 − x2
 + 

(− a2)

a2 − x2
 dx   

    = x a2 − x2  − ⌡⌠ a2− x2  dx  + 
⌡

⌠ a2

a2 − x2
  dx 

   I = x a2 − x2  −  I    + a2 
⌡

⌠ 

1

a2 − x2
  dx 

   I + I = x a2 − x2  + a2 . sin−1 x
a   

   ∴ 2I = x a2 − x2  + a2 sin−1 
x
a   

   I = 
x
2  a2 − x2  + 

a2

2   sin−1 
x
a  + c 

∴ ⌡⌠ a2 − x2  dx = 
x
2  a2 − x2  + 

a2

2   sin−1 
x
a  + c 

 (121) Let  I  =  ⌡⌠ x2 − a2 dx  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

 I = x x2 − a2  − 
⌡

⌠x 







x

x2 − a2
  dx 

u = x2 − a2              dv = dx 

du = 
2x

2 x2 − a2
  dx     v = x 

    = x x2 − a2  − 
⌡

⌠

 
x2 − a2 + a2

x2 − a2
  dx 

    = x x2 − a2  − 
⌡

⌠

 
x2 − a2

x2 − a2
  dx − 

⌡

⌠

 
a2

x2 − a2
  dx 

    = x x2 − a2 − ⌡⌠ x2 − a2 dx −a2 
⌡

⌠ 

1

x2 − a2
  dx 

   I = x x2 − a2  − I − a2 log [ ]x + x2 − a2    
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   ∴ 2I = x x2 − a2  − a2 log  [ ]x + x2 − a2    

   ∴  I = 
x
2  x2 − a2  − 

a2

2   log [ ]x + x2 − a2   + c 

∴ ⌡⌠ x2 − a2  dx = 
x
2  x2 − a2  − 

a2

2   log [ ]x + x2 − a2   + c 

 (122) Let  I  =  ⌡⌠ x2 + a2 dx  

TÏ§j ùRôûL«P−u ãj§WjûRl TVuTÓjR 

∴ I = x x2 + a2  − 
⌡

⌠







x2

x2 + a2
  dx 

 u= x2 + a2             dv = dx 

 du = 
2x

2 x2 + a2
  dx    v = x 

    = x x2 + a2  − 
⌡

⌠

 
x2 + a2 − a2

x2 + a2
  dx 

    = x x2 + a2  − 
⌡

⌠

 
x2 + a2

x2 + a2
  dx + 

⌡

⌠

 
a2

x2 + a2
  dx 

    = x x2 + a2  − ⌡⌠ x2 + a2  dx + a2 
⌡

⌠ 

1

x2 + a2
  dx 

   I = x x2 + a2  −   I    + a2 log [ ]x + x2 + a2   + c 

   ∴ 2I = x x2 + a2  + a2 log  [ ]x + x2 + a2   + c 

   ∴  I = 
x
2  x2 + a2  + 

a2

2   log [ ]x + x2 + a2   + c 

∴ ⌡⌠ x2 + a2  dx = 
x
2  x2 + a2  + 

a2

2   log [ ]x + x2 + a2   + c 

G,Lô,: 9.123 – 9.131:  ùRôûLd LôiL : 

 (123) 4 − 9x2  (124) 16x2 − 25  (125)  9x2 + 16      (126) 2x − x2  
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 (127) x2 − 4x + 6  (128) x2 + 4x + 1  (129) 4 + 8x − 5x2  

 (130) (2 − x) (1 + x)                            (131) (x + 1) (x − 2)  

¾oÜ : 

 (123) 4 − 9x2  dx = ⌡⌠ 22−(3x)2dx = 
1
3  



(3x)

2  22 − (3x)2 + 
22

2  sin−1 
3x
2  +c 

   = 
1
3  



3x

2  4 − 9x2 + 2 sin−1 
3x
2   + c 

 (124)⌡⌠ 16x2 − 25  dx = ⌡⌠ (4x)2 − 52 dx  

   = 
1
4  



(4x)

2  (4x)2 − 52 − 
25
2  log[ ]4x + (4x)2 − 52  

   = 
1
8  [ ]4x 16x2 − 25 − 25log ( )4x + 16x2 − 25  + c  

 (125) ⌡⌠ 9x2 + 16   dx = ⌡⌠ (3x)2 + 42 dx  

   = 
1
3  



(3x)

2  (3x)2 + 42 + 
42

2  log[ ]3x + (3x)2 + 42  

   = 
1
6  [ ]3x 9x2 + 16 + 16 log ( )3x + 9x2 + 16  + c 

 (126) ⌡⌠ 2x − x2   dx = ⌡⌠ 1 − {x2 − 2x + 1} dx = ⌡⌠ 12 − (x − 1)2  dx 

   = 
(x − 1)

2   1 − (x − 1)2  + 
12

2   sin−1 



x − 1

1   + c 

   = 
x − 1

2   2x − x2  + 
1
2  sin−1 (x − 1) + c 

 (127) ⌡⌠ x2 − 4x + 6 dx = ⌡⌠ x2 − 4x + 4 + 2  dx = ⌡⌠ (x − 2)2 + ( )22   dx 

   = 
(x − 2)

2   (x−2)2+( )2 2 +
( )2 2

2 log[ ](x − 2)+ (x − 2)2+( )2 2  +c 
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   = 
(x − 2)

2  x2 − 4x + 6  +log [ ](x − 2) + x2 − 4x + 6   + c 

 (128) ⌡⌠ x2 + 4x + 1 dx = ⌡⌠ (x + 2)2 − ( )3 2 dx  

  =  
(x + 2)

2   (x + 2)2 − ( )3 2 − 
( )3 2

2   log [ ](x+2)+ (x+2)2−( )3 2  + c 

  = 
(x + 2)

2   x2 + 4x + 1  − 
3
2  log [ ](x + 2) + x2 + 4x + 1  + c 

(129) ⌡⌠ 4 + 8x − 5x2 dx = ⌡⌠ − {5x2 − 8x − 4}  dx 

            



Q ax2 + bx + c  = 

1
4a  [(2ax + b)2+(4ac−b2])  

   = 
⌡
⌠ 

1

4 × 5
 − {(10x − 8)2 − 80 − 64}  dx       

   = 
1
20

   ⌡⌠ 122 − (10x − 8)2  dx  

   = 
1
20

  









1

10  



10x − 8

2  122 − (10x − 8)2 + 



122

2  sin−1 
10x − 8

12   

   = 
1
20

  



1

10 (5x − 4) 80 + 16x − 100x2 + 
36
5  sin−1 



5x − 4

6   

   = 
1
20

  









5x − 4

10  20 (4 + 8x − 5x2) + 
36
5  sin−1 

5x − 4
6   

   = 
5x − 4

10   4 + 8x − 5x2  + 
36

20 × 5
  sin−1 

5x − 4
6   

 ∴ ⌡⌠ 4 + 8x − 5x2 dx = 
5x − 4

10   4 + 8x − 5x2  + 
18

5 5
  sin−1 

5x − 4
6   + c 

(130) ⌡⌠ (2 − x) (1 + x) dx = ⌡⌠ 2 + x − x2  dx =  ⌡⌠ − (x2 − x − 2)  dx 

   = 
⌡

⌠

 
− {(2x − 1)2 − 8 − 1}

4.1
  dx  =  

1
2  ⌡⌠ 32 − (2x − 1)2  dx 
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   = 
1
2  



1

2 
(2x − 1)

2  32 − (2x − 1)2 + 



1

2  
32

2  sin−1 



2x − 1

3   

   = 
1
8  



(2x − 1) 8 + 4x − 4x2 + 9 sin−1 



2x − 1

3   

   = 
1
8  



2(2x − 1) 2 + x − x2 + 9 sin−1 



2x − 1

3   

(131) ⌡⌠ (x + 1) (x − 2) dx = ⌡⌠ x2 − x − 2  dx =  
⌡

⌠

 
(2x − 1)2 − 8 − 1

4
  dx 

   = 
1
2 ⌡⌠ (2x − 1)2 − 32  dx  

 = 
1
2  





 



1

2  



2x − 1

2  (2x−1)2−32− 



1

2  



32

2 log { }(2x−1)+ (2x−1)2−32  

 ⌡⌠ (x+1) (x−2)dx  =  
1
2  



(2x−1)

4  (2x−1)2−9−
9
4 log{ }(2x−1)+ (2x−1)2−9   

T«t£ 9.7 
ùRôûL LôiL, 

 (1) 
1

x2 + 25
  , 

1

(x + 2)2 + 16
 , 

1

 (3x + 5)2 + 4
 , 

1

2x2 + 7x + 13
  ,  

1

9x2 + 6x + 10
 

 (2) 
1

16 − x2  , 
1

9 − (3 − x)2  , 
1

7 − (4x + 1)2  , 
1

1 + x − x2  , 
1

5 − 6x − 9x2  

 (3) 
1

x2 − 25
  ,  

1

(2x + 1)2 − 16
  , 

1

(3x + 5)2 − 7
  , 

1

x2 + 3x − 3
  , 

1

3x2 − 13x − 10
  

 (4) 
1

x2 + 1
  ,  

1

(2x + 5)2 + 4
  , 

1

(3x−5)2+6
 , 

1

x2+3x+10
 , 

1

x2 + 5x + 26
  

(5)
1

x2−91
, 

1

(x+1)2−15
 , 

1

(2x + 3)2 − 16 
 , 

1

x2 + 4x − 12
  , 

1

x2 + 8x − 20
  

(6)  
1

4 − x2
 , 

1

25 − (x − 1)2 
 , 

1

11 − (2x + 3)2
  ,  

1

1 + x − x2
  , 

1

8 − x − x2
  

(7)  
3 − 2x

x2 + x + 1
  , 

x − 3

x2 + 21x + 3
  , 

2x − 1

2x2 + x + 3
  ,  

1 − x

1 − x − x2  , 
4x + 1

x2 + 3x + 1
  

(8) 
x+2

6+x −2x2
 , 

2x − 3

10 − 7x − x2 
 , 

3x + 2

3x2 + 4x + 7
  , 

1 + x
1 − x

  , 
6x + 7

(x − 4) (x − 5)
  

(9) 1 + x2  ,   (x + 1)2 + 4)  ,   (2x + 1)2 + 9  ,  (x2−3x+10)  

(10) 4 − x2  , 25 − (x + 2)2  , 169 − (3x + 1)2  , 1−3x−x2 , (2−x) (3+x) 
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9.4 YûWVßjRj ùRôûL : 
 TiûPV ¡úWdLoLs ùRôûL ÖiL¦Rj§u A¥lTûPd 

úLôhTôÓLû[ Y¥Y CV−u êXUôL A±k§ÚkR]o, 

 ¡úWdL Y¥Y L¦R úUûR Bod¡ª¥v 

YhPj§u TWlT[ûYd LôQ ¸rdLôÔm 

Øû\«û] ûLVôiPôo, ØR−p 

ùLôÓdLlThP YhPj§às YhPjûR 

ùRôhÓf ùNpÛm JÝeÏ TXúLôQ 

EÚYjûR YûWkÕ ARu úRôWôV U§lûT 

LiPôo, ©u ARu TdL A[ÜLû[ 

úUuúUÛm Ïû\jÕ. TdLeL°u 

Gi¦dûLûV A§L¬jÕ. Cß§«p 

úRôWôV U§l©−ÚkÕ N¬Vô] U§l©û]d 

LôÔm Øû\ûV LiP±kRôo,  

 
TPm 9.2 

CúR úTôp JÚ JÝeLt\ EÚYØs[ R[j§u TWlT[ûYd LôQ 

ARû] NU ALXm ùLôiP £ß£ß ùNqYL ThûPL[ôLl ©¬jÕ 

ARu áhÓj ùRôûL«û] úRôWôV TWlT[YôLÜm. ©u]o 

ALXj§u A[®û] úUÛm úUÛm Ïû\jÕ ùNqYLj§u 

Gi¦dûLûV A§L¬jÕ Cß§«p. CRu áhPpLs GpûXj 

ùRôûL«û] ùLôÓdLlThP R[j§tÏ NUUô] TWl× G]d 

LiP±kR]o, 

 TWlT[Ü. L] A[Ü Utßm TX A[ûYLû[ ªLj Õp−VUôL 

LQd¡P Øû\VôLÜm G°ûUVôLÜm Y¯YÏlTúR ùRôûL Öi 

L¦Rj§u R²f£\lTôÏm, 

ùRôûLÂhûP JÚ áhÓjùRôûLVôL LôQp : 
 YûWVßdLlThP ùRôûLÂhûPl Tt± ùR°YôL A±kÕ 

ùLôs[ ©uYÚm G°V ¨ûXûV GÓjÕd ùLôsúYôm, 

    y = f(x) GuTÕ [a, b] Gu\ ê¥V 

CûPùY°«p YûWVßdLlThP 

JÚ ùRôPof£VôL A§L¬dÏm 

Nôo× GuL, úUÛm Ø¥Üs[ 

U§l×Lû[ HtÏm Nôo× GuL, 

CfNôo× 

y = f(x) Gu¡\ ùRôPof£Vô] 

Yû[YûW Juû\d Ï±dÏm,  
 

TPm 9.3 
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CqYû[YûWdÏm x = a, x = b, Gu\ CÚ ÏjÕd úLôÓLÞdÏm 

xAfÑdÏm CûPlThP TWlûT R GuúTôm, 

 ê¥V CûPùY° [a, b]-I n-Es CûPùY°L[ôL ©¬jÕ. 

AYt±u ÁÕ n ùNqYLl ThûPLû[d ùLôiP TX TdL 

Y¥Yj§û] TPj§p Lôh¥VT¥ R-p YûWVßlúTôm, JqùYôÚ 

ùNqYLl ThûP«u ALXØm ∆x G] ùLôiPôp 

  ∴ ∆x = 
b − a

n   BL CÚdÏm, 

 x0, x1, x2………xr…… xnI Öi CûPùY°L°u  

 Øû]l×s°L[ôLd ùLôsúYôm, 

 CeÏ x0 = a, x1 = a + ∆x, x2 = a + 2∆x, …… xr = a + r∆x, ……, xn = b 
 TPm 9.4-p TXTdL Y¥Yj§u 

TWlT[Ü n ùNqYLl ThûP«u 

TWlT[®u áÓRXôÏm, 

 x-u Öi CûPùY°«p x-u 

CPlTdL U§l©û] GÓjÕd 

ùLôsúYôm, 

Sn = A1 + A2 + …… + An 

    = f(x0) ∆x + f(x1)∆x …+f(xn−1) ∆x 

    = [f(a) + f(a + ∆x)+ … f(a+r  ∆x) … 
+ f(a + (n − 1)∆x)] ∆x 

 
TPm 9.4 

  = ∑
r = 1 

n
     f {a + (r − 1) ∆x}.(∆x)     =  ∆ x  ∑

r = 1 

n
    f {a + (r − 1) ∆x} 

 Sn = 
b − a

n    ∑
r = 1 

n
   f {a + (r − 1) ∆x}                                 



Q∆x = 

b − a
n   

 JqùYôÚ ùNqYLl ThûP«u 

ALXjûRÙm Tô§VôL Ïû\jÕ 

ùNqYLeL°u Gi¦dûLûV CÚ 

UPeLôL A§L¬dÏmúTôÕ. TXTdL 

Y¥Yj§u TWlT[Ü TPm 9.5-p 

Lôh¥VT¥ AûU¡\Õ, TPm  

9.4-IÙm 9.5-IÙm Jl©ÓûL«p 

TXTdL Y¥Yj§u TWlT[Ü  
9.4-p Es[ TWlûT ®P 9.5-p Es[   

TPm 9.5 
TWl× R-u TWl×dÏ ªL ùSÚe¡ AûUYÕ A±V Ø¥¡\Õ, 
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 CqYô\ôL TdLeL°u Gi¦dûL ‘n’-I EVoj§d ùLôiúP 

úTô]ôp Sn-u U§l× R-I ùSÚeÏYûR EQWXôm, 

 Cß§«p 
Lt

n → ∞   Sn = 
Lt

n → ∞  
b − a

n      ∑
r = 1 

n
   f {a + (r − 1) ∆x}→ R 

 CúRúTôp. x-u U§l©ûû] Öi CûPùY°L°u YXÕ 

U§l×Lû[ GÓjÕd ùLôiPôp 

   
Lt

n → ∞ Sn = 
Lt

n → ∞  
b − a

n   ∑
r = 1 

n
    f(a+r ∆x)  →  R   

              i.e. R  = 
Lt

n → ∞  
b − a

n   ∑
r = 1 

n
   f(a + r ∆x)    −   I 

YûWVû\ : f(x) GuTÕ [a, b]  Gu\ ê¥V CûPùY°«p 

YûWVßdLlThPf Nôo× G²p.  x = a ØRp x = b YûWdÏm 

Yû[YûW f(x)-u YûWVßjRj ùRôûL«û] ¸rdLôi GpûX U§l× 

CÚl©u 

Lt
n → ∞ 

b − a
n  ∑

r = 1 

n
  f(a + r ∆x) ,  (CeÏ ∆x = 

b − a
n  )  G] YûWVßdLXôm 

 JÚ×\m YûWVßjR ùRôûL«û] úUtLôh¥VT¥ áÓR−u 

GpûX U§l©u êXm LôQXôm, Uß×\m YûWVßjR ùRôûL«û] 

YûL«P−u G§oUû\ Øû\«u êXØm LôQXôm GuTRû] 

ClúTôÕ LôiúTôm, 

YûL«P−u G§oUû\ Øû\«p AWeLm R-u TWlT[ûYd 

LôQp : 
 úUtLiP GÓjÕdLôh¥p 

Es[ R Gu\ AúR AWeLj§u 

TWlûT CeÏ LôiúTôm, 

úUtá±VT¥ R Gu\ AWeLm  
x = a, x = b Gu\ ÏjÕd 

úLôÓLÞdÏm   f(x) Gu\ 

Yû[YûWdÏm  x-AfÑdÏm 

CûPlThPTWlTôÏm (TPm 9.6)  
TPm 9.6 
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 P(x, y) GuTÕ f(x)-u úUÛs[ HúRàm JÚ ×s° GuL, 

CPªÚkÕ  P YûW x-AfÑdÏm Yû[YûWdÏm CûPúV Es[ 

TWl©û] Ax G] ùLôsúYôm, (TPm 9.7) 

 Q(x + ∆x, y + ∆y Gu\ ×s° PdÏ ªL AÚLôûU«p f(x)-u 

úUÛs[ Utù\ôÚ ×s° GuL, 

 PQ Gu\ ®p−tÏm x- AfÑdÏm CûPúV Es[ ThûP«u 

TWl©û] ∆Ax G] GÓjÕdùLôsúYôm (TPm 9.7) 

 ¿[m y BLÜm ∆x-I ALXUôLÜm ùLôiP ùNqYLl ThûP«u 

TWl×  y . ∆x.-I  

∆Ax-u úRôWôV U§lTôL 

GÓjÕd ùLôsúYôm, P,Q CÚ 

×s°LÞm ªL AÚLôûU«p 

Es[ ×s°L[ôRXôp  

 ∆Ax ≈ y . ∆x      ∴   
∆Ax
∆x

  ≈ y 

   ∆x-u U§l©û] Ïû\jÕd  

ùLôiúP úTô]ôp.  
 

