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Kfîiu

``vªj X® c©ikÆ¬ Äf¤ bjËthd k¦W« mHfhd T¦W
,W½Æ± fÂj tot¤ijna mila nt©L«pp - bjhu².

bghUËaY¡fhd nehg± gÇR bg¦wt®fË± mWgJ
ÉG¡fh£o¦F« nk¦g£nlh® fÂj¤Jt bghUËaÈ± _yKjyhd
rhjidf´ br­jt®f´.  m¤jifa bghUËa± t±Ye®f´ ca®
fÂj¤ij M³ªJ gÆ¬wnjhL mjid¥ bgU¥bghUËa± k¦W« fÂj¥
bghUËa± M»at¦¿¬ ca® M­îfS¡F bt¦¿fukhf¥ ga¬gL¤½d®.

µlh¬~ngh®L g±fiy¡ fHf Ã½¤Jiw¥ nguh¼Ça® Kidt®
µnfh±µ v¬gtU« bghUËa± t±Yd® Kidt® bk®l¬ v¬gtU«
,izªJ 1970M« M©L/ fhy¥ngh¡»± V¦gL« kh¦w¤ij¡ F¿¡F«
tif¡bfG rk¬gh£L¢ N¤½u« x¬iw¡ f©L¾o¤J
bghUshjhu¤½¦bfd 1997M« M©L nehg± gÇR bg¦wd®. ,¢N¤½u«
bjÇîÃiy¡ fhy«/ Éiyf´/ t£o åj« k¦W« rªijÆ± khW« j¬ik
v¬w eh¬F kh¿fË¬ mo¥gilÆ± Éiyia¤ Ô®khÅ¡F« tifÆ±
mikª½UªjJ.  ,¢N¤½u« eilKiwÆ± bgÇJ« ga¬g£lnjhl±yhk±/
mbkÇ¡f g§F¢ rªijiana kh¦wkila¢ br­jJ.

bghUËa± v¬gJ ¼y btË¥gil c©ikfis mo¥gilahf¡
bfh©L jU¡f Kiwia¥ ga¬gL¤½ tUÉ¡f¥gLtdt¦iw rh®ªj
m¿Éa± v¬W fUj¥g£lJ.  Mdh± ,¬W bghUËa± K¦¿Y«
cUkh¿É£lJ.  tiugl§f´/ rk¬ghLf´ k¦W« ò´ËÆa± M»at¦¿¬
Vuhskhd ga¬ghLf´/ bghUËa± j¬ikia kh¦¿É£ld.  ¼y
kh¿fË± Jt§» go¥goahf k¦w kh¿fis¥ òF¤½ ¾¬d®
mt¦¿¦»ilnaahd bjhl®igí«/ k¦W« bghUshjhu¡ f£lik¥¾¬ c´
mik¥ò¤ j¤Jt¤ij Muhaî« fÂj« ga¬gL¤j¥gL»wJ.  ,²Éjkhf
ò½a bghUËa± c©ikfis¡ f©L mt¦iw¥ bgUksÉ± ga¬gL¤j
fÂjtÊ mik¥òf´ ga¬gL»¬wd.

Mí´ fh¥ÕL/ g§F t®¤jf« k¦W« KjäL ngh¬witfis
c´sl¡»a ,l®-ne®î nkyh©ik fÂjÉaiy¢ rh®ªJ´sJ.
v½®fhy¤ij Äf¤ J±Èakhf fÂ¡f/ fÂj¤ij¢ rhjfkhf¥ ga¬gL¤j
Koí«;  MdhY« J±Èa¤ j¬ik üW ÉG¡fhlhf ,U¡fhJ v¬gJ
c©ikjh¬.  vÅD« xUt® j¬ gz¤ij v²thW KjäL br­tJ v¬W
ò¤½rhÈ¤jdkhfî« J±Èakhfî« KobtL¡f fÂj« ga¬gL«.
g½