TPm 9.7 

Yû[YûW«u TWl©u Ïû\TôÓm (Error) Ïû\kÕ ùLôiúP 

úTôÏm, 

  ∆x → 0 G²p ∆Ax → 0 BÏm, 

               ∴ 
Lt

∆x → 0   
∆Ax
∆x

  = y     

         ⇒     
dAx
dx   = y 

 ∴ YûL«Pp G§oUû\«u YûWVû\«uT¥ 

        
dAx
dx   = y   ⇒   Ax = ⌡⌠ ydx  
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 CPªÚkÕ PYûW. Yû[YûW f(x)-dÏm x-AfÑ®tÏm CûPúV 

Es[ TWl× Ax B]Õ YûWVßdLlTPôR ùRôûL ⌡⌠ ydx  G] 

¡ûPd¡\Õ, 

 ⌡⌠ydx  = F(x) + c GuL, 

 x = a G²p. CPªÚkÕ x = a Gu\ 

ÏjÕdúLôÓYûW Yû[YûW«u 

TWl×  Aa BÏm, 

⌡⌠ydx  = F(a) + c BÏm, 

 x = b G²p. CPªÚkÕ x = b 

ÏjÕdúLôÓYûW Yû[YûW«u 

TWl× Ab BÏm, Ab-u U§l× 

 
 

  ⌡⌠ ydx  = F(b) + c     BÏm, 

 ∴ úRûYlTÓm R-u TWl× 

     (Ab  −  Aa) BÏm, 

ARôYÕ R-u TWlûT 

⌡⌠
x = bYûW

 ydx   −  ⌡⌠
x = a YûW

 ydx   

= (F(b) + c) − (F(a) + c) 

Ï±Âh¥u êXm  ⌡⌠
a

b
 ydx  = F(b) − F(a) 

G] GÝRXôm, 

 x = a, x = b Gu\ ÏjÕd 

úLôÓLÞdÏm Yû[YûW f(x)dÏm. x-
AfÑdÏm CûPúV Es[ R-u 

TWl× 

 

 

 
TPm 9.8 

 ⌡⌠
a

b
 f(x) dx = F(b) − F(a)   − II G]¡ûPdLl ùTtú\ôm, 
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 a Utßm bI YûWVßjRj ùRôûL«P−u Øû\úV ¸r 
GpûXl ×s° Utßm úUp GpûX G] AûZd¡ú\ôm, 
I, II-p CÚkÕ (¸rdLiPûY GpûX U§lûT AûPkRôp) 

R = 
Lt

n → ∞ 
b − a

n  ∑
r = 1 

n
  f(a + r∆x) = ⌡⌠

a

b
 f(x) dx = F(b) − F(a)   ,  

G] ¨ìTQUô¡\Õ, 
 YûWVßjRj ùRôûLûVd LôQ ¸r ùLôÓdLlThP áhPp 

YônlTôÓ ERÜm, 

 (i)  ∑
r = 1 

n
   r = 

n(n + 1)
2   

 (ii)  ∑
r = 1 

n
   r2 = 

n(n + 1) (2n + 1)
6   

 (iii)  ∑
r = 1 

n
   r3 = 



n(n + 1)

2
2
  

 (iv)  ∑
r = 1 

n
   ar = a 



an − 1

a − 1
  ; (a ≠ 1) 

GÓjÕdLôhÓ : 

  y = 3x Gu\ úSodúLôh¥tÏm  

x-AfÑdÏm x = 2 , x = 6 B¡V 

ÏjÕd úLôh¥tÏm CûPúV 

Es[  
R-u TWlûTd LôiúTôm,  

(TPm 9.9) 

(1) N¬YLm ABCD-u TWl©û] 

Y¥Yd L¦Rj§u 

ãj§Wj§u êXm LôQ 
 

TPm 9.9 

 R = 
h
2  [a + b]   



 179

   =  
4
2  [6 + 18]  = 2 × 24 

 R  =  48 NÕW AXÏ      … (i) 

 
(2) ùRôûLÂhûP JÚ 

áhÓj ùRôûLVôL LôQp 

      TWl× ABCD-I NU 

ALXØs[ n-ùNqYLl 

ThûPL[ôL ©¬lúTôm, 

CeÏ a = 2, b = 6 
∴ JqùYôÚ ThûP«u 

ALXm 

 ∆x = 
b − a

n   

 i.e.  ∆x = 
6 − 2

n   

 ∆x = 
4
n  

 
TPm 9.10 

YûWVßjRj ùRôûL«p ãj§WlT¥ 

 R = 
Lt

n → ∞  
b − a

n    ∑
r = 1 

n
   f(a + r ∆x) 

  = 
Lt

n → ∞  
4
n   ∑

r = 1 

n
   f 



2 + r 



4

n    

  = 
Lt

n → ∞  
12
n    ∑

r = 1 

n
  



2+

4r
n    ;    



 Q f(x) = 3x, f 



2+r 

4
n =3 



2+r 



4

n   

  = 
Lt

n → ∞  
12
n   









∑
r = 1 

n
 2 + 

4
n ∑

r = 1 

n
  r   

  = 
Lt

n → ∞  
12
n   



2n + 

4
n 

(n) (n + 1)
2   

  = 
Lt

n → ∞  
12
n   [ ]2n + 2(n + 1)   
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  = 
Lt

n → ∞  12 



2 + 2 

(n + 1)
n   

  = 
Lt

n → ∞  12 



2 + 2 



1 + 

1
n   

  = 12 [2 + 2 (1 + 0)]                             n  →  ∞ G²p  
1
n  → 0 BÏm, 

  = 12 × 4 

 R = 48 NÕW AXÏLs … (ii) 

(3) YûL«Pp G§oUû\ Øû\ 

   R = ⌡⌠
a

b
 f(x) dx  = ⌡⌠

2

6
  3x dx   =  3 ⌡⌠

2

6
   x dx   = 3 



x2

2
6

2
  

    = 3 



62 − 22

2   = 3 



36 − 4

2    =  3 × 
32
2   

   R = 48 NÕW AXÏLs … (iii) 
(i), (ii) Utßm (iii)-−ÚkÕ R-u U§lûT 

   R = 
Lt

n → ∞ 
b − a

n  ∑f(a + r ∆x) = ⌡⌠
a

b
 f(x) dx   

GpûX U§lûT AûPkRôp

 N¬TôodLXôm  

G,Lô,  9.132 − 9.134:  
 ¸úZ ùLôÓdLlThP YûWVßjR ùRôûL«û] 

áhÓjùRôûL«u GpûXVôLd LôiL, 

    (132) ⌡⌠
1

2
 (2x + 5) dx   (133) ⌡⌠

1

3

 x
2
 dx    (134)  ⌡⌠

2

5

 (3x
2
 + 4) dx     

 (132)   ⌡⌠
1

2
 (2x + 5) dx  

 f(x) = 2x + 5  Utßm  [a, b] = [1, 2] GuL, 

 ∆x = 
b − a

n   = 
2 − 1

n   = 
1
n  

 ∴ ∆x = 
1
n  
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 f(x) = 2x + 5 

 ∴ f(a + r ∆x) = f 



1 + r   

1
n    =  2 



1 + 

r
n   + 5 

  ê¥V CûPùY° [1, 2]I n Gi¦dûL«p NU Öi 

CûPùY°L[ôLl ©¬lúTôm, 

 ãj§Wj§uT¥ 

 ⌡⌠
a

b
 f(x) dx  = 

Lt
∆x → 0  ∆x ∑

r = 1 

n
  f(a + r ∆x) 

 ⌡⌠
1

2
 (2x + 5)  = 

Lt
n → ∞  



1

n    ∑
r = 1 

n
    



2 



1 + 

r
n  + 5   

  = 
Lt

n → ∞  
1
n   ∑

r = 1 

n
   



7 + 

2
n r   

  = 
Lt

n → ∞  
1
n  . 









∑
r = 1 

n
  7 + 

2
n ∑

r = 1 

n
 r   

  = 
Lt

n → ∞  
1
n  



7n + 

2
n . 

n(n + 1)
2   

  = 
Lt

n → ∞  



7 + 

n + 1
n   

  = 
Lt

n → ∞  





7 + 





1 + 
1
n   

  = (7 + 1)  n → ∞  G²p   1/n → 0 BÏm, 

 ∴ ⌡⌠
1

2
 (2x + 5)  = 8 NÕW AXÏLs, 

N¬TôojRp :    ⌡⌠
1

2
 (2x + 5) dx  = 





2 



x2

2  + 5x  
2
1

  

  = (22 − 12) + 5(2 − 1) = (4 − 1) + (5 × 1) 

 ⌡⌠
1

2
 (2x + 5) dx  = 8 NÕW AXÏLs 
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 (133)  ⌡⌠
1

3

 x2 dx  

  f(x) = x2
 , [a, b] = [1, 3]  GuL, 

 ê¥V CûPùY° [1, 3]I n-NU Öi CûPùY°L[ôLl ©¬dL, 

 ∆x = 
3 − 1

n   = 
2
n  

 ∴ ∆x = 
2
n  

 f(x) = x
2 

∴ f(a + r ∆x) = f 





1 + r  
2
n   

  =  





1 + r 
2
n

2
  

 f(a + r ∆x) = 






1 + 

4
n r + 

4

n
2 r

2
  

 
Fig. 9.11 

 ãj§Wj§uT¥ 

 ⌡⌠
a

b
 f(x) dx  = 

Lt
∆x → 0  ∆x ∑

r = 1 

n
  f(a + r ∆x) 

 ⌡⌠
1

3

 x
2
 dx  = 

Lt
n → ∞  

2
n  ∑

r = 1 

n
   





1 + 

4
n r + 

4

n2 r2    

  = 
Lt

n → ∞ 
2
n 





∑1 + 

4
n ∑r + 

4

n2 ∑r2   

  = 
Lt

n → ∞  
2
n  





n + 

4
n . 

n(n + 1)
2  + 

4

n2 
(n) (n + 1) (2n + 1)

6   

  = 
Lt

n → ∞  2



1 + 

2(n + 1)
n  + 

2
3 



n + 1

n  . 



2n + 1

n   

  = 
Lt

n → ∞  2 



1 + 2 



1 + 

1
n  + 

2
3 



1 + 

1
n  



2 + 

1
n   

  = 2 



1 + 2 + 

2
3 (1) (2)   as  

Lt
n → ∞  → 

1
n  → 0 
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  = 2 



3 + 

4
3   

 ∴    ⌡⌠
1

3

 x
2
 dx  = 

26
3   NÕW AXÏLs 

 (134)  ⌡⌠
2

5

 (3x
2
 + 4) dx  

  f(x) = 3x2
 + 4 Utßm [a, b] = [2, 5] GuL, 

  ê¥V CûPùY° [2, 5]I n NU ALXm ùLôiP 

ÖiùY°L[ôLl ©¬dL 

 ∆x =  
5 − 2

n   

 ∴ ∆x = 
3
n  

 f(x) = 3x2 + 4 

∴ f(a + r ∆x) = f 



2 + r . 

3
n   

  = 3 





2 + 
3r
n

2

 + 4 

ãj§Wj§uT¥  
TPm 9.12 

 ⌡⌠
a

b
 f(x) dx  = 

Lt
∆x → 0  ∆x ∑

r = 1 

n
  f(a + r ∆x) 

 ⌡⌠
2

5

 (3x2 + 4)  dx = 
Lt

n→ ∞  
3
n   ∑

r = 1 

n
    



3 



2 + 

3r
n

2
 + 4   

  = 
Lt

n→ ∞  
3
n   ∑

r = 1 

n
   





3 





4 + 

12
n  r + 

9

n2 r2  + 4   

  = 
Lt

n→ ∞  
3
n   ∑

r = 1 

n
   





12 + 

36
n  r + 

27

n2 r2 + 4   
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  = 
Lt

n→ ∞  
3
n   ∑

r = 1 

n
   





16 + 

36
n  (r) + 

27

n2 (r2)   

  = 
Lt

n→ ∞  
3
n  







∑16 + 

36
n  ∑r + 

27

n
2 ∑r

2
  

  = 
Lt

n→ ∞  
3
n  









16n + 
36
n  

(n) (n + 1)
2  + 

27

n
2 

n(n + 1) (2n + 1)
6   

  = 
Lt

n→ ∞  3 



16 + 18 

(n + 1)
n  + 

9
2 



n + 1

n  



2n + 1

n   

  = 
Lt

n→ ∞  3 





16 + 18 





1 + 
1
n  + 

9
2 





1 + 
1
n  





2 + 
1
n   

  = 3 



16 + (18 × 1) + 

9
2 (1) (2)   = 3 [43] 

 ⌡⌠
2

5

 (3x2 + 4)  dx = 129 NÕW AXÏLs 
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10, ¨LrRLÜ 
(PROBABILITY) 

    “The theory of probability is nothing more than good sense confirmed by 
calculation” 
− Pierre Laplace 

10.1 A±ØLm 

 ¨LrRLÜ. Yônl×. F¡jRp úTôu\ûY Aû]YÚdÏm SuÏ 

A±ØLUô] ùNôtL[ôÏm, TX úSWeL°p Sôm ¸rdLôÔm 

Yôd¡VeLû[f ùNôp− (A) ùNôpXd úLh¥Úd¡ú\ôm, 

 “CmØû\ Ck§V ¡¬dùLh A¦ EXLd úLôlûTûV 

ùYpYRtÏl ©WLôNUô] Yônl× Es[Õ” 
  “YÚ¡u\ ùTôÕj úRo®p SmTs° UôQY UôQ®VoLs Uô¨X 

A[®p A§L U§lùTi ùTtßj úRof£ ùT\ Nôj§VeLs  
Es[Õ,” 
 “AúSLUôL Cuß UûZ ùTnVXôm,” 

 úUÛs[ Yôd¡VeL°p á\lThP ‘Yônl×’. ‘Nôj§VeLs’ 
Utßm ‘AúSLUôL’ úTôu\ ùNôtù\ôPoLs. Ak¨Lrf£L°u 

¨fNVUt\j RuûU«û] EQojÕ¡u\], Au\ôP Yôr®p Sôm 

GÓdÏm TX Ø¥ÜLs ¨fNVUt\ RuûU«]ôp T§dLlTÓ¡u\], 

 Ck¨fNVUt\j RuûU«û] U§l©P L¦Rj§p Es[ JÚ 

©¬úY ‘¨LrRL®Vp’ BÏm, ¨Lr RL®û] Tt± A±kÕ ùLôsÞØu 

AYt±p TVuTÓjRlTÓm £X Ød¡Vf ùNôtLû[ A±kÕ 

ùLôsúYôm, 

 úNôRû] (Experiment) : JÚ ùNVpTôÓ YûWVßdLlThP 

Ø¥ÜLû[d ùLôi¥ÚdÏúUVô]ôp. AfùNVpTôh¥û] úNôRû] 

G] AûZd¡ú\ôm, 

 ¨oQ«dLlThP úNôRû] (Deterministic experiment) : JúW 

Uô§¬Vô] ãr¨ûXL°p. JÚ úNôRû]«u Ø¥ÜLû[ Øuáh¥úV 

Eß§VôLd L¦dL Ø¥ÙUô«u. AÕ ¨oQ«dLlThP 

úNôRû]VôÏm, 

 NUYônl× úNôRû] (Random experiment) : JÚ úNôRû]«p 

¡ûPdLdá¥V GpXô®R Nôj§VdáßLû[ (Ø¥ÜLû[)  A±kÕm. 

úNôRû]dÏ ØuúT Ø¥®û]j ¾oUô²dL Ø¥VôRYôß Yônl×Ls 

Es[ úNôRû]úV NUYônl×f úNôRû]VôÏm, 
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 GÓjÕdLôhÓ : (i) ºWô] SôQVjûRf Ñi¥ ®ÓRp (ii) 
TLûPûV EÚh¥ ®ÓRp  

 úUÛs[ CWiÓ úNôRû]L°p GpXô®R ¨LrÜLs 

(Ø¥ÜLÞm) A±kÕm. Gu] ¨LÝm GuTûR Øuáh¥úV 

§hPYhPUôL á\ CVXôÕ, G]úY CfúNôRû]Ls NUYônl×f 

úNôRû]L[ôÏm, 

 JÚ NôRôWQ (ApXÕ A¥lTûP) ¨Lrf£ (Simple event) : JÚ 

NUYônl×f úNôRû]«p ¡ûPdLdá¥V A¥lTûP ¨LrÜLû[ 

(Ø¥ÜLû[) úUÛm ©¬dL CVXôÕ G²p AÕ JÚ NôRôWQ ApXÕ 

A¥lTûP ¨Lrf£VôÏm, 

 áßùY° (Sample space): NUYônl× úNôRû]«u GpXô 

¨LrÜLû[Ùm ùLôiP LQUô]Õ áßùY° G]lTÓm, 

 ¨Lrf£ (Event) : áßùY°«u ùYt\t\ JqùYôÚ EhLQØm 

JÚ ¨Lrf£VôÏm, áßùY° S B]Õ Eß§Vô] (ApXÕ) ¨fNVm 

¨LZdá¥V (sure event) ¨Lrf£ G]lTÓm, Sp Es[ ùYtßd 

LQUô]Õ CVXô ¨Lrf£ (impossible event) G]lTÓm, 

GÓjÕdLôhPôL. JÚ JÝeLô] TLûPûV JÚØû\ EÚh¥ 

®ÓûL«p ¡ûPdLdá¥V áßùY°Vô]Õ 

 S = {1, 2, 3, 4, 5, 6} 
 {1}, {2}, {3}, {4}, {5}, {6} GuTûY NôRôWQ ApXÕ A¥lTûP 

¨Lrf£L[ôÏm, 
 {1}, {2, 3}, {1, 3, 5}, {2, 4, 5, 6} GuTûY £X ¨Lrf£L[ôÏm, 
Juû\ùVôuß ®XdÏm ¨Lrf£Ls (Mutually exclusive events) : 
 JÚ NUYônl× úNôRû]«p CWiÓ ApXÕ CWi¥tÏ 

úUtThP ¨Lrf£L°p ùTôÕYô] A¥lTûP ¨Lrf£Ls HÕm 

CpûXùV²p. AjRûLV ¨Lrf£Lû[ Juû\ùVôuß ®XdÏm 

¨Lrf£Ls GuTo, 
GÓjÕdLôhÓ : JÚ TLûPûV EÚhÓm úTôÕ {1,2,3} Utßm {4,5,6} 

B¡V CÚ ¨Lrf£LÞm Juû\ùVôuß ®XdÏm ¨Lrf£L[ôÏm, 
VôÜU[ô®V ¨Lrf£Ls (éWQ ¨Lrf£Ls) (Exhaustive events) : 
 JÚ úNôRû]«p ¨LÝm GkR JÚ ¨Lrf£Ùm. ùLôÓdLlThÓs[ 

¨Lrf£L°u ùRôÏl×dÏs APeÏúUVô]ôp Ak¨Lrf£L°u 

ùRôÏl× VôÜU[ô®V ¨Lrf£Ls G]lTÓm, 
GÓjÕdLôhÓ : 
 {1, 2, 3}, {2, 3, 5}, {5, 6} Utßm {4, 5} Gu\ ¨Lrf£Ls JÚ 

TLûPûV EÚhÓYR]ôp ¡ûPdÏm ¨Lrf£LLÞdÏ ‘VôÜU[ô®V 

¨Lrf£L[ôÏm’ 
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NUYônl× ¨Lrf£Ls (Equally likely events) : 
 JÚ ¨Lrf£ LQj§Ûs[ ¨Lrf£Ls Juû\d Lôh¥Ûm 

Utù\ôuß ¨LÝm Yônl× A§LªpXôUp. NUYônl×Ls 

ùTt±Úl©u Ck¨Lrf£Ls NUYônl× ¨Lrf£Ls G]lTÓm, 
GÓjÕdLôhÓ : JÚ ºWô] SôQVjûRf Ñi¥]ôp ¡ûPdÏm 

NUYônl×ûPV ¨Lrf£Ls {RûX (H)} Utßm {é (T)}. 
GÓjÕdLôhÓ : 

 
ØVt£

NUYônl×f 

úNôRû] 
Ø¥ÜL°u 

ùUôjR 

Gi¦dûL 

 

áßùY° 

(1) ºWô] 

SôQVjûR 

ÑiÓRp 

21 = 2 {H, T} 

(2) ºWô] 2 

SôQVeLû[ 

ÑiÓRp 

22 = 4 {HH, HT, TH, TT} 

(3) ºWô] 3 

SôQVeLû[f 

ÑiÓRp 

23 = 8 {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 

(4) JÚ ºWô] 

TLûPûV 

EÚhÓRp 

61 = 6 {1, 2, 3, 4, 5, 6} 

(5) CÚ ºWô] 

TLûPLû[ 

EÚhÓRp 

62 = 36 {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6),  (2,1), (2,2), (2,3), (2,4), (2,5), (2,6), 
(3,1), (3,2), (3,3), (3,4), (3,5), (3,6),    (4,1), (4,2), (4,3), (4,4), (4,5), (4,6), 
(5,1), (5,2), (5,3), (5,4), (5,5), (5,6),   (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} 

(6) 52 ºhÓLû[d 

ùLôiP BhP 

ºhÓd Lh¥−ÚkÕ 

Juû\ EÚÜRp  

521 = 52 Heart  ♥A 2  3  4  5  6  7  8  9  10  J  Q  K   £Yl× ¨\m 
Diamond ♦ A 2  3  4  5  6  7  8  9  10  J  Q  K  £Yl× ¨\m 
Spade  ♠ A 2  3  4  5  6  7  8  9  10  J  Q  K  LÚl× ¨\m 
Club  ♣ A 2  3  4  5  6  7  8  9  10  J  Q  K  LÚl× ¨\m 

Ï±ÂÓLs : 

 A Utßm B HúRàm CÚ ¨Lrf£Ls G²p 

 (i) A ∪ B GuTÕ A ApXÕ B ApXÕ CWiÓúU ¨LrYRtLô] 

¨Lrf£ûVd Ï±dÏm, 

 (ii) A ∩ B GuTÕ AÜm BÙm JúW úSWj§p ¨LrYûRd Ï±dÏm, 

 (iii) Ā ApXÕ A′ ApXÕ Ac GuTÕ A®u ¨LZôûUûVd 

Ï±dÏm,  
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 (iv) (A ∩ B
−

)  GuTÕ A UhÓm ¨LrYûR Ï±dÏm ¨Lrf£,   

 GÓjÕdLôhPôL. JÚ ºWô] TLûPûV EÚhÓmúTôÕ ARu 

áßùY°  S = {1, 2, 3, 4, 5, 6} 

  A = {1, 2}, B = {2, 3}, C = {3, 4}, D = {5, 6}, E = {2, 4, 6} GuT] S-u 

£X ¨Lrf£Ls GuL, 

 (1) A, B, C Utßm D ¨Lrf£Ls NUYônl×s[ ¨Lrf£L[ôÏm, 

(B]ôp E ApX). 

 (2) A, C Utßm D Juû\ùVôuß ®XdÏm ¨Lrf£L[ôÏm, 

Hù]²p  

  A ∩ C = C ∩ D = A ∩ D = φ. 

 (3) BÙm  CÙm Juû\ùVôuß ®XdLô ¨Lrf£Ls, Hù]²p  
B ∩ C={3 }≠ φ. 

 (4) A, C Utßm D Gu\ ¨Lrf£L°u ùRôÏl× VôU[ô®VûY, 

Hù]²p A ∪ C ∪ D = S 

 (5) A, B Utßm C ¨Lrf£L°u ùRôÏl× VôU[ô®ûV ApX, 

Hù]²p {5, 6} Gu\ ¨Lrf£ A, B Utßm C«u úNol×d 

LQj§p CpûX,  (i.e. A ∪ B ∪ C ≠ S). 

10.2  ¨LrRL®u YûWVû\ (Classical definition of probability) : 

 JÚ úNôRû]«p VôÜU[ô®V. Juû\ùVôuß ®Xd¡V. 

NUYônl×s[ Ø¥ÜLs n Gi¦dûL«Ûm AYt±p m 
Gi¦dûLÙs[ Ø¥ÜLs A ®tÏ NôRLUôLÜm CÚl©u 

A«àûPV ¨LrRLÜ 
m
n   BÏm, 

 ARôYÕ P(A) = 
m
n   

CRû]úV ©uYÚUôßm á\Xôm, 

 JÚ NUYônl× úNôRû]«u áßùY° S G]Üm ARu HúRàm 

JÚ ¨Lrf£ A G]Üm ùLôsL, S Utßm A-Ûs[ Eßl×L°u 

Gi¦dûL Øû\úV n(S) Utßm n (A) G²p A-u ¨LrRLÜ 

 P(A) = 
n(A)
n(S)   =  

A®tÏ NôRLUô] ¨ûXL°u Gi¦dûL

Sp Es[ VôÜU[ô®V ¨ûXL°u Gi¦dûL
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¨LrRL®u A¥lTûPd ùLôsûLLs (Axioms of probability) : 
 S GuTÕ JÚNUYônl×f úNôRû]«u Ø¥Üt\ áßùY°, A 
GuTÕ Su VôúRàm JÚ ¨Lrf£, P(A) GuTÕ A®u ¨LrRLÜ G²p 

¸rdLiP A¥lTûP ùLôsûLLû[ ¨û\Ü ùNnÙm, 

 (1) O ≤ P(A) ≤ 1 
 (2) P(S) = 1 
 (3) A Utßm B Juû\ùVôuß ®Xd¡V ¨Lrf£Ls G²p  

 P(A ∪ B) = P(A) + P(B) 
Ï±l× : 
 A1, A2 …… An GuT] Juû\ùVôuß ®XdÏm ‘n’ ¨Lrf£Ls 

G²p  

 P(A1 ∪ A2 ∪ … ∪ An) = P(A1) + P(A2) + P(A3) + … + P(An) 
G,Lô, 10.1: 
 A, B Utßm C Gu\ Juû\ùVôuß ®Xd¡V êuß ¨Lrf£Lû[ 

UhÓúU ùLôiÓs[ JÚ úNôRû]«u ¨Lrf£L°u ¨LrRLÜLs 

©uYÚUôß ùLôÓdLlThÓs[], CûY Nôj§VUô]ûYVô G] 

BWônL, 

 (i) P(A) = 
1
3   , P(B) = 

1
3  , P(C) = 

1
3  

 (ii) P(A) = 
1
4  , P(B) = 

3
4  , P(C) = 

1
4  

 (iii) P(A) = 0.5 , P(B) = 0.6 , P(C) = − 0.1 
 (iv) P(A) = 0.23 , P(B) = 0.67 , P(C) = 0.1 
 (v) P(A) = 0.51 , P(B) = 0.29 ,  P(C) = 0.1 
¾oÜ : 
 (i) P(A), P(B) Utßm P(C)-u U§l×Ls VôÜm [0, 1]  Gu\ ê¥V 

CûPùY°dÏs AûUkÕs[], úUÛm. CYt±u 

áhÓjùRôûL 

  P(A) + P(B) + P(C) = 
1
3  + 

1
3  + 

1
3  = 1 

  ùLôÓdLlThÓs[ ¨LrRLÜLs Nôj§VUô]ûYúV 

 (ii) O ≤ P(A), P(B), P(C) ≤ 1 G] ùLôÓdLlThÓs[Õ, B]ôp 

CYt±u áhÓjùRôûL 

  P(A) + P(B) + P(C) = 
1
4  + 

3
4  + 

1
4  = 

5
4  > 1 

  G]úY ùLôÓdLlThÓs[ ¨LrRLÜLs Nôj§VUô]ûY ApX, 

 (iii) P(C) = − 0.1 JÚ Ïû\ GiQô«ÚlTRôp CÕ Nôj§VUô]RpX, 
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 (iv) Nôj§VUô]Õ, Hù]²p 0 ≤ P(A), P(B), P(C) ≤ 1 úUÛm CYt±u 

áhÓjùRôûL P(A) + P(B) + P(C) = 0.23 + 0.67 + 0.1 = 1 

 (v) 0 ≤ P(A), P(B), P(C) ≤ 1 CÚkRôÛm. CYt±u áhÓjùRôûL 

  P(A) + P(B) + P(C) = 0.51 + 0.29 + 0.1 = 0.9 ≠ 1. 
  G]úY CÕ Nôj§VUpX, 

Ï±l× : 
 úUtá±V GÓjÕdLôhÓL°p JqùYôÚ úNôRû]dÏm N¬Vô] 

êuß ¨Lrf£Ls UhÓúU Es[], G]úY AûYVôÜU[ô®V 

¨Lrf£L[ôÏm, ARôYÕ AûYL°u úNol× áßùY° LQUôÏm, 

G]úYRôu CûYL°u ¨LrRLÜL°u áhÓjùRôûL 1dÏ NUUôL 

CÚjRp úYiÓm, 

G,Lô, 10.2: CWiÓ SôQVeLs JúW NUVj§p JÚØû\ 

ÑiPlTÓ¡u\], 
  (i)    N¬VôL JÚ RûX (ii) Ïû\kRÕ JÚRûXVôYÕ  

   (iii) A§LThNUôL JÚ RûX ¡ûPlTRtLô] ¨LrRLÜLû[d  

                                        LôiL, 

¾oÜ : 
 áßùY°  S = {HH, HT, TH, TT},  n(S) = 4 
 A GuTÕ N¬VôL JÚRûXûVl ùT\dá¥V ¨Lrf£ GuL, B 

GuTÕ Ïû\kRÕ JÚRûXVôYÕ ùT\dá¥V ¨Lrf£ GuL, C GuTÕ 

A§LThNUôL JÚRûXûVl ùT\dá¥V ¨Lrf£ GuL, 

 ∴ A = {HT, TH}, n(A) = 2    
      B = {HT, TH, HH}, n(B) = 3    
      C = {HT, TH, TT}, n(C) = 3 

 (i) P(A) = 
n(A)
n(S)  = 

2
4  = 

1
2     (ii) P(B) = 

n(B)
n(S)  = 

3
4     (iii) P(C) = 

n(C)
n(S)  = 

3
4  

G,Lô, 10.3: JÚ úNô¥l TLûPLû[ EÚh¥ ®ÓmúTôÕ AYt±u 

áhÓjùRôûL  (i) 7    (ii) 7 ApXÕ 11    (iii) 11 ApXÕ 12 

¡ûPlTRtLô] ¨LrRLÜLû[d LôiL, 

¾oÜ : 

 áßùY° S = {(1,1), (1,2) … (6,6)} 

 ¨LZdá¥V ùUôjR A¥lTûP ¨Lrf£Ls = 62 = 36 = n(S) 

 A, B, Uôtß C B]Õ Øû\úV áhÓjùRôûL 7, 11 Utßm 12 

¡ûPlTRtLô] ¨Lrf£Ls GuL, 



 191

 ∴ A = {(1,6), (2,5), (3,4), (4,3), (5,2),(6,1)},  n(A) = 6. 

  B = {(5,6), (6,5)},  n(B) = 2 

  C = {(6, 6)},  n(C) =1 

 (i)  P(áhÓjùRôûL7) = P(A) = 
n(A)
n(S)  = 

6
36  = 

1
6  

 (ii)P (7 ApXÕ 11)= P(A or B) = P(A ∪ B) 
   = P(A) + P(B)    

(‡AÙm BÙm Juû\ùVôuß ®Xd¡V ¨Lrf£Ls  i.e. A∩B=φ) 

   = 
6

36  + 
2
36  = 

8
36  = 

2
9  

  P(7 or 11) = 
2
9  

 (iii) P (11 or 12) = P(B or C)  =  P(B ∪ C) 
  = P(B) + P(C)         

(‡ B, C Juû\ùVôuß ®Xd¡V ¨Lrf£Ls) 

   = 
2

36  + 
1

36  = 
3

36   =  
1
12  

 P(11 ApXÕ 12)= 
1

12  

G,Lô, 10.4: êuß ùYqúYß SToLÞdÏ êuß L¥ReLs 

GÝRlThÓ êuß Eû\L°p AYoLÞdLô] ®XôNØm 

GÝRlThÓs[], ØLY¬ûVl TôodLôUúX L¥ReLû[ 

Eû\«−ÓmúTôÕ  (i) GpXô L¥ReLÞm AYt±tÏ¬V N¬Vô] 

Eû\«−P (ii) GpXô L¥ReLÞúU RY\ôL Eû\«−P ¨LrRLÜLs 

LôiL, 

¾oÜ : 
 A, B Utßm C GuTûY Eû\Lû[d Ï±dÏm GuL, 1, 2 Utßm 3 
B]Õ Øû\úV A, B Utßm CdLô] L¥ReLû[d Ï±dÏm GuL, 

 L¥ReLû[ Eû\L°p CÓYRtLô] GpXô Nôj§VdáßLÞm 

©uYÚUôß : 

                            Nôj§VdáßLs 

  c1 c2 c3 c4 c5 c6 

 A 1 1 2 2 3 3 
Eû\Ls B 2 3 1 3 1 2 
 C 3 2 3 1 2 1 
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 X GuTÕ GpXô êuß L¥ReLÞm AYt±tÏ¬V N¬Vô] 

Eû\«−ÓYRtLô] ¨Lrf£ GuL, 

 Y GuTÕ êuß L¥ReLÞúU RY\ôL Eû\«−ÓYRtLô] 

¨Lrf£ GuL, 

 S = { }c1, c2, c3, c4, c5, c6 , n(S) = 6   

 X = {c1},    n(X) = 1           Y = {c4, c5},      n(Y) = 2 

   ∴ P(X) = 
1
6    

   P(Y) = 
2
6  = 

1
3 

G,Lô, 10.5: JÚ ¡¬dùLh NeLj§p ùUôjRm 15 Eßl©]oLs 

Es[]o, AYoL°p 5 úTo UhÓúU TkÕ ÅÑm §\m TûPjRYoLs, 

CYoLÞs 11úTo ùLôiP JÚ ÏÝ®p Ïû\kRÕ 3 TkÕ 

ÅfNô[oL[ôYÕ CPmùTßYRtLô] ¨LrRLÜ LôiL, 

¾oÜ : 
 A, B Utßm C Gu\ ¨Lrf£Ls AûUYRtLô] Y¯Ls 

©uYÚUôß : 
11 Eßl©]oL°u 

úNoÜ 

úNoÜ AûUYRtLô] 

Y¯L°u Gi¦dûL 
 

¨Lrf£Ls 

5 TkÕ 

ÅfNô[oLs 
Ut\  

10 úTo   

5 TkÕ 

ÅfNô[oLs  
Ut\ 10  

úTo 

úRoÜ ùNnÙm 

®ReL°u ùUôjR 

Gi¦dûL 

A 3 8 5c3 10c8 5c3 × 10c8 

B 4 7 5c4 10c7 5c4 × 10c7 

C 5 6 5c5 10c6 5c5 × 10c6 

       

VôÜU[ô®V ¨Lrf£L°u

ùUôjR Gi¦dûL  = 


15 Eßl©]oL°−ÚkÕ

11 ®û[VôhÓ ÅWoL°u úNoÜ
 

   n(S) = 15C11 

P (Ïû\kRÕ 3 TkÕ ÅfNô[oL[ôYÕ) = P[A ApXÕ B ApXÕ C] 

  = P[A∪ B ∪ C] 
  = P(A) + P(B) + P(C)        

(‡¨Lrf£Ls A, B, C Juû\ùVôuß ®Xd¡V ¨Lrf£Ls) 

  = 
5C3 × 10C8

15C11
  + 

5C4 × 10C7
15C11

  + 
5C5 × 10C6

15C11
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  = 
5C2 × 10C2

15C4
 + 

5C1 × 10C3
15C4

 +
5C0 × 10C4

15C4
  (‡nCr= nCn−r) 

  = 
450

1365  + 
600

1365  + 
210
1365  = 

1260
1365  

P (Ïû\kRÕ 3 TkÕ ÅfNô[oL[ôYÕ) = 
12
13  

T«t£ 10.1 
 (1) Juû\ùVôuß ®Xd¡V A, B, C Utßm D Gu\ SôuÏ 

¨Lrf£Lû[ UhÓúU ùLôiP JÚ úNôRû]«u ¨Lrf£L°u 

¨LrRLÜ ©uYÚUôß 

  (i)   P(A) = 0.37, P(B) = 0.17, P(C) = 0.14, P(D) = 0.32 
  (ii)  P(A) = 0.30, P(B) = 0.28, P(C) = 0.26, P(D) = 0.18 

  (iii) P(A) = 0.32, P(B) = 0.28, P(C) = − 0.06, P(D) = 0.46 
  (iv)  P(A) = 1/2,  P(B) = 1/4,  P(C) = 1/8,  P(D) = 1/16 
  (v) P(A) = 1/3,  P(B) = 1/6,  P(C) = 2/9,  P(D) = 5/18 
  úUtá±VYt±p Es[ ¨LrRLÜLs Nôj§VUô]ûYVô G]j 

¾oUô²dLÜm, 

 (2) CWiÓ TLûPd LônLû[ JÚØû\ EÚh¥ ®ÓmúTôÕ 

AYt±u áhÓjùRôûL (i) 5dÏm Ïû\YôL  (ii) 10dÏ 

úUtThPRôL (iii) 9 ApXÕ 11 ¡ûPlTRtLô] ¨LrRLÜLs 

LôiL, 

 (3) êuß SôQVeLs JÚØû\ ÑiPlTP¡u\], (i) N¬VôL 

CWiÓ RûXLs (ii) Ïû\kRÕ CWiÓ RûXLs (iii) 
A§LThNUôL CWiÓ RûXLs ¡ûPlTRtLô] ¨LrRLÜLs 

LôiL, 

 (4) 52 ºhÓdLû[ ùLôiP JÚ Lh¥−−ÚkÕ JÚ ºhÓ 

EÚYlTÓ¡\Õ, AfºhÓ 

  (i) LôXôhTûP ÅWu (jack)  (ii) 5 ApXÕ ARtÏm Ïû\Yô] 

Gi 

  (iii) AW£ (Queen) ApXÕ 7 ¡ûPlTRtLô] ¨LrRLÜLs LôiL, 

 (5) JÚ ûT«p 5 ùYsû[¨\l TkÕLÞm. 7 LÚl× ¨\l TkÕLÞm 

Es[], ûT«−ÚkÕ 3 TkÕLû[ NUYônl× Øû\«p 

GÓdLlThPôp  (i) êußúU ùYsû[¨\l TkÕLs (ii) Juß 

ùYsû[l TkÕ. CWiÓ LÚl×¨\l TkÕLs ¡ûPlTRtLô] 

¨LrRLÜLû[d LôiL, 
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 (6) JÚ ùTh¥«p 10 ªu ®[dÏLs Es[], AYtßs CWiÓ 

úNRUûPkÕs[], NUYônl× Øû\«p 5 ªu ®[dÏLs 

GÓdLlThPôp. AYtßs GÕÜúU úNRUûPVôÕ 

CÚlTRtLô] ¨LrRLÜ Gu]? 

 (7) JÚ ùTh¥«p 4 UômTZeLÞm. 3 Bl©s TZeLÞm Es[], 

NUYônl× Øû\«p CWiÓ TZeLs GÓdLlThPôp (i) JÚ 

UômTZØm JÚ Bl©s TZØm (ii) CWiÓm JúW YûLûVf 

NôokRRôLÜm ¡ûPlTRtLô] ¨LrRLÜLû[d LôiL, 

 (8) JÚ Ts°«p ªLf£\kR 10 UôQY UôQ®L°p 6 úTo 

UôQ®Ls. 4 úTo UôQYoLs, NUYônl× Øû\«p 4 úTo 

ùLôiP ÏÝ Juß A±Ül úTôh¥dLôLj úRoÜ 

ùNnVlTÓ¡\Õ, ÏÝ®p Ïû\kRÕ 2 UôQ®L[ôYÕ CPm 

ùTßYRtLô] ¨LrRL®û]d LôiL, 
 (9) (i) JÚ NôRôWQ YÚPj§p (ii) JÚ Äl YÚPj§p 53 

Oô«tßd¡ZûULs YÚYRtLô] ¨LrRLÜLs LôiL, 
 (10) ØRp 50 ªûL ØÝdL°−ÚkÕ JÚ Gi úRokùRÓdLlTÓ¡\Õ, 

AÕ JÚ TLô Gi ApXÕ 4-Cu UPeLôL CÚdL ¨LrRLÜ 

VôÕ? 

10.3 ¨LrRL®u £X A¥lTûPj úRt\eLs 

 ¨LrRL®V−p Es[ GpXôj úRt\eLÞm úSW¥VôLúYô 

ApXÕ Uû\ULUôLúYô. ¨LrRL®u A¥lTûPd ùLôsûLLû[l 

TVuTÓj§úV RÚ®dLlTÓ¡u\], 

 ¨LrRL®u £X Ød¡Vj úRt\eLû[ CeÏ LôiúTôm, 
úRt\m 10.1: SPdL®VXô ¨Lrf£«u ¨LrRLÜ éf£Vm,  

 ARôYÕ  P(φ) = 0   

¨ìTQm :  
 SPdL®VXô ¨Lrf£ φp. SGu\ áßùY°«p Es[ GkR JÚ 

Eßl×m CÚdLôÕ, 

   ∴ S ∪ φ = S 
   P(S ∪ φ) = P(S) 
   P(S) + P(φ) = P(S)      

(‡ SÙm φÙm Juû\ùVôuß ®XdÏm ¨Lrf£Ls) 

   ∴  P(φ) = 0 
úRt\m 10.2: 

 Ā GuTÕ A«u ¨Wl©Vô]ôp  P(Ā) = 1 − P(A)   
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¨ìTQm : 
S GuTÕ áßùY° GuL, 

 A ∪ A
−

  = S 

 P(A ∪ A
−

 ) = P(S) 

 P(A) + P(A
−

 ) = 1  

(‡ AÜm A
−

 m Juû\ùVôuß 

®Xd¡V ¨LrÜLs, úUÛm  
P(S) = 1) 

 ∴ P(A
−

 ) = 1 − P(A) 

 

 
Fig. 10. 1 

 

úRt\m 10.3: A, BGuT] HúRàm CÚ ¨Lrf£Ls, B
−

  GuTÕ Bu 

¨Wl©ùV²p 

P(A ∩ B
−

) = P(A) − P(A ∩ B)  
¨ìTQm : 

   AGuTÕ (A ∩ B
−

 ) Utßm (A ∩ B) 
B¡V Juû\ùVôuß ®Xd¡V 

CÚ ¨Lrf£L°u úNodûLVôÏm, 

(TPm 10.2I LôiL) 

 i.e.  A = (A ∩ B
−

 ) ∪ (A ∩ B) 

 ∴  P(A) = P[(A ∩ B
−

) ∪ (A ∩ B)]  
 

Fig. 10. 2 

 (‡(A ∩ B
−

 ) Utßm (A ∩ B) Juû\ùVôuß ®Xd¡V ¨Lrf£Ls) 

   P(A) = P(A ∩ B
−

 ) + P(A ∩ B) 

 Uôt±VûUdL  P(A ∩ B
−

 )  = P(A) − P(A ∩ B) 

 CúR úTôp   P (A
−

  ∩ B) = P(B) − P(A ∩ B)  G] ¨ßYXôm 
úRt\m 10.4: ¨LrRL®u áhPp úRt\m   
(Addition theorem on Probability) : 
 A, B GuT] HúRàm CÚ ¨Lrf£Ls G²p. 

P(A ∪ B) = P(A) + P(B) − P(A ∩ B)   
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¨ìTQm : 

 A ∪ B = (A ∩ B
−

 ) ∪ B    
 (TPm10.3I TôodL) 

 P(A ∪ B) = P[(A ∩ B
−

) ∪ B]  

(‡ A∩ B
−

 Ùm BÙm Juû\ùVôuß 

®Xd¡V ¨Lrf£Ls) 

  = P(A ∩ B
−

 ) + P(B)  

TPm 10. 3 

  = [P(A) − P(A ∩ B)] + P(B)         (úRt\m 3u T¥) 

 ∴ P(A∪ B) = P(A) + P(B) − P(A ∩ B) 
Ï±l× : 
 úUÛs[ ¨LrRLÜ áhPp úRt\j§u êuß ¨Lrf£LÞdLô] 

®¬YôdLm, A, B Utßm C HúRàm êuß ¨Lrf£L°p G²p  

 P(A∪B∪C) = {P(A)+P(B)+P(C)}  − {P(A ∩ B)+P(B ∩ C)+P(C ∩ A)} 

   + P(A∩B∩C) 
G,Lô, 10.6:  

 P(A) = 0.35, P(B) = 0.73 Utßm P(A ∩ B) = 0.14 G²p 

©uYÚY]Yt±u U§l×Lû[d LôiL, 

 (i)P(A∪B)    (ii) P(A
−

 ∩B)    (iii) P(A∩B
−

 )     (iv) P(A
−

 ∪B
−

 )   (v) P(A∪ B
−

 ) 
¾oÜ : 

 (i)  P(A ∪ B) = P(A) + P(B) − P(A ∩ B) 

    = 0.35 + 0.73 − 0.14 = 0.94 

   P(A ∪ B) = 0.94 

 (ii)  P(A
−

  ∩ B) = P(B) − P(A ∩ B) 

    = 0.73 − 0.14 = 0.59 

   P(A
−

  ∩ B) = 0.59 

 (iii) P(A ∩ B
−

 ) = P(A) − P(A ∩ B) 

    = 0.35 − 0.14 = 0.21 

   P(A ∩ B
−

 ) = 0.21 
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 (iv) P(A
−

  ∪ B
−

 ) = P(A ∩ B
 

 ) = 1 − P(A ∩ B) = 1 − 0.14 

   P(A
−

  ∪ B
−

 ) = 0.86 

 (v)  P(A∪ B


 ) = 1 − P(A ∪ B) = 1 − 0.94 = 0.06        (by (1)) 

   P(A∪ B


 ) = 0.06 

G,Lô, 10.7: SuÏ LûXdLlThP 52 ºhÓdLû[d ùLôiP JÚ ºhÓd 

Lh¥−ÚkÕ JÚ ºhÓ EÚYlTÓ¡\Õ, AfºhPô]Õ (i) AWNu 

ApXÕ AW£  (ii) AWNu ApXÕ vúTh (iii) AWNu ApXÕ LÚl×f 

ºhÓ  ¡ûPlTRtLô] ¨LrRLÜLû[d LôiL, 

¾oÜ : 
 áßùY°«Ûs[ ×s°L°u Gi¦dûL = 52 

 i.e. n(S) = 52 
 A-AWNû]j úRokùRÓlTRtLô] ¨Lrf£;         

 B-AW£ûVj úRokùRÓlTRtLô] ¨Lrf£ 

 C-vúTh ºhûPj úRokùRÓlTRtLô] ¨Lrf£ 

 D-LÚl×¨\f ºhûPj úRokùRÓlTRtLô] ¨Lrf£ GuL, 

 ∴ n(A) = 4,          n(B) = 4,            n (C) = 13,          n(D) = 26 

 úUÛm  n(A ∩ C) = 1,         n(A ∩ D) = 2 

 (i) P [AWNu ApXÕ AW£] = P[A ApXÕ B] = P(A ∪ B) 

   = P(A)+ P(B)    

(∴ A, B Juû\ùVôuß ®Xd¡V ¨Lrf£Ls i.e. A ∩ B = φ) 

   = 
n(A)
n(S)  + 

n(B)
n(S)  

   = 
4

52  + 
4

52   =  
2
13  

 (ii)P[AWNu ApXÕ vúTh] = P(A ApXÕ C) = P(A ∪ C) 

   = P(A)+P(C)−P(A∩C)    

(∴ AÙm CÙm Juû\ùVôuß ®XdLô ¨Lrf£) 

   = 
4

52  + 
13
52  − 

1
52  = 

16
52  

   = 
4

13  
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 (iii)P[AWNu ApXÕ LÚl×¨\f ºhÓ] = P(A ApXÕ D) = P(A ∪ D) 

   = P(A) + P(D) − P(A ∩ D)   

(Q AÙm DÙm Juû\ùVôuß ®XdLô ¨Lrf£Ls) 

   = 
4

52  + 
26
52  − 

2
52  = 

28
52  

   = 
7

13  

G,Lô, 10.8:   JÚ UôQ®dÏ IITp CPm ¡ûPlTRtLô] ¨LrRLÜ 0.16, 
AWÑ UÚjÕYd Lpí¬«p CPm ¡ûPlTRtLô] ¨LrRLÜ 0.24, 
CWi¥Ûm CPm ¡ûPlTRtLô] ¨LrRLÜ 0.11 G²p AYÚdÏ (i) 
CWi¥p Ïû\kRÕ K¬Pj§XôYÕ CPm ¡ûPlTRtLô] (ii) 
CWi¥p Ju±p UhÓúU CPm ¡ûPlTRtLô] 

 ¨LrRLÜLû[d LôiL, 

¾oÜ : 

 I GuTÕ IITp CPm ¡ûPlTRtLô] ¨Lrf£ GuL, M GuTÕ 

AWÑ UÚjÕYd Lpí¬«p CPm ¡ûPlTRtLô] ¨Lrf£ GuL, 

 ∴ P(I) = 0.16, P(M) = 0.24 Utßm P(I ∩ M) = 0.11 

 (i) P(Ïû\kRÕ K¬Pj§XôYÕ CPm ¡ûPdL) 

    = P(I or M) = P(I ∪ M) 

    = P(I) + P(M) − P(I ∩ M) 

    = 0.16 + 0.24 − 0.11 

    = 0.29 

 (ii) P(Ju±p UhÓúU CPm ¡ûPdL) = P[I ApXÕ M]. 

= P[(I ∩ M
−

) ∪ ( I
−

 ∩ M)] 

= P(I ∩ M
−

 ) + P(I
−

  ∩ M) 

= {P(I)−P(I∩M)}+{P(M)−P(I∩M)}  

= {0.16 − 0.11} + {0.24 − 0.11} 

= 0.05 + 0.13 

= 0.18  
TPm 10. 4 
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T«t£ 10.2 
 (1) JÚ NUYônl×f úNôRû]«p P(A) = 0.36, P(A ApXÕ B) = 0.90 

Utßm P(AÜm BÙm) = 0.25 G²p (i) P(B),   (ii) P(A
−

 ∩B
−

 ) 
B¡VYtû\d LôiL, 

 (2) P(A) = 0.28, P(B) = 0.44 Utßm Cq®Ú ¨Lrf£Ls AÙm BÙm 

Juû\ùVôuß ®Xd¡V ¨Lrf£Ls G²p 

  (i) P(A
−

 )   (ii) P(A ∪ B)   (iii) (A ∩ B
−

 )      iv) P(A
−

  ∩ B
−

 ) B¡VYtû\d 

LôiL, 

 (3) P(A) = 0.5, P(B) = 0.6  Utßm P(A ∩ B) = 0.24.  G²p  

   (i) P(A ∪ B)   (ii) P(A
−

  ∩ B) (iii) P(A ∩ B
−

 )    

  (iv) P(A
−

  ∪ B
−

 ) (v) P(A
−

  ∩ B
−

 ) B¡VYt±û]d LôiL, 

 (4) JÚ TLûP CÚØû\ EÚhPlTP¡\Õ, “ØRp Øû\ ÅÑY§p 4 

®ÝYÕ” ¨Lrf£ A G]Üm. “CWiPôYÕ Øû\ ÅÑY§p 4 

®ÝYÕ” B G]Üm ùLôiPôp P(A ∪ B)I LôiL, 

 (5) A Gu\ ¨Lrf£«u ¨LrRLÜ 0.5.  B Gu\ ¨Lrf£«u ¨LrRLÜ 

0.3. AÙm BÙm Juû\ùVôuß ®Xd¡V ¨Lrf£Lù[²p AÜm 

ApXôUp BÙm ApXôUp CÚdLdá¥V ¨Lrf£«u ¨LrRLÜ 

VôÕ? 

 (6) 52 ºhÓLs Es[ JÚ ºhÓd Lh¥−ÚkÕ NUYônl× Øû\«p 

JÚ ºhÓ EÚYlTÓ¡\Õ, AkRf ºhÓ  (i) AW£ ApXÕ d[l 
(ii) AW£ ApXÕ LÚl×f ºhÓ ¡ûPlTRtLô] ¨LrRLÜLû[d 

LôiL, 

 (7) ×§RôL JÚ LlTp LhPlThÓs[Õ, AdLlT−u AûU©tLôL 

ARtÏ ®ÚÕ ¡ûPlTRtLô] ¨LrRLÜ 0.25. úSoj§Vô] 

Øû\«p êXlùTôÚhLû[l TVuTÓj§VRtLôL ARtÏ ®ÚÕ 

¡ûPlTRtLô] ¨LrRLÜ 0.35. úUtLiP CÚ ®ÚÕLû[Ùm 

ùTßYRtLô] ¨LrRLÜ 0.15 G²p  

  (i) Ïû\kRÕ JÚ ®ÚRôYÕ ¡ûPlTRtÏ 

  (ii) JúW JÚ ®ÚÕ UhÓm ¡ûPlTRtÏ ¨Lr RLÜLs VôûY? 

10.4 Nôo×¨ûX ¨Lr RLÜ (Conditional probability) : 
 Nôo×¨ûX ¨LrRL®u LÚjRôdLj§û] A±kÕd ùLôs[ 

ØR−p JÚ GÓjÕdLôh¥û]d LôiúTôm, 
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 JÚ ºWô] TLûP EÚhPlTÓYRôLd ùLôsúYôm, ARu 

áßùY° S = {1, 2, 3, 4, 5, 6}. 
 ClúTôÕ Sôm CÚ ®]ôdLû[ GÝl×úYôm, 

 Q 1: TLûP«p 4-I ®Pd Ïû\Yô] CWhûPlTûP Gi 

¡ûPlTRtLô] ¨LrRLÜ VôÕ? 

 Q2 : TLûP«p CWhûPlTûPùVi ®Ýk§Úl©u AÕ 4I 

®Pd Ïû\Yô]RôL ¡ûPdL ¨LrRLÜ VôÕ? 

¨ûX 1: 
 4I ®Pd Ïû\Yô] CWhûPlTûP GiLs ¡ûPlTRtLô] 

¨Lrf£ {2} BÏm, 

 ∴ P1 = 
n({2})

n({1, 2, 3, 4, 5, 6})
  = 

1
6  

¨ûX 2: 
 CeÏ ØR−p áßùY° SI CWhûPlTûP GiLû[ UhÓúU 

ùLôiP JÚ ETLQj§tÏ LhÓlTÓjÕ¡ú\ôm, ARôYÕ{2, 4, 6} 

Gu\ ETLQj§tÏ LhÓlÓjR¡ú\ôm, ©\Ï 4I ®Pd Ïû\Yô] 

CWhûPlTûP Gi ¡ûPlTRtLô] ¨Lrf£ {2}dÏ ¨LrRLÜ 

Lôi¡ú\ôm, 

 ∴ P2 = 
n ({2})

n({2, 4, 6})  = 
1
3  

 úUtLiP CWiÓ ¨ûXL°Ûm ¨LZdá¥V ¨Lrf£Ls Ju\ôL 

CÚkRôÛm. AYt±u VôÜU[ô®V ®û[®û]Ls ùYqúY\ôL 

CÚd¡u\], 

 ¨ûX CWi¥p. áßùY°ûV JÚ Ï±l©hP ¨TkRû]dÏ 

EhTÓj§ ©\Ï ¨LrRL®û]d LiP±¡ú\ôm, CjRûLV 

¨LrRLYô]Õ Nôo× ¨ûX ¨LrRLÜ G]lTÓm, 

YûWVû\ (Nôo×¨ûX ¨LrRLÜ) : (Conditional probability) :  
 ¨Lrf£ A HtL]úY ¨LrkÕs[ ¨ûX«p Au ¨TkRû]«p 

B«u Nôo×¨ûX ¨LrRLÜ P (B/A)  G]d Ï±dLlT¥u.  

  P(B/A) = 
P(A ∩ B)

P(A)    P(A) ≠ 0 

 CúR úTôp  

  P(A/B) = 
P(A ∩ B)

P(B)   P(B) ≠ 0  G] YûWVßdLXôm, 

G,Lô, 10.9: P(A) = 0.4    P(B) = 0.5    P(A ∩ B) = 0.25   G²p 
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  (i) P(A/B) (ii) P(B/A)  (iii) P(A
−

/B)  

  (iv) P(B/A
−

)   (v) P(A/B
−

)  (vi) P(B
−

/A) Id LôiL, 

¾oÜ : 

 (i) P(A/B) = 
P(A ∩ B)

P(B)   = 
0.25
0.50  = 0.5 

 (ii) P(B/A)  = 
P(A ∩ B)

P(A)   = 
0.25
0.40  = 0.625 

 (iii) P(A
−

/B)  = 
P(A
−

 ∩ B)
P(B)   = 

P(B) − P(A ∩ B)
P(B)   = 

0.5 − 0.25
0.5   = 0.5 

 (iv) P(B/A
−

)  = 
P(B ∩ A

−
)

P(A
−

)
  = 

P(B) − P(A ∩ B)
1 − P(A)

   =  
0.5 − 0.25

1 − 0.4
   =  0.4167 

 (v) P(A/B
−

)  = 
P(A ∩ B

−
)

P(B
−

)
  = 

P(A) − P(A ∩ B)
1 − P(B)

   =  
0.4 − 0.25

1 − 0.5
   =  0.3 

 (vi) P(B
−

/A)  = 
P(A ∩ B

−
)

P(A)   = 
P(A) − P(A ∩ B)

P(A)    =  
0.4 − 0.25

0.4    =  0.375 

úRt\m 10.6 : ¨LrRL®u ùTÚdLp úRt\m  

(Multiplication theorem on probability) : 
     EP²LrÜL[ôL HtTÓm A, B Guàm CÚ ¨Lrf£L°u ¨LrRLÜ 

P(A ∩ B) = P(A) . P (B/A) 
ApXÕ   P(A ∩ B) = P(B) . P(A/B) 

Ï±l× : Nôo×¨ûX ¨LrRL®û] Uôt± GÝR ¨LrRL®u ùTÚdLp 

úRt\m ¡ûPd¡\Õ, 

Nôo©Xô ¨Lrf£Ls  (Independent events) : 
 ¨Lrf£L°p HúRàm JÚ ¨Lrf£ SûPùTßYÕm ApXÕ 

SûPùT\ôRÕUô] ¨LrÜ Ut\ ¨Lrf£L°u SûPùTßm ApXÕ 

SûPùT\ôûUdLô] ¨LrRL®û] Tô§dLôÕ G²p Ck¨Lrf£Lû[ 

Nôo©Xô ¨Lrf£Ls G] áßYo, 

YûWVû\ : P(A ∩ B) = P(A) . P(B)  G²p A, B Gu\ CÚ ¨Lrf£LÞm 

Nôo©Xô ¨Lrf£L[ôÏm, 
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 CkR YûWVû\ 

P(A/B) = P(A),    P(B/A)  = P(B) 

Ï±l× : P(A1 ∩ A2 ∩ A3 …… An) = P(A1). P(A2) … (An) G²p   
A1, A2 …… An GuTûY JußdùLôuß Nôo©Xô ¨Lrf£L[ôÏm 

¡û[j úRt\m 1: A Utßm B Nôo©Xô ¨Lrf£Ls Gu\ôp  

A Utßm B
−

  B¡VûYÙm Nôo©Xô ¨Lrf£Lú[VôÏm, 

¨ìTQm : 
 A Utßm B Nôo©Xô ¨Lrf£L[ôRXôp 

 P(A ∩ B) = P(A) . (PB) … (1) 

 A Ùm B
−

 m Nôo©Xô ¨Lrf£Ls G] ¨ßY. 

 P(A ∩ B
−

 ) = P(A) . P(B
−

 )G] ¨ßY úYiÓm, 

    Sôm A±kRT¥ 

 P(A ∩ B
−

 ) = P(A) − P(A ∩ B) 

  = P(A) − P(A) . P(B)     (by (1)) 

  = P(A) [1 − P(B)] 

 P(A ∩ B
−

 ) = P(A) . P(B
−

 ) 

 ∴ AÙm B
−

 m Nôo©Xô ¨Lrf£L[ôÏm, 

 CúRúTôp ©uYÚm ¡û[júRt\jûRÙm ¨ì©dLXôm, 

¡û[júRt\m 2: AUtßm B Nôo©Xô ¨Lrf£Ls G²p  

A
−

  Utßm B
−

  B¡VûYÙm Nôo©Xô ¨Lrf£L[ôÏm, 

Ï±l× : A1, A2… An B¡VûY JußdùLôuß Nôo©Xô ¨Lrf£Ls 

G²p. A
−

1, A
−

2, … A
−

n B¡VûYÙm JußdùLôuß Nôo©Xô 

¨Lrf£L[ôÏm, 

G,Lô, 10.10: 52 ºhÓLs ùLôiP JÚ ºhÓdLh¥−ÚkÕ CWiÓ 

ºhÓLs Ju\u©u Ju\ôL EÚYlTÓ¡\Õ, CWiÓúU AWN]ôLd 

¡ûPlTRtLô] ¨LrRL®û] ©uYÚm ¨TkRû]L°uT¥ LôiL, 

 (i)  ØR−p EÚ®V ºhÓ ÁiÓm ûYdLlTÓ¡\Õ        

 (ii) ØR−p EÚ®V ºhÓ Lh¥p ÁiÓm ûYdLlTP®pûX, 
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¾oÜ : 
 A GuTÕ ØRpØû\ GÓdLlTÓm úTôÕ AWN]ôL 

¡ûPdLlùTßm ¨Lrf£ GuL, 

 B GuTÕ CWiPôm Øû\ GÓdLlTÓmúTôÕ AWN]ôL 

¡ûPdLlùTßm ¨Lrf£ GuL, 

¨ûX i: ºhÓ ÁiÓm ûYdLlTÓ¡\Õ  
   n(A) = 4  (AWNu) 
   n(B) = 4  (AWNu) 
     Utßm   n(S) = 52 (ùUôjRm) 
 ¨Lrf£ AVô]Õ B«u ¨LrRL®û] Tô§dLôÕ, BRXôp AÜm 

BÜm Nôo©Xô ¨Lrf£L[ôÏm, 

   P(A ∩ B) = P(A) . P(B) 

    = 
4

52   ×  
4
52  

   P(A ∩ B) = 
1

169  

¨ûX ii: ºhÓ ÁiÓm ûYdLlTP®pûX 

 ØRpØû\ GÓdÏmúTôÕ ùUôjRm 52 ºhÓLÞm A§p 4 AWNu 

ºhÓLÞm CÚdÏm, ØRp ºhûP ÁiÓm ûYdLôUp CWiPôm 

Øû\ GÓdÏm úTôÕ ùUôjRm 51 ºhÓL°p 3 AWNu ºhÓLs 

CÚdÏm, G]úY ØR−p SPkR ¨Lrf£ AYô]Õ. ©u SPdÏm ¨Lrf£ 

B«u ¨LrRL®û]l Tô§d¡\Õ, BRXôp A,B ¨Lrf£Ls Nôo©Xô 

¨Lrf£Ls ApX, AûY JußdùLôuß NôokR ¨Lrf£L[ôÏm, 

   ∴ P(A ∩ B) = P(A) . P(B/A)  

  CeÏ. P(A)  =  
4

52       ;        P(B/A)  = 
3
51  

    P(A ∩ B) = P(A) . P(B/A)  = 
4

52  . 
3
51  

    P(A ∩ B) = 
1

221  

G,Lô, 10.11:  JÚ SôQVm CÚØû\ Ñi¥®PlTÓ¡\Õ, E = 
ØRpØû\ ÑiÓmúTôÕ RûX ®ÝRp. F = CWiPôm Øû\ ÑiÓm 

úTôÕ RûX ®ÝRp G] YûWVßdLlThPôp ©uYÚm 

¨LrRL®û]d LôiL, 

  (i) P(E ∩ F) (ii) P(E ∪ F)     (iii) P(E/F)  
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         (iv) P(E
−

/F)  (v) E Utßm F Nôo©Xô ¨Lrf£L[ô? 

¾oÜ : áßùY°   

   S = {(H,H), (H, T), (T, H), (T, T)} 

   Utßm  E = {(H, H), (H T)} 

   F = {(H, H), (T, H)} 

   ∴ E ∩ F = {(H, H)} 

 (i)  P(E  ∩ F) = 
n (E ∩ F)

n(S)    =  
1
4  

 (ii)  P(E ∪ F) = P(E) + P(F) − P(E ∩ F)       

    = 
2
4  + 

2
4  − 

1
4   =  

3
4       

   P(E ∪ F) = 
3
4  

 (iii)  P(E/F) = 
P(E ∩ F)

P(F)    =  
1/4
2/4   =  

1
2  

 (iv)  P(E
−

/F)  = 
P (E

−
 ∩ F)

P(F)    =  
P(F) − P(E ∩ F)

P(F)   

    = 
2/4 − 1/4

2/4     =   
1
2  

   P(E
−

/F)  = 
1
2  

 (v)  P(E) = 
2
4   =  

1
2   ,   P(F)  =  

2
4   =  

1
2  

   P(E ∩ F) = 
1
4  

   ∴  P(E) P(F) = 
1
2  . 

1
2   =  

1
4    

   P(E ∩ F) = P(E) . P(F) BRXôp 

 E Utßm F Nôo©Xô ¨Lrf£L[ôÏm. 

 úUtLiP GÓjÕdLôh¥p E Utßm F Juû\ùVôuß ®Xd¡V 

¨Lrf£L[pX, B]ôp AûY Nôo©Xô ¨Lrf£L[ôÏm, 
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Ød¡V Ï±l× : 
 Nôo©Xô RuûU ¨LrRL®u Ti×Lû[d ùLôiPÕ, B]ôp 

Juû\ùVôuß ®Xd¡V ¨Lrf£Ls LQeL°u Ti×Lû[d 

ùLôiPÕ, BûLVôp Nôo©Xô ¨Lrf£Lû[ AYt±u ¨LrRLÜL°u 

êXØm. Juû\ùVôuß ®Xd¡V ¨Lrf£Lû[ AYt±u 

LQeL[ôLd ùLôiÓm LiP±VXôm, 

úRt\m 10.7: A Utßm B Gu\ CÚ ¨Lrf£L[ô]ûY P(A) ≠ 0, P(B) ≠ 0 

G] CÚl©u 

 (i) A Utßm B Juû\ùVôuß ®Xd¡V ¨Lrf£Ls G²p AûY 

Nôo©X ¨Lrf£L[ôL CÚdL CVXôÕ, 

 (ii)  A Utßm B Nôo©Xô ¨Lrf£Ls G²p AûY Juû\ùVôuß 

®Xd¡V ¨Lrf£L[ôL CÚdL CVXôÕ, (¨ìTQm 

úRûY«pûX) 

G,Lô, 10.12: P(A) = 0.5, P(A ∪ B) = 0.8 Utßm A, B Nôo©Xô ¨Lrf£Ls 

G²p P(B)Id LôiL, 

¾oÜ : 

   P(A ∪ B) = P(A) + P(B) − P(A ∩ B) 

   P(A ∪ B) = p(A)+P(B)−P(A).P(B)  

(Q A Utßm B Nôo©Xô ¨Lrf£Ls) 

  i.e. 0.8 = 0.5 + P(B) − (0.5) P(B) 

   0.8 − 0.5 = (1 − 0.5) P(B) 

   ∴ P(B) = 
0.3
0.5   =  0.6 

   P(B) = 0.6 

G,Lô, 10.13: X, Y Utßm Z Gu\ êuß UôQYoL°Pm JÚ LQdÏ 

¾oÜ LôQd ùLôÓdLlTÓ¡\Õ, AYoLs AûR ¾olTRtLô] ¨LrRLÜ 

Øû\úV 
1
2 , 

1
3  Utßm 

2
5 G²p. AkR LQd¡û] ¾odLlTÓYRtLô] 

¨LrRLÜ VôÕ? 

¾oÜ : 

 X, Y Utßm Z Gu\ UôQYoLs LQd¡u ¾o®û]d 

LôiTRtLô] ¨Lrf£Lû[ Øû\úV A, B Utßm C GuL, 

 ∴  P(A) = 
1
2   ;  P(A

−
 ) = 1 − P(A) = 1 − 

1
2  = 

1
2  
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 P(B) = 
1
3   ;  P(B

−
 )  =  1 − P(B) = 1 − 

1
3   =  

2
3  

 P(C) = 
2
5   ;  P(C

−
 ) = 1 − P(C) = 1 − 

2
5   =  

3
5  

P[LQdÏ ¾odLlThPÕ] = P[Ïû\kRÕ JÚYWôYÕ LQd¡û] ¾oÜ 

LôiTÕ] 

  = P(A ∪ B ∪ C)  =  1 − P(A ∪ B ∪ C


 ) 

  = 1 − P(A
−

  ∩ B
−

  ∩ C
−

 )  (¼UôoLu ®§lT¥) 

  = 1 − P(A
−

 ) . P(B
−

 ) . P(C
−

 )  

(‡A,B,C Nôo©Xô ¨LrÜLs, G]úY A
−

 ,B
−

 , C
−

  Nôo©Xô ¨Lrf£L[ôÏm) 

  = 1 − 
1
2  . 

2
3  . 

3
5   =  1 −  

1
5  

P[LQdÏ ¾odLlThPÕ] = 
4
5  

G,Lô, 10.14 : X GuTYo 95% ¨ûXL°p EiûUúV úTÑTYo, Y 
GuTYo 90% ¨ûXL°p EiûUúV úTÑTYo G²p JúW LÚjûR 

CÚYÚm áßûL«p JÚYÚdùLôÚYo ØWiThP LÚj§û] 

ùR¬®lTRtLô] ¨ûXL°u NRÅRm VôÕ? 

¾oÜ : A GuTÕ X EiûUûV úTÑm ¨Lrf£ GuL, B GuTÕ Y 
EiûU úTÑm ¨Lrf£ GuL, 

 C GuTÕ JÚYÚdùLôÚYo ØWiThP LÚj§û] áßm ¨Lrf£ 

GuL, 

 P(A) = 0.95     ∴ P(A
−

 ) = 1 − P(A) = 0.05 

 P(B) = 0.90    ∴  P(B
−

 ) = 1 − P(B) = 0.10 

 ∴ C = (A EiûU úTN Utßm B EiûU 

úTNô§ÚlTÕ ApXÕ B EiûU úTN 

Utßm A EiûU úTNô§ÚlTÕ) 

 C = [(A ∩ B
−

) ∪ (A
−

 ∩ B)]   

 ∴ P(C) = P [(A ∩ B
−

) ∪ (A
−

 ∩ B)]    
TPm 10. 5 
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  = P(A ∩ B
−

 ) + P(A
−

  ∩ B)   

(‡A
−

  ∩ B Utßm A ∩ B
−

  JußdùLôuß ®Xd¡V ¨Lrf£Ls,) 

  = P(A) . P(B
−

 ) + P(A
−

 ) . P(B)       (Q A, B
−

  Nôo©Xô ¨Lrf£Ls,  

úUÛm A
−

 , B Nôo©Xô ¨Lrf£Ls) 

  = (0.95) × (0.10) + (0.05) (0.90) 
  = 0.095 + 0.045 
  = 0.1400 
 P(C) =14% 

T«t£ 10.3 
 (1) Nôo©Xô Utßm Juû\ùVôuß ®Xd¡V ¨Lrf£Lû[ 

YûWVßdL, CWiÓ ¨Lrf£Ls JúW NUVj§p Juû\ùVôuß 

®Xd¡V ¨Lrf£L[ôLÜm Nôo©Xô ¨Lrf£L[ôLÜm CÚdL 

CVÛUô? 

 (2) A Utßm B Nôo©Xô ¨Lrf£Ls G²p A
−

  Utßm B
−

  Nôo©Xô 

¨Lrf£Ls G] ¨ì©dL, 

 (3) P(A) = 0.4, P(B) = 0.7 Utßm P(B / A) = 0.5 G²p P(A / B) Utßm 
P(A ∪ B) B¡VYtû\d LôiL, 

 (4) P(A) = 2/5, P(B) =3/4 Utßm A ∪ B = (áßùY°) G²p. P(A / B)I 

LôiL, 

 (5) P(A ∪ B) = 0.6, P(A) = 0.2  Utßm A, B Nôo©Xô ¨Lrf£Ls G²p 

P(B)-Id LôiL, 

 (6) P(A ∪ B) = 5/6,     P(A ∩ B) = 1/3 Utßm  P(B
−

 ) = 1/2   G²p A 
Utßm B Nôo©Xô ¨Lrf£Ls G]d LôhÓL, 

 (7) P(A) = 0.25, P(B) = 0.48 Utßm A, B Nôo©Xô ¨Lrf£Ls G²p 

  find (i) P(A ∩ B)          (ii) P(B / A)          (iii) P(A
−

  ∩ B
−

 ) LôiL, 

 (8) P(A) = 0.50, P(B) = 0.40 úUÛm P(A ∩ B) = 0.20 G²p 

¸rdLôiTûYLû[f N¬TôodL, 

                      (i) P(A / B) = P(A),      (ii) P(A / B
−

 ) = P(A)    

                    (iii) P(B / A) = P(B)      (iv) P(B / A
−

 ) = P(B) 
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 (9) P(A) = 0.3, P(B) = 0.6 úUÛm P(A ∩ B) = 0.25  

  (i) P(A∪B)  (ii) P(A/B)  (iii) P(B/ A
−

 )   (iv) P(A
−

  / B)  (v) P(A
−

  / B
−

 )Id 

LôiL, 
 (10) P(A) = 0.45 Utßm P(A ∪ B) = 0.75 G²p ¸rdLiPYt±tÏ  

P(B)-u U§l©û]d LôiL, (i) A Utßm B Juû\ùVôuß 

®Xd¡V ¨Lrf£Ls (ii) A Utßm B Nôo©Xô ¨Lrf£Ls  
(iii) P(A / B) = 0.5       (iv) P(B / A) = 0.5 

 (11) 52 ºhÓLs ùLôiP ºhÓd Lh¥−ÚkÕ CWiÓ ºhÓLs 

Ju\u©u Ju\ôL EÚYlTÓ¡\Õ, ©uYÚm ¨ûXL°p. 

CWiÓ ºhÓLÞúU LôXôhTûP ÅWoL[ôL (jacks) 
¡ûPlTRtLô] ¨LrRLÜLs LôiL, (i) CWiPôm ºhÓ EÚÜm 

Øu]úW ØRp ºhÓ ÁiÓm Lh¥úXúV ûYdLlTÓ¡\Õ,  

(ii) ØRp ºhÓ Lh¥p ûYdLlTPôUp CWiPôm ºhÓ 

EÚYlTÓ¡\Õ, 
 (12) 52 ºhÓLs ùLôiP JÚ Lh¥−ÚkÕ JÚ ºhÓ EÚYlTÓ¡\Õ, 

¸rdLôiT]Yt±tÏ ¨LrRLÜLs LôiL, 

  (i) £Yl× AWN]ôL CÚlTÕ (ii) £Yl× Hv (Ace)BLúYô 

ApXÕ LÚl× Wô¦VôLúYô CÚlTÕ, 
 (13) JÚ ûT«p 5 ùYsû[¨\l TkÕLÞm 3 LÚl× ¨\l TkÕLÞm 

Es[], Utù\ôÚ ûT«p 4 ùYsû[l TkÕLÞm 6 LÚl×¨\l 

TkRLÞm Es[], JqùYôÚ ûT«−ÚkÕm JÚ TkÕ 

GÓdLlTP¡\Õ G²p (i) CWiÓm ùYsû[¨\l TkÕLs  

(ii) CWiÓm LÚl×¨\l TkÕLs (iii) JÚ ùYsû[ Utßm JÚ 

LÚl× TkÕ ¡ûPlTRtLô] ¨LrRLÜLs LôiL, 
 (14) JÚ LQYÚm Uû]®Ùm JúW TR®dÏ¬V CWiÓ Lô−Vô] 

CPeLÞdÏj úRoÜ ùNnV úSoØLj úRo®tÏ 

AûZdLlTÓ¡u\]o, LQYo úRoÜ ùNnVlTÓYRtLô] 

¨LrRLÜ 1/6. Uû]® úRoÜ ùNnVlTÓYRtLô] ¨LrRLÜ 1/5 

G²p 
  (i) CÚYÚúU úRoÜ ùNnVlTÓYRtÏ (ii) CÚY¬p JÚYo 

UhÓúU úRoÜ ùNnVlTÓYRtÏ (iii) CÚYÚúU úRoÜ 

ùNnVlTPôRRtLô] ¨LrRLÜLû[d LôiL, 
 (15) L¦R®V−p JÚ ®]ôYô]Õ êuß UôQYoL°Pm ¾oÜ 

LôiTRtLôLd ùLôÓdLlTÓ¡\Õ, AYoLs R²jR²úV 

¾olTRtLô] ¨LrRLÜ 1/2, 1/3 Utßm 1/4  (i) AkR ®]ô ¾oÜ 

ùLôi¥ÚlTRtLô] ¨Lr RLÜ VôÕ? (ii) N¬VôL JÚYo 

UhÓúU AkR ®]ô®tÏj ¾oÜ LôiTRtLô] ¨Lr RLÜ VôÕ? 
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 (16) NU Yônl× Øû\«p JÚ YÚPm úRokùRÓdLlTÓ¡\Õ, AÕ  
(i) 53 Oô«ßLû[d ùLôiPRôL CÚlTRu ¨Lr RLÜ VôÕ?  

(ii) 53 Oô«ßLû[d ùLôiP JÚ Äl YÚPUôL 

¡ûPlTRtLô] ¨LrRLÜ VôÕ? 
 (17) JÚ UôQYÚdÏ IITCp CPm ¡ûPlTRtLô] ¨LrRLÜ 60%, 

AYÚdÏ AiQô TpLûXd LZLj§p CPm ¡ûPlTRtLô] 

¨Lr RLÜ 75% G²p (i) CWi¥p N¬VôL Ju±p UhÓm CPm 

¡ûPlTRtLô] (ii) Ïû\kRÕ Ju±XôYÕ CPm 

¡ûPlTRtLô] ¨LrRLÜLû[d LôiL, 

 (18) JÚ CXdûL Ï±TôojÕ ÑÓmúTôÕ 5p 4 Øû\  AÜm. 4p 3Øû\ 

B-Ùm.  3p  2 Øû\ CÙm N¬VôL CXdûLf ÑÓ¡u\]o, AkR 

CXdûL N¬VôL CÚYo UhÓúU ÑÓYRtLô] ¨LrRLÜ VôÕ? 

 (19) JÚ YÏl©p 2/3 TeÏ UôQYoLÞm. ÁRm UôQ®VoLÞm 

Es[]o, JÚ UôQ® ØRp YÏl©p úRof£l ùT\ ¨LrRLÜ 

0.75. UôQYo ØRp YÏl©p úRof£l ùT\ ¨LrRLÜ 0.70, 

NUYônl× Øû\«p JÚYo úRokùRÓdLlThPôp AYo ØRp 

YÏl©p úRof£ ùTt\YÚdLô] ¨LrRLÜ VôÕ? 

 (20) 80% ¨ûXL°p A EiûUûV úTÑ¡\ôo, 75% ¨ûXL°p B 

EiûUûV úTÑ¡\ôo G²p. JúW LÚjûR áßûL«p. 

JÚYÚdùLôÚYo ØWiThP LÚjûR áßYRtLô] ¨LrRLÜ VôÕ? 

10.5 JÚ ¨Lrf£«u áhÓ ¨LrRLÜ  
(Total probability of an event): 
 

 A1, A2 … An GuT] Juû\ Juß 

®[d¡V VôÜU[ô®V ¨Lrf£Ls 

Utßm B GuTÕ áßùY°«p Es[ 

HúRàm JÚ ¨Lrf£ G²p  

P(B) = P(A1) . P(B/A1)   

+P(A2) . P(B/A2)  … + P(An) P(B/An)  

 P(B) GuTÕ ¨Lrf£ Bu áhÓ 

¨Lr RLÜ BÏm, 

 
TPm 10.7 

G,Lô, 10.15:  JÚ _ô¥«p 10 ùYsû[ Utßm 5 LÚl× TkÕLs 

Es[], Utù\ôÚ _ô¥«p 3 ùYsû[ Utßm 7 LÚl× TkÕLs 
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Es[], NUYônl× Øû\«p JÚ _ô¥ úRokùRÓdLlThÓ 

A§−ÚkÕ CWiÓ TkÕLs GÓdLlTÓ¡u\], CÚ TkÕLÞm 

ùYsû[ ¨\l TkÕL[ôL CÚlTRtLô] ¨LrRLÜ LôiL, 

¾oÜ : 

 A1 GuTÕ _ô¥-II úRokùRÓdÏm 

¨Lrf£ GuL, A2 GuTÕ _ô¥-III 

úRokùRÓdÏm ¨Lrf£ GuL, B GuTÕ 

CWiÓ ùYsû[l TkÕLû[j 

úRokùRÓdÏm ¨Lrf£ GuL, 

CeÏ ¨Lrf£ B-u áhÓ  ¨LrRL®û]d 

 

TPm 10.8 

LôQ úYiÓm, i.e. P(B). A1 Utßm A2 GuT] Juû\ùVôuß 

®Xd¡V. VôÜU[ô®V ¨Lrf£Ls GuTÕ ùR°YôL ùR¬¡\Õ, 

  P(B) = P(A1) . P(B/A1)  

+ P(A2) . P(B/A2)  … (1) 

  P(A1) = 
1
2   ; P(B/A1) = 

10C2
15C2

    

  P(A2) = 
1
2   ;  P(B/A2)  = 

3C2
10C2

  
 

TPm 10.9 

(1)p ©W§«P,  P(B) = P(A1) . P(B/A1) + P(A2) . P(B/A2) 

    = 


1

2   




10C2

15C2
  + 



1

2   




3C2

10C2
  = 

1
2  



3

7 + 
1

15   

   P(B) = 
26
105  

G,Lô, 10.16:  JÚ ùRô¯tNôûX«p I Utßm II Gu\ CÚYûL 

CVk§WeLs Es[], ùRô¯tNôûX«u EtTj§«p 30%  

CVk§Wm-Iu êXØm  70% CVk§Wm-IIu êXØm EtTj§ 

ùNnVlTÓ¡\Õ, úUÛm CVk§Wm-Iu êXm EtTj§ ùNnVlThP 

ùTôÚhL°p 3% Ïû\TôÓs[RôLÜm. CVk§Wm-IIu êXm EtTj§ 

ùNnVlThP ùTôÚhL°p 4% Ïû\TôÓs[RôLÜm CÚd¡\Õ, 

EtTj§ ùNnVlThP ùTôÚhL°−ÚkÕ. NUYônl× Øû\«p JÚ 

ùTôÚs úRokùRÓdLlTÓ¡\Õ, AlùTôÚs Ïû\TôÓPu 

CÚlTRtLô] ¨LrRLÜ VôÕ? 
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¾oÜ : 
 A1 GuTÕ CVk§Wm-Iu EtTj§ ùTôÚsL°u ¨Lrf£ GuL,  A2 
GuTÕ CVk§Wm-IIu EtTj§ ùTôÚsL°u ¨Lrf£ GuL, B GuTÕ 

Ïû\TôÓs[ JÚ ùTôÚû[j úRokùRÓlTRtLô] ¨Lrf£ GuL, 

 ∴ P(A1) = 
30

100   ;  P(B/A1) = 
3

100  

 P(A2) = 
70

100   ; P(B/A2)  = 
4

100  

    CeÏ B-u áhÓ ¨LrRL®û]úV 

®]ôYôL úLhLlThÓs[Õ, 
 A1 Utßm A2 GuT] Juû\ 

Juß ®Xd¡V. úUÛm VôÜU[ô®V 

¨Lrf£L[ôÏm, BRXôp 
   P(B) = P(A1) P(B/A1)  + P(A2) P(B/A2)   

 
TPm 10.10 

  = 



30

100   



3

100   + 



70

100   . 



4

100   

  = 
90 + 280

10000   

   P(B) = 0.0370 
úRt\m 10.8: úT«v-u úRt\m  (Bayes’ Theorem) : 
 

 A1, A2, … An Gu\ 

Juû\ùVôuß ®Xd¡V 

Utßm VôU[ô®V 

¨Lrf£L[ôLÜm úUÛm  
P(Ai) > 0 (i = 1, 2 … n) G²p 
P(B) > 0  CÚdÏmT¥ B Gu\ 

GkR JÚ ¨Lrf£dÏm 
 

Fig. 10.11 

P(Ai/B) =  
P(Ai) P(B/Ai)

P(A1) P(B/A1) +P(A2) P(B/A2)+…+ P(An) P(B/An)  

 (¨ìTQm úRûY«pûX) 
 CkR ãj§WUô]Õ P(Ai/B)dÏm P(B/ Ai)dÏm Es[ ùRôPo©û] 

ùLôÓd¡\Õ, 
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G,Lô, 10.17: JÚ ùRô¯tNôûX«p I Utßm II Gu\ CÚ CVk§WeLs 

Es[], AûYLs Øû\úV 30% Utßm 70% ùTôÚhLû[ EtTj§ 

ùNn¡u\], CYtßs CVk§Wm-I EtTj§ ùNnR§p 3%Øm. 

CVk§Wm-II EtTj§ ùNnR§p 4%Øm Ïû\TôÓs[RôL CÚd¡\Õ, 

EtTj§ ùNnVlThP ùTôÚsL°−ÚkÕ. NUYônl× Øû\«p 

úRokùRÓdLlThP JÚ ùTôÚs Ïû\TôÓs[RôL CÚl©u. 

AlùTôÚs CVk§ II EtTj§ ùNnRRtLô] ¨LrRLÜ VôÕ? 
(úUÛs[ GÓjÕdLôhÓ 10.16p ùLôÓdLlThP ®]ôÜPu 

Jl©hÓl TôodLÜm). 

¾oÜ : 
 A1 Utßm A2 Øû\úV CVk§WeLs-I Utßm II êXm EtTj§ 

ùNnVlThP ùTôÚsL°u ¨Lrf£ GuL, 
 B GuTÕ Ïû\TôÓs[ JÚ 

ùTôÚû[ úRokùRÓlTRtLô] 

¨Lrf£ GuL, 

 ∴P(A1) = 
30

100   ; P(B/ A1) = 
3

100   

 P(A2) = 
70

100   ; P(B/ A2)  = 
4

100  

 ClúTôÕ Sôm Nôo×¨ûX ¨Lr 

RLÜ P(A2/ B) «û] LiP±Rp 

úYiÓm, 

 
TPm 10.12 

 A1 Utßm A2 B¡V CÚ ¨Lrf£Ls Juû\ùVôuß ®Xd¡V 

úUÛm VôÜU[ô®V ¨Lrf£L[ôRXôp. úT«v-u (Bayes’) úRt\lT¥ 

  P(A2/ B) = 
P(A2) . P(B/ A2)

P(A1) . P(B/ A1)  + P(A2) . P(B/ A2) 

   = 




70

100  × 



4

100

 



30

100  



3

100  + 



70

100  



4

100

 = 
0.0280
0.0370  = 

28
37  

  P(A2/ B) = 
28
37  

G,Lô, 10.18: JÚ AÛYXLj§p X, Y Utßm Z B¡úVôo AÛYXLj§u 

RûXûUV§Lô¬VôL ùTôßlúTtTRtLô] Yônl×Ls Øû\úV 4 : 2 : 3 

Gu\ ®¡Rj§p AûUkÕs[], AYoLs RûXûU A§Lô¬L[ôL  

ùTôßlúTt©u úTô]v §hPjûR (bonus scheme) 
AØpTÓjÕYRtLô] ¨LrRLÜLs Øû\úV 0.3, 0.5 Utßm 0.4. 
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AÛYXLj§p úTô]v §hPm A±ØLlTÓjRlTh¥Úl©u Z 

RûXûUV§Lô¬VôL ¨VU]m ùNnVlTPYRtLô] ¨LrRL®û]d 

LôiL, 

 
¾oÜ : 
 A1, A2 Utßm A3 GuTûY 

Øû\úV X, Y Utßm Z B¡úVôo 

RûXûUV§Lô¬VôL ¨VU]m 

ùTßYRtLô] ¨Lrf£Ls GuL, B 

GuTÕ úTô]v §hPjûR 

AØpTÓjÕYRtLô] ¨Lrf£ GuL, 
 

TPm 10.13 

   ∴ P(A1) = 
4
9   ; P(B/ A1) =  0.3 

   P(A2) = 
2
9   ; P(B/ A2)  = 0.5 

   P(A3) = 
3
9   ; P(B/ A3)  = 0.4 

 Sôm Nôo×¨ûX ¨Lr RLÜ P(A3/ B) «û] LôQ úYiÓm, 
 A1, A2 Utßm A3 ¨Lrf£Ls Juû\ùVôuß ®Xd¡V. 

VôÜU[ô®V ¨Lrf£L[ôRXôp úT«v-u úRt\j§uT¥  

 P(A3/ B) = 
P(A3) . P(B/ A3)

P(A1) . P(B/ A1) + P(A2) . P(B/ A2)  + P(A3) . P(B/ A3) 

  = 



3

9  (0.4)

 


4

9  (0.3) + 


2

9  (0.5) + 


3

9  (0.4)
 = 

12
34  

 P(A3/ B) = 
6

17  

G,Lô, 10.19: X, Y Utßm Z Gu\ êuß YôPûLdLôo 

¨ßY]j§PªÚkÕ. BúXôNû] RÚm JÚ ¨ßY]m LôoLû[ 

YôPûLdÏ YôeÏ¡\Õ, 20% LôoLû[X«PªÚkÕm, 30% Y«Pm 

CÚkÕm 50% Z«Pm CÚkÕm YôPûLdÏ AUojÕ¡\Õ, CYtßs 

90%, 80% Utßm 95% LôoLs Øû\úV X, Y Utßm Z CPm SpX 

¨ûX«p CVeÏm LôoL[ôÏm. G²p (1) BúXôNû] ¨ßY]m JÚ 

SpX ¨ûX«p CVeÏm JÚ LôûW YôPûLdÏ ùTßYRtLô] ¨Lr 

RLÜ VôÕ? (ii) YôPûLdÏ AUojRlThP Lôo SpX ¨ûX«p CVeÏm 

Lôo G²p AkR Lôo Y«PªÚkÕ ùT\lThPRtLô] ¨LrRLÜ VôÕ? 
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¾oÜ : 
 X, Y Utßm Z Gu\ ¨ßY]eL°Pm 

CÚkÕ Øû\úV YôPûLdÏ LôoLû[ 

AUojÕm ¨Lrf£Lû[ A, B Utßm C 
GuL, YôPûLdÏ AUojRlThP Lôo 

SpX ¨ûX«p CÚlTRtLô] 

¨Lrf£«û] G GuL,  

 
 

 

 

 

 

TPm 10.14 

   ∴ P(A1) = 0.20  ; P(G/A1) =  0.90 

   P(A2) = 0.30  ; P(G/A2)  = 0.80 

   P(A3) = 0.50  ; P(G/A3)  = 0.95 

 (i) Sôm ØR−p G«u áhÓ ¨LrRL®û] LôQ úYiÓm, 

   i.e. P(G) 
  A1, A2 Utßm A3 Juû\ùVôuß ®Xd¡V. VôÜU[ô®V 

¨Lrf£L[ôRXôp 

   P(G) = P(A1) . P(G/A1) + P(A2) . P(G/A2) + P(A3) . P(G/A3) 

    = (0.2) (0.90) + (0.3) (0.80) + (0.5) (0.95) 

    = 0.180 + 0.240 + 0.475 

   P(G) = 0.895 
 (ii) CeÏ Sôm P(A2/G)I LôQ úYiÓm, 

  úT«v-u ãj§WlT¥. 

 P(A2/G) = 
P(A2) . P(G/A2)

P(A1) . P(G/A1) + P(A2) . P(G/A2) + P(A3) . P(G/A3) 

  = 
(0.3) (0.80)

(0.895)                           (P(G) = 0.895) 

  = 
0.240
0.895  

 P(A2/G) = 0.268 (úRôWôVUôL) 

T«t£ 10.4 
 (1) A Guàm ûT«p 5 ùYsû[. 6 LÚl× TkÕLÞm. B Guàm 

ûT«p 4 ùYsû[ Utßm 5 LÚl× TkÕLÞm Es[], 

NUYônl× Øû\«p JÚ ûTûV úRokùRÓjÕ A§−ÚkÕ JÚ 

TkÕ GÓdLlTÓ¡\Õ, AÕ ùYsû[ ¨\lTkRôL CÚlTRtLô] 

¨LrjRLûYd LôiL, 

G
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 (2) JÚ ùRô¯tNôûX«p CVk§Wm-I Ut\m II Gu\ CÚ 

CVk§WeLs Es[], ùRô¯tNôûX«u ùUôjR EtTj§«p 

25% CVk§Wm-Im Utßm 75% CVk§Wm-IIm EtTj§ ùNn¡\Õ, 

úUÛm CVk§Wm-I EtTj§ ùNnR§p 3%Øm CVk§Wm-II 
EtTj§ ùNnR§p 4%Øm Ïû\TôÓs[RôL CÚd¡\Õ, 

NUYônl× Øû\«p ùRokùRÓdLlThP JÚ ùTôÚs 

Ïû\TôÓs[RôL CÚlTRtLô] ¨LrRLÜ Gu]? 

 (3) JúW Uô§¬VôLj úRôt\U°dÏm CÚ ùTh¥L°p. ØRp 

ùTh¥«p 5 ùYsû[ Utßm 3 £Yl×l TkÕLÞm. 

CWiPôYÕ ùTh¥«p  4 ùYsû[ Utßm 6 £Yl× TkÕLÞm 

Es[], NUYônl× Øû\«p JÚ ùTh¥ûVj úRokùRÓjÕ. 

A§−ÚkÕ JÚ TkÕ GÓdLlTÓ¡\Õ,  (i) AÕ ùYsû[¨\l 

TkRôL CÚlTRtLô] ¨Lr RLÜ VôÕ?  (ii) GÓdLlThP TkÕ 

ùYsû[ ¨\UôL CÚl©u. AÕ ØRp ùTh¥«−ÚkÕ 

¡ûPlTRtLô] ¨Lr RLÜ VôÕ? 

 (4) JÚ ùRô¯tNôûX EtTj§ ùNnÙm ùUôjR ùTôÚhL°p 45% 
CVk§Wm-Im 55% CVk§Wm-IIm EtTj§ ùNn¡\Õ, CVk§Wm-I 
EtTj§ ùNnÙm ùTôÚsL°p 10%Øm CVk§Wm-II EtTj§ 

ùNnÙm ùTôÚsL°p 5%Øm Ïû\TôÓs[RôL CÚd¡\Õ, JÚ 

Sôû[V EtTj§«−ÚkÕ NUYônl× Øû\«p JÚ ùTôÚs 

úRokùRÓdLlTÓ¡\Õ,  

(i) AÕ Ïû\TôÓ Es[ ùTôÚ[ôL ¡ûPlTRtLô] ¨LrRLÜ 

VôÕ? (ii) AÕ Ïû\TôÓ Es[ ùTôÚ[ôL CÚl©u.  

CVk§Wm-II EtTj§ ùNnYRtLô] ¨Lr RLÜ VôÕ? 
 (5) êuß _ô¥L°p £Yl× Utßm ùYsû[ ®pûXLs 

¸rdLiPYôß Es[Õ, 
   £Yl× ùYsû[ 

  _ô¥ I : 6 4 
  _ô¥ II : 3 5 
  _ô¥ III : 4 6 
  NUYônl× Øû\«p JÚ _ô¥ úRokùRÓdLlThÓ A§−ÚkÕ 

JÚ ®pûX GÓdLlTÓ¡\Õ, 

  (i) AÕ ùYsû[¨\m ùLôiP ®pûXVôL CÚlTRtLô] 

¨LrRLÜ VôÕ? 

  (ii) AkR ®pûX ùYsû[¨\m ùLôiPRôL CÚl©u.  

   _ô¥ II-−ÚkÕ GÓdLlThPRtLô] ¨Lr RLÜ VôÕ? 
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Ï±dúLôs ®]ôdLs 
Ht×ûPV ®ûP«û] GÓjùRÝÕL, 
 (1) N¬Vô] átß GÕ? 
  (1) ùUnùViL°u LQm JÚ ê¥V LQm 

  (2) Ïû\«pXô GiL°u LQj§û] (0, ∞) G]d Ï±l©PXôm, 
  (3) [3, 7] Gu\ LQm 3 Utßm 7dÏ CûPúV Es[ CVp 

GiL°u LQm 
  (4) (2, 3) Gu\ LQm [2, 3]-u EhLQm  
 (2) N¬Vô] átßLs GûY? 
  (i) JÚ ùRôPoTô]Õ NôoTôLÜm CÚdÏm, 
  (ii) JÚ Nôo×. ùRôPoTôLÜm CÚdÏm, 
  (iii) ùRôPo× CpXôR Nôo©û] YûWVßdL CVÛm 
  (iv) Nôo× CpXôÕ ùRôPo©û] YûWVßdL CVÛm 
  (1) (ii), (iii), (iv)     (2) (ii), (iii)       (3) (iii), (iv)    (4) Aû]jÕm 
 (3) úUtúLôojRp Nôo× GÕ? 

  (1) f : R → R  ;   f(x) = x2                   (2) f : R → [1,∞) ;    f(x) = x2 + 1 

  (3) f : R → {1, − 1}  ;  f(x) = 
| x |
x         (4) f : R → R  ;   f(x) = − x2 

 (4) JußdÏ Juß CpXôR Nôo× GÕ? 

  (1) f : R → R   ;  f(x) = x + 1 (2) f : R → R  ;   f(x) = x2 + 1 

  (3) f : R → {1, − 1}   ;  f(x) = x − 1 (4) f : R → R  ;  f(x) = − x 

 (5) f : R → R+  ;   f(x) = x2 G] YûWVßjRôp f −1 

  (1) úUtúLôojRp ApX 
  (2) JußdÏ Juß ApX 
  (3) úUtúLôojRp Utßm JußdÏ Juß ApX 
  (4) Nôo× ApX 
 (6) N¬Vô] átßLs GûY? 
  (i) JÚ Uô±−f Nôo×. TpÛßl×d úLôûYVôÏm 
  (ii) JÚ TpÛßl×d úLôûY. JÚ CÚT¥f NôoTôÏm 
  (iii) JqùYôÚ JÚT¥f Nôo×dÏm úSoUôß Nôo× EiÓ 
  (iv) JÚ Uô±−f Nôo× JußdÏ Ju\ôL CÚdL ARu NôoTLm 

Jtû\ Eßl×d LQUôL CÚjRp úYiÓm 
  (1) (i), (iii)  (2) (i), (iii), (iv)     (3) (ii), (iii)        (4) (i), (iii) 
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 (7) N¬Vô] átßLs GûY? 
  (i) YhPf Nôo×L°u NôoTLm R BÏm, 
  (ii) tan Nôo©u ÅfNLm R BÏm, 
  (iii) cos Nôo©u ÅfNLm sin Nôo©u ÅfNLØm Ju\ôÏm 

  (iv) Cot Nôo©u NôoTLm R − {k π} BÏm 
  (1) Aû]jÕm    (2) (i), (iii) (3) (ii), (iii), (iv)       (4) (iii), (iv)  
 (8) N¬Vô] átßLs GûY? 
  (i) fog Gu\ Nôo×L°u CûQl×m fg  Gu\ Nôo×L°u 

ùTÚdLÛm NUUô]Õ, 

  (ii) fog Gu\ Nôo×L°u CûQjR−p. g-u ÕûQf NôoTLm.  

f-u NôoTLUôL CÚdÏm, 
  (iii) fog Utßm gof ¡ûPdL HÕYô]ôp fog = gof BÏm 
  (iv) f, g Gu\ Nôo×Ls JúW NôoTLjûRÙm ÕûQf 

NôoTLjûRÙm ùLôi¥ÚdÏUô]ôp fg = gf BÏm, 
  (1) Aû]jÕm (2) (ii), (iii), (iv)     (3) (iii), (iv)        (4) (ii), (iv)  

 (9) 
lim

x → − 6   (− 6)  

  (1) 6 (2) − 6 (3) 36 (4) − 36 

 (10) 
lim

x → − 1  (x)  

  (1) − 1 (2) 1 (3) 0 (4) 0.1 
 (11) f(x)  =  − x + 3  Gu\ Nôo©u x → 1-u CPlTdL GpûX 

  (1) 2 (2) 3 (3) 4 (4) − 4 
 (12) f(x) = | x |  G²p Rf(0) = 

  (1)  x (2) 0 (3) − x (4) 1 

 (13) 
lim

x → 1    
x1/3 − 1

x − 1
   

  (1) 
2
3  (2) − 

2
3  (3) 

1
3  (4) − 

1
3  

 (14) 
lim

x → 0   
sin 5x

x     

  (1) 5 (2) 
1
5  (3) 0 (4) 1 

 (15) 
lim

x → 0   x cot x  

  (1) 0 (2) − 1 (3) ∞ (4) 1 
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 (16) 
lim

x → 0  
2 x − 3 x

x     

  (1) log 



3

2   (2) log 



2

3   (3) log 2 (4) log 3 

 (17) 
lim

x → 1     
ex − e
x − 1

    

  (1) 1 (2) 0 (3) ∞ (4) e 

 (18) 
lim

x → ∞   



1 − 

1
x

x
    

  (1) e (2) − e (3) 
1
e  (4) 0 

 (19) f(x) = | x | Gu\ Nôo× 

  (1) x = 0-p ùRôPof£Vô]Õ  

  (2) x = 0-p ùRôPof£Vt\Õ 

  (3) x = 0-p YXlTdLUôL ùRôPof£Vt\Õ 

  (4) x = 0-p CPlTdLUôL ùRôPof£Vt\Õ 

 (20) f(x) = 


sin(x − 2)

x − 2
, x ≠ 2

  0,             x = 2
Gu\ Nôo× Gl×s°«p  ùRôPof£Vt\Õ, 

  (1) x = 0 (2) x = − 1 (3) x = − 2 (4) x = 2 

 (21) f(x) = 
x2 + 1

x2 − 3x + 2
  Gu\ Nôo× R-p GkR ×s°ûVj R®W Ut\l 

×s°LÞdÏj ùRôPof£Vô]Õ? 

  (1) x = 1 (2) x = 2 (3) x = 1, 2           (4) x = − 1, − 2 

 (22) f(x) = x Gu\ ÁlùTÚ ØÝ Gi Nôo× G²p 

  (1) f(x) GpXô Ïû\. ªûL ØÝ GiLÞdÏm ùRôPof£Vô]Õ 

  (2) f(x) GpXô Ïû\. ªûL ØÝ GiLÞdÏm ùRôPof£Vt\Õ 

  (3) x = 0 GuTÕ UhÓúU ùRôPof£Vt\ ×s° 

  (4) x = 1 UhÓúU ùRôPof£ Es[ ×s° 

 (23) y = tan x Gu\ Nôo× Gl×s°«p ùRôPof£Vô]Õ? 

  (1) x = 0 (2) x = 
π
2  (3) x = 

3π
2   (4) x = − 

π
2  
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 (24) f(x) = | x | + | x − 1 |  Gu\ Nôo× 
  (1) x = 0 Gu\ ×s°«p UhÓúU ùRôPof£Vô]Õ 

  (2) x = 1 Gu\ ×s°«p UhÓúU ùRôPof£Vô]Õ 
  (3) x = 0, x = 1 Gu\ ×s°L°p ùRôPof£Vô]Õ 
  (4) x = 0, 1 Gu\ ×s°L°p ùRôPof£Vt\Õ 

 (25) f(x) = 


kx2     x ≤ 2
3        x > 2

  Gu\ Nôo× x = 2 Gu\ ×s°«p 

ùRôPof£Vô]RôL CÚl©u. R-u U§l× 

  (1) 
3
4  (2) 

4
3  (3) 1 (4) 0 

 (26) f(x) =  


0  if x ≤ 0
x if x > 0  G²p Rf ′(0)-u U§l× 

  (1) 1 (2) 0 (3) − 1 (4) 2 
 (27) f(x) = |x − α | G²p Lf ′ (α)-u U§l× 

  (1) α (2) - α (3) − 1 (4) 1 

 (28) f(x) =  


2,    x ≤ 1
x,    x > 1  Gu\ Nôo×dÏ Gl×s°«p YûLdùLÝ CpûX, 

  (1) x = 0 (2) x = − 1 (3) x = 1 (4) x = − 2 

 (29) f(x) = x2 | x | Gu\ Nôo×dÏ x = 0-p YûLdùLÝ 
  (1) 0 (2) − 1 (3) − 2 (4) 1 

 (30) ⌡⌠ sin2x dx  = 

  (1) 
sin3x

3   + c     (2) − 
cos2x

2   + c  

  (3) 
1
2  



x − 

sin2x
2   + c      (4) 

1
2  [1 + sin2x] + c 

 (31) ⌡⌠ sin 7x cos 5x dx  = 

  (1) 
1

35  cos 7x sin 5x + c (2) − 
1
2  



cos 12x

12  + 
cos2x

2   + c 

  (3)  − 
1
2  



cos 6x

6  + cosx   + c (4) 
1
2  



cos 12x

12  + 
cos2x

2   + c 

 (32) 
⌡

⌠ 

ex

ex + 1
  dx = 

  (1) 
1
2  x + c    (2) 

1
2  







ex

1 + ex

2
 + c     (3) log (ex + 1) + c (4) x + ex + c 
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 (33) 
⌡
⌠ 

1

ex  dx = 

  (1) logex + c (2) − 
1

ex  + c (3) 
1

ex + c (4) x + c 

 (34) ⌡⌠log x dx  = 

  (1) 
1
x   + c      (2) 

(log x)2

2   + c     (3) x log x + x + c       (4) x log x − x + c 

 (35) 
⌡
⌠ 

x

1 + x2  dx = 

  (1) tan−1x + c    (2) 
1
2 log (1 + x2) + c    (3) log (1 + x2) + c    (4) log x + c 

 (36) ⌡⌠ tanx dx  = 

  (1) log cos x + c    (2) log sec x + c    (3) sec2x + c    (4) 
tan2x

2   + c 

 (37) 
⌡
⌠ 

1
3 + 4x

  dx = 

  (1) 
1
2  3 + 4x  + c     (2) 

1
4  log 3 + 4x + c      

   (3) 2 3 + 4x  + c     (4) − 
1
2  3 + 4x  + c 

 (38) ⌡
⌠ 



x − 1

x + 1   dx = 

  (1) 
1
2  



x − 1

x + 1

2
  + c (2) x − 2 log (x + 1) + c 

  (3) 
(x − 1)2

2   log (x + 1) + c (4) x + 2 log (x + 1) + c 

 (39) ⌡⌠ cosec x dx  = 

  (1) log tan 
x
2  + c  (2) − log (cosec x + cot x) + c 

  (3) log (cosec x − cot x) + c (4) úUtá±V Aû]jÕm 
 (40) êuß TLûPLs EÚhPlTÓmùTôÝÕ, úNôRû]«u 

®û[ÜL°u Gi¦dûL  

  (1) 23 (2) 36 (3) 63 (4) 32 
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 (41) êuß SôQVeLs ÑiPlTÓ¡u\], Ïû\kRThNm 2 RûXLs 

¡ûPdL ¨LrRLÜ 

  (1) 
3
8 (2) 

7
8 (3) 

1
8 (4) 

1
2 

 (42) P(A) = 0.35, P(B) = 0.73 Utßm P(A ∩ B) = 0.14 G²p P(A
−

  ∪ B
−

 ) =  
  (1) 0.94 (2) 0.06 (3) 0.86 (4) 0.14 
 (43) P(A) = 0.16, P(B) = 0.24 Utßm P(A∩B) = 0.11 G] CÚdÏUôß  

A , B Gu\ ¨Lrf£Ls Es[], CÚ ¨Lrf£L°p Juú\ Juß 

SPdL ¨LrRLÜ 

  (1) 0.29 (2) 0.71 (3) 0.82 (4) 0.18 
 (44) A Utßm B CWiÓm NôWô ¨Lrf£Ls G²p P(A/B) = 

  (1) P(A) (2) P(A ∩ B) (3) P(A) = P(B) (4) 
P(A)
P(B) 

 (45) P(A) ≠ 0 Utßm P(B) ≠ 0 GàUôß A, B CÚ ¨Lrf£L[ôÏm,  
AÙm BÙm Juû\ùVôuß ®XdÏm ¨Lrf£Ls G²p 

  (1) P(A ∩ B) = P(A) P(B) (2) P(A ∩ B) ≠ P(A) . P(B) 
  (3) P(A/B)  = P(A) (4) P(B/A)  = P(A) 
 (46) X , Y  GuTYoLs Øû\úV 95, 80  NRÅRj§p EiûU 

úTÑYôoL[ô«u CWiÓ úTÚm JÚYÚdùLôÚYo Uôt± 

úTNdá¥V NRÅR A[Ü  

  (1) 14% (2) 86% (3) 23% (4) 85.5% 
 (47) A, B Utßm C Gu\ 3 UôQYoLÞdÏ JÚ LQdÏ 

ùLôÓdLlTÓ¡\Õ, AYoLs ¾olTRtLô] ¨LrRLÜLs Øû\úV 

1
3 , 

2
5 Utßm 

1
4  G²p LQdûLj ¾olTRtLô] ¨LrRLÜ 

  (1) 
4
5 (2) 

3
10 (3) 

7
10 (4) 

1
30 

 (48) P(A) = 0.50, P(B) = 0.40 Utßm P(A ∩ B) = 0.20 G²p P(A/B
−

) = 
  (1) 0.50  (2) 0.40  
  (3) 0.70  (4) 0.10 
 (49) JÚ ûT«p 10 ùYsû[l TkÕLÞm 10 Lßl×l TkÕLÞm 

Es[], Utù\ôÚ ûT«p 5 ùYsû[l TkÕLÞm 10 Lßl×l 

TkÕLÞm Es[], JÚ ûTûV úRokùRÓjÕ ©u]o A§−ÚkÕ 

JÚ TkÕ GÓdLlTÓ¡\Õ, AÕ ùYsû[l TkRôL CÚdL 

¨LrRLÜ 

  (1) 
5

11 (2) 
5

12 (3) 
3
7 (4) 

4
7 
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®ûPLs 

T«t£ 7.1 

 (1) (i) x2 + 1    (ii) (x + 1)2   (iii) x + 2    (iv) x4    (v)  10    (vi) 16      

 (2) (i) x2 + x + 1  (ii) 
x + 1

x2    for x ≠ 0   (iii) x3 + x2   (iv) 1+x−x2  (v) x3 + x2 

 (3) f − 1(x) = 
x − 2

3   

 (4) (i) x ∈ [− 3, 3]    (ii) x  ∈ (− ∞, − 3)∪(6, ∞)    

  (iii) x ∈ (− ∞, − 2) ∪  (2, ∞) (iv) x ∈ (− 4,3)     

  (v) x ∈ (− ∞, − 3] ∪ [4, ∞)   (vi) ¾oÜ CpûX 

  (vii) x∈(0, 1)   (viii) x ∈ (− ∞, 0)∪(1/3, ∞)   

  (ix) x ∈ (− ∞, − 1/3)∪(2/3, ∞) 

T«t£ 8.1 

 (1)  4 (2) 0 (3) 2x (4) m (5)  
2 2

3    

 (6) 
q
p  (7) 

m
a

ma    (8) 
2
3  (9) 

1
2  (10) 

1
9   

  (11) 2 cos a (12) α (13) e  (14) Bm ; 
lim

x → 3  f(x) = 27  

 (15) n = 4 (16) 1  (18) − 1 ; 1 ; 
lim

x → 0   
| x |
x   ¡ûPdLôÕ  

 (19) loge 


a

b   ; loge 


5

6   

T«t£ 8.2 

 (1)  x = 2-p ùRôPof£Vô]Õ (2) x = 0-p ùRôPof£Vô]Õ 

 (3) x = 1-p ùRôPof£t\Õ (4) x = 0-p ùRôPof£t\Õ 

 (5) a = 3; b = − 8    (7) x = 1, x = 2-p ùRôPof£Vô]Õ 
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T«t£ 8.3 

  (2) CpûX ; Lf ′(0) = − 1; Rf ′ (0) = 1 

 (3) R-p f ùRôPof£Vô]Õ ; x = 0, x = 1-p YûLdùLÝ CpXôRÕ 

 (4) (i) x = 1-p YûLdùLÝ CpXôRÕ 

  (ii) x = 2-p YûLdùLÝ CpXôRÕ ;  

   B]ôp x = 4-p YûLdùLÝ EiÓ, 

 (5) Lf ′ (0) = − 1; Rf ′ (0) = 1 

T«t£ 8.4 

 (1) 3x2 − 12x + 7      (2) 3x2 − 8 ; f ′ (2) = 4; f ′(10) = 292     (3) a = 1 ; b = 7 

 (4) (i) 7x6 + ex     (ii) 
log7e

x     (iii) 3 cosx − 4 sinx −ex    (iv) ex + 3 sec2x + 
6
x  

  (v) 
log10e

x   + 2 secx tanx     (vi) 
− 3

2x2 x
  + 7 sec2x  

  (vii) 3 




1 + x2 − 

1

x2 − 
1

x4   (viii) 




4x − 6 − 

12

x2  

T«t£ 8.5 

   (1) ex (cosx − sinx)      (2) 
n

x
2x   



1 + 

logx
n      

  (3) 6 log10e 



sinx

x  + cosx logex   

  (4) (7x6 − 36x5 + 35x4 + 12x3 + 24x2 − 14x − 4)       

  (5) b (2 cos 2x − cosx) + 2a sin x            (6) − cosec x (cot2x + cosec2x) 

  (7) sin2x     (8) − sin 2x     (9) 12x (3x2 + 1)       (10) 2(12x2 + 12x − 1)    

  (11) 6tan2x + 20cot2x + 26    

  (12) xex [x cosx + x sinx + 2 sinx]          (13) 
ex

x
  



1 + x logx + 

logx
2   

T«t£ 8.6 

 (1)  − 
10

x3  (2) 
22

(4x + 5)2  (3) 
6x7 − 28x6 + 47

(x − 4)2   
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 (4) 
ex 



1

x − sinx − cosx − logx  − 2x (cosx + logx) + x − x2 sinx

(x2 + ex)2   

 (5) 
4x(1 − 2logx)

(logx + 2x2)2  (6) 
sinx − x logx cosx

x sin2x
  (7) 

− (2ax + b)

(ax2 + bx + c)2      

 (8) 
− 2sec2 x

(tanx − 1)2  (9) 
− (x2 + 2)

(x sinx − cosx)2  (10) e−x 



2

x − 2logx   

T«t£ 8.7 

 (1) cotx (2) cosx esinx (3) 
− cosec2x

2 1 + cotx
  (4) 

sec2 (logx)
x   

 (5) 
ebx (a sin (ax + b) + b cos (ax + b))

cos2 (ax + b)
         (6) 

1
2  tan 



π

4 + 
x
2   

 (7) (ex + 4) cot (ex + 4x + 5) (8) 
3
2  x  cos ( )x x    

 (9) 
− sin x

2 x
   (10) 

cos (logx) esin (logx)

x   

T«t£ 8.8 

 (1) 
− 1

x (1 + x)
             (2) 

− 2x ex2

1 + e2x2          (3) 
1

x (1 + (logx)2)
     (4) − 2 

T«t£ 8.9 

 (1)  
2x

2

x   (2) xx2 + 1
 (1 + 2 logx) (3) xtanx  



tanx

x  + sec2x (logx)   

 (4) sinxsinx cosx (1 + log sinx)  

 (5) (tan−1x)logx 






logx

(1 + x2) tan−1x
 + 

log (tan−1x)
x   
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 (6) (logx)sin−1x  






log (logx)

1 − x2
 + 

sin−1x
x logx          

 (7)  
(x2 + 2) ( )x + 2

x + 4 (x − 7)
  






24

x2 + 2
 + 

1
x + 2

 − 
1

2(x + 4) − 
1

x − 7
  

 (8) (x2 + 2x + 1)
x − 1

  






2 x − 1

(x + 1)  + 
log (x + 1)

x − 1
  

 (9) 
sin x cos (ex)

ex + logx
   








cotx − ex tan (ex) − 
(xex + 1)

x(ex + logx)
  

 (10) xsinx  



sinx

x  + logx cosx  + (sinx)x (x cotx + log sinx) 

T«t£ 8.10 

 (1) 
1
2  (2) 1    (3) 

1
2  (4) 1 (5) 

1

2(1 + x2)
  

 (6) 
2x

1 + x4  (7) 
1

2 x (1 + x)
  (8) 

1

2 1 − x2
  (9)  − 

1
2  

T«t£ 8.11 

 (1) − 
b
a  cot θ (2) 

1
t   (3) 

b
a  sinθ (4) − 

1

t2
  

 (5) tan 



3θ

2   (6) tanθ (7) 
t (2 − t3)

1 − 2t3
  

T«t£ 8.12 

 (1) 
b2x

a2y
   (2) 

siny
1 − x cosy

      (3) 
x2 (x − 3a2 y3)

y2 (3a2 x3 − y)
       (4) 

2 + y (sec2x + y sinx)
2y cosx − tanx

  

 (5) 
y cosec2x + (1 + y2) secx tanx − 2x

cotx − 2y secx
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  (6) 2 






xy − (1 + x2)

2
 tanx sec2x

(1 + x2) [4y (1 + x2) + (1 + x2) cosy + 1]
  

 (7) − 
y
x      (8) 

y
x      (9) ex − y 







1 − ey

ex − 1
      (10)  

100 − y
x − 100

      (11) 
y (x log y − y)
x (y logx − x)

   

T«t£ 8.13 

 (1)  2(3x + tanx + tan3x) (2) − 2(1 + 4cot2 x + 3cot4x) 

 (3) (i) (2) (ii) 2cos x − x sinx (iii)  
2x

(1 + x2)2  

 (4) (i) m3 emx + 6 (ii) x sinx − 3 cosx 

 

Ï±l× : T«t£ Gi 9.1−ÚkÕ 9.9YûW«Xô] Aû]jÕ 

®ûPLÞPu ‘c’ Gu\ Uô\jRdL Uô±−ûV (arbitrary constant) 
úNojÕd ùLôs[Üm. 

T«t£ 9.1 

 (1) (i) 
x17

17   (ii) 
2
7  x7/2 (iii) 

2
9  x9/2 (iv) 

3
7  x7/3 (v) 

7
17  x17/7 

 (2) (i) − 
1

4x4  (ii) logx (iii) − 
2

3x3/2  (iv) − 
3

2x2/3  (v) 4x1/4 

 (3) (I) − cosx (ii) sec x (iii) − cosec x (iv) tanx (v) ex 

T«t£ 9.2 

 (1) (i) 
x5

5   (ii) 
(x + 3)6

6    (iii) 
(3x + 4)7

21    (iv) − 
(4 − 3x)8

24   (v) 
(lx + m)9

9l   

 (2) (i) − 
1

5x5                 (ii) − 
1

3(x + 5)3             (iii) − 
1

8(2x + 3)4   

  (iv) 
1

30(4 − 5x) 6       (v) − 
1

7a(ax + b)7  
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 (3) (i) log(x + 2)               (ii) 
1
3  log (3x+2)            (iii)− 

1
4  log (3 − 4x)   

  (iv) 
1
q  log (p + qx)      (v) − 

1
t   log (s − tx) 

 (4) (i) − cos(x + 3)           (ii) − 
1
2  cos (2x + 4)        (iii) 

1
4 cos (3 − 4x) 

  (iv) 
1
4  sin (4x + 5)       (v) − 

1
2  sin (5 − 2x) 

 (5) (i) − tan (2 − x)            (ii) − 
1
2  cot (5 + 2x)         (iii) 

1
4  tan (3 + 4x) 

  (iv) 
1

11  cot (7 − 11x)   (v) − 
1
q  tan (p − qx) 

 (6) (i) sec (3 + x)           (ii) 
1
3  sec (3x + 4)              (iii) − sec (4 − x) 

  (iv) − 
1
3  sec (4 − 3x)    (v) 

1
a  sec (ax + b) 

 (7) (i)  cosec (2 − x)        (ii) − 
1
4  cosec (4x + 2)      (iii)  

1
2  cosec (3 − 2x) 

  (iv) − 
1
l   cosec (lx + m)  (v)  

1
t   cosec (s − tx) 

 (8) (i) 
e3x

3      (ii) ex + 3    (iii) 
1
3  e3x + 2       (iv) − 

1
4  e5 − 4x (v) 

1
a  eax + b 

 (9) (i) 
1
p  tan (px + a)       (ii) 

1
m  cot (l − mx)                (iii) − 

1
7a  (ax + b)−7 

  (iv) − 
1
2  log (3 − 2x) (v) − e− x 

 (10) (i) − 
1
4  sec (3 − 4x)           (ii) − 



1

q   
1

ep + qx            (iii) − 
1
2  cosec (2x + 3) 

  (iv) 
2
3l  (lx + m)3/2             (v) − 

2
15   (4 − 5x)3/2 
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T«t£ 9.3 

 (1) x5 + 
3
10  (2x + 3)5 + 

1
3  (4 − 3x)6      (2) 3logx + 

m
4  log (4x + 1) + 

(5 − 2x)6

6   

 (3) 4x − 5log (x + 2) + 
3
2  sin2x            (4) 

3
7  e7x − sec (4x + 3) − 

11

4x4  

 (5) − cot(px − q) + 
6
5  (1 − x)5 − e3 − 4x 

 (6) log (3 + 4x) + 
(10x + 3)10

100   + 
3
2  cosec (2x + 3) 

 (7) − 
6
5  cos 5x + 

1

p(m − 1) (px + q) m − 1  

 (8) 
a
b  tan (bx + c) + 

q

m el − mx  

 (9) 
3
2  log 



3 + 

2
3 x   − 

2
3  sin 



x − 

2
3   + 

9
7  



x

3 + 4
7

 

 (10) − 49 cos 
x
7  + 32 tan 



4 − 

x
4   + 10 



2x

5  − 4
5/2

  

 (11) 2 
xe + 1

e + 1  + 3ex + xee                              (12) 
(ae)x

1 + loga  + 
a−x

loga  + 
bx

log b  

T«t£ 9.4 

 (1) 
8
3  x3 + 26x2 − 180x (2) 

x7

7   + 
x4

2   + x  

 (3) 
x2

2   + 4x − 3logx − 
2
x  (4) 

x4

4   − 
x3

3   + 2log (x + 1)  

 (5) 
2
5  x5/2 + 

4
3  x3/2 + 2 x  (6) ex − 

e−3x

3   − 2e− x 
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 (7) 
1
2  



x − 

sin 6x
6   + sin4x (8) 

1
4  



3 sin2x

2  + 
sin 6x

6   + 
cos 6x

6   

 (9) tanx − sec x (10) − cosecx − cotx    

 (11) ± (sinx + cosx) (12) 2  sinx 

 (13) tanx − cotx (14) x − sinx 

 (15) − 
1
2  



cos 12x

12  + 
cos 2x

2   (16) 
1
2  



sin 4x

4  + 
sin 2x

2   

 (17) − 
1
2  



cos 6x

6  + 
cos 2x

2   (18) 
1
2  



sin 8x

8  − 
sin 12x

12   

 (19) − 
1
2  cot x (20) − 



e−2x

2  − 
2
3 e−3x + 

1
4 e−4x   

 (21) 2 tanx − 2 secx − x (22) − 2 
3− x

log 3  + 
2−x

3log2  

 (23) 
(ae)x

1 + log a  (24) a 



(a / c)x

log a − logc
  − 

1
b   



(b/c)x

log b − log c
  

(25) 
x2

2   + 2x + logx (26) − 
1
2  



cos (m + n)x

m + n  + 
cos (m − n)x

(m − n)
                             

(27) 
1
2  



sin (p + q)x

p + q  + 
sin (p − q)x

p − q
 (28) − 

1
2  



cos 10x

10  + 
cos 20x

40     

(29) 
2
9  [(x + 1)3/2 + (x − 2)3/2] (30) 

2
3a(b − c)

  [(ax+b)3/2 + (ax+c)3/2]                            

(31)  
2
5  (x + 3)5/2 − 

4
3  (x + 3)3/2 (32) 

2
5  (x + 7)5/2 − 

22
3   (x + 7)3/2  

 (33) 
1
5  (2x + 3)5/2 − 

2
3  (2x + 3)3/2 (34) 2 log (x + 3) − log (x + 2) 

 (35) 
5

52  log 



x − 2

x + 2   + 
8

39  tan−1 


x

3   
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T«t£ 9.5 

 (1) 
(1 + x6)

8

48   (2) log (lx2 + mx + n) (3) − 
2

9(ax2 + bx + c) 9   

 (4) x2 + 3  (5) 
2
3  (x2 + 3x − 5)3/2 (6) log secx  

 (7) log (secx + tanx) (8) − 
cos15x

15                  (9)  − 
cos5x

5   + 
2
3  cos3x − cosx 

 (10) 
− 1
7   sin7x + 

3
5  sin5x − sin3x + sinx             (11) log (x + log secx) 

 (12)
1
m  em tan−1x (13) 

1
4  (sin−1x2) 2 (14) (x + logx)5 

 (15) − cos (logx) (16) log log sinx (17) 
sec4x

4   

 (18) − secx + 
sec3x

3   (19) (x + a) cosa − sina log sin (x + a)  

 (20) (x − a) cosa + sina log cos (x − a)         (21) 
1

b − a
  log (a cos2x + b sin2x) 

 (22) log cos 



π

4 − x   (23) 2 tanx  (24) 
1
3  (logx)3   

 (25) 
1
4  ex4

      (26) 
1
e  log (xe + ex + ee)  (27)  

(l − x)18

18   − 
l(l − x)17

17   

 (28) 
a

m + 1  (x − a)m + 1 + 
1

m + 2  (x − a) m + 2 

 (29) − 
(2 − x)18

18   + 
4

17  (2 − x)17 − 
1
4  (2 − x)16 (30) − 2 cos x  

 (31) 
1
2  



(2x + 3)5/2

5  − 
(2x + 3)3/2

3           (32) 
1
2  



3

5 (2x + 1)5/2 + 
7
3 (2x + 1)3/2   

 (33) 2 



(x + 1)7/2

7  − 
2
5 (x + 1)5/2 + 

2
3 (x + 1)3/2   
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T«t£ 9.6 

 (1) − xe− x − e−x (2) x sinx + cosx  

 (3) − x cotx + log sinx (4) x secx − log (secx + tanx) 

 (5) x tan−1x − 
1
2  log (1 + x2) (6) x tanx + log cosx − 

x2

2   

 (7) 
1
2  



x2

2  + 
x sin2x

2  + 
cos2x

4      (8)  
1
2  









sin 7x

7  + 
sin 3x

3  + 



cos 7x

49  + 
cos 3x

9   

 (9) 2



1

3 xe3x− 
e3x

9   (10) 



x2

2  − 
x
2 + 

1
4   e2x 

 (11) 
1
3  x2 sin3x + 

2
9  x cos 3x − 

2
27  sin 3x (12) (sin−1 x − 1) esin−1x 

 (13) 
1
2  (x4 − 2x2 + 2)ex2

                            (14) 3



x tan−1x − 

1
2 log (1 + x2)   

 (15) 
1
2  [ ]x2sin−1 (x2) + 1 − x4                (16) − 

1
2  cosec x cotx + 

1
2  log tan 

x
2  

 (17) 
eax

a2 + b2  (a cos bx + b sin bx) (18) 
e2x

13  (2 sin 3x − 3 cos 3x) 

 (19) 
ex

5   (cos 2x + 2 sin 2x) (20) 
e3x

13  (3 sin2x − 2 cos 2x) 

 (21) 
1
4  [sec 2x tan2x + log (sec 2x + tan 2x)]  

 (22) 
e4x

2   



1

65 (4 sin 7x − 7 cos 7x) − 
1
25 (4 sin 3x − 3 cos 3x)   

 (23) 
e−3x

4   



3

10 (− 3 cos x + sin x) + 
1
6 (− cos 3x + sin 3x)   
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T«t£ 9.7 

 (1) (i) 
1
5  tan−1 



x

5  (ii) 
1
4  tan−1 



x + 2

4     (iii) 
1
6  tan−1 



3x + 5

2   

  (iv) 
2
55

  tan−1 




4x + 7

55
    (v) 

1
9  tan−1 



3x + 1

3   

 (2) (i) 
1
8  log 



4 + x

4 − x
    (ii) 

1
6  log 



x

6 − x
    (iii) 

1
8 7

  log 




7 + 1 + 4x

7 − 1 − 4x
  

  (iv) 
1
5

  log 




5 − 1 + 2x

5 + 1 − 2x
   (v) 

1
6 6

  log 




6 + 1 + 3x

6 − 1 − 3x
  

 (3) (i) 
1

10  log 



x − 5

x + 5     (ii) 
1
16  log 



2x − 3

2x + 5     (iii) 
1

6 7
   log 





3x + 5 − 7

3x + 5 + 7
  

  (iv) 
1
21

  log  




2x + 3 − 21

2x + 3 + 21
     (v) 

1
17  log 



3x − 15

3x + 2   

 (4) (i) log ( )x + x2 + 1    (ii) 
1
2  log [ ](2x + 5) + (2x + 5)2 + 4   

  (iii) 
1
3  log [ ](3x − 5) + (3x − 5)2 + 6      (iv) log 









x + 

3
2  + x2 + 3x + 10   

  (v) log 









x + 

5
2  + x2 + 5x + 26   

 (5) (i) log ( )x + x2 − 91       (ii) log [ ](x + 1) + (x + 1)2 − 15   

  (iii) 
1
2  log [ ](2x + 3) + (2x + 3)2 − 16      (iv) log [ ](x+ 2)+ x2+4x−12  

  (v) log [ ](x + 4) + x2 + 8x − 20   

 (6) (i) sin−1 


x

2           (ii) sin−1 



x − 1

5        (iii) 
1
2  sin−1 





2x + 3

11
   

  (iv) sin−1 




2x − 1

5
    (v) sin−1 





2x + 1

33
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 (7) (i) − log (x2 + x + 1) + 
8
3

  tan−1 




2x + 1

3
  

  (ii) 
1
2  log (x2 + 21x + 3) − 

27
2 429

  log 




2x + 21 − 429

2x + 21 + 429
  

  (iii) 
1
2  log (2x2 + x + 3) − 

3
23

  tan−1 




4x + 1

23
  

  (iv) 
1
2  log (1 − x − x2) + 

3
2 5

  log 




5 + 2x + 1

5 − 2x − 1
  

  (v) 2 log (x2 + 3x + 1) − 5  log 




2x + 3 − 5

2x + 3  + 5
  

 (8) (i) − 
1
2  6 + x − 2x2  + 

9
4 2

  sin−1  



4x − 1

7   

   (ii) − 2 10 − 7x − x2  − 10 sin−1  




2x + 7

89
  

  (iii) 3x2 + 4x + 7               (iv) sin−1x − 1 − x2  + c 

  (v) 6 x2 − 9x + 20  + 34 log [ ](x − 9/2) + x2 − 9x + 20   

 (9) (i) 
x
2  1 + x2  + 

1
2  log [ ]x + 1 + x2   

  (ii) 
x + 1

2   (x + 1)2 + 4  + 2 log [ ](x + 1) + (x + 1)2 + 4   

  (iii) 
1
4  [ ](2x + 1) (2x + 1)2 + 9 + 9log { }(2x + 1) + (2x + 1)2 + 9     

  (iv) 
2x − 3

4   x2 − 3x + 10  + 
31
8  log [ ](x − 3/2) + x2 − 3x + 10   
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 (10) (i) 
x
2  4 − x2  + 2sin−1 



x

2   (ii) 



x + 2

2   25 − (x + 2)2  + 
25
2   sin−1 



x + 2

5   

  (iii) 
1
6  



(3x + 1) 169 − (3x + 1)2 + 169 sin−1  



3x + 1

13   

  (iv) 
2x − 3

4   1 − 3x − x2  + 
13
8   sin−1 





2x + 3

13
  

  (v) 
2x + 1

4   6 − x − x2  + 
25
8   sin−1 



2x + 1

5  

T«t£ 10.1 

 (1) (i) Bm   (ii) CpûX   (iii) CpûX, ‡ P(C) JÚ Ïû\U§lTôÏm 

  (iv) CpûX, ‡ ∑P ≠ 1   (v) Bm 

 (2) (i) 
1
6  (ii) 

1
12   (iii) 

1
6   (3) (i) 

3
8   (ii) 

1
2   (iii) 

7
8     (4) (i) 

2
13  (ii) 

4
13  (iii) 

2
13  

 (5) (i) 
1

22    (ii) 
21
44   (6) 

2
9   (7) (i) 

4
7    (ii) 

3
7   (8) 

37
42   (9) (i) 

1
7  (ii) 

2
7   (10)  

27
50  

T«t£ 10.2 

 (1) (i) 0.79  (ii) 0.10 (2) (i) 0.72 (ii) 0.72 (iii) 0.28 (iv) 0.28 

 (3) (i) 0.86  (ii) 0.36 (iii) 0.26  (iv) 0.76  (v) 0.14 (4) 
11
36    (5) 0.2    

 (6) (i) 
4

13   (ii) 
7

13   (7) (i) 0.45  (ii) 0.30 

T«t£ 10.3 

 (1) CVXôÕ (3) (i) 
9
10   (ii) 

2
7   (4) 

1
5  (5) 0.5 

 (7) (i) 0.12 (ii) 0.48  (iii) 0.39    

 (9) (i) 
13
20  (ii) 

5
12   (iii) 

1
2  (iv) 

7
12  (v) 

7
8  
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 (10) (i) 
3

10   (ii) 
6

11    (iii) 0.6  (iv) 0.525     

  (11) (i) 
1

169    (ii) 
1

221     (12)  (i) 
1
26    (ii) 

1
13     

  (13) (i) 
1
4    (ii) 

9
40    (iii) 

21
40  

(14) (i) 
1

30   (ii) 
3

10   (iii) 
2
3     

(15)  (i) 
3
4    (ii) 

11
24  

 (16) (i) 
5

28    (ii) 
1

14     

 (17) (i) 0.45  (ii) 0.9      

 (18) 
13
30       (19) 

43
60               (20) 

7
20          

T«t£ 10.4 

 (1) 
89

198     (2) 
3
80    (3) (i) 

41
80    (ii) 

25
41     

 (4) (i) 
29

400         (ii) 
11
29    (5) (i) 

13
24    (ii) 

5
13  
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Ï±dúLôs ®]ôdLs - ®ûPLs 

(1) 4 (2) 1 (3) 2 (4) 2 (5) 4 (6) 2 

(7) 3 (8) 4 (9) 2 (10) 1 (11) 1  (12) 2 

(13) 3 (14) 1 (15) 4 (16) 2 (17) 4 (18) 3 

(19) 1 (20) 4 (21) 3 (22) 2 (23) 1 (24) 3 

(25) 1 (26) 1 (27) 3 (28) 3 (29) 1 (30) 3 

(31) 2 (32) 3 (33) 2 (34) 4 (35) 2 (36) 2 

(37) 1 (38) 2 (39) 4 (40) 3 (41) 4 (42) 3 

(43) 4 (44) 1 (45) 2 (46) 3 (47) 3 (48) 1 

(49) 2      

 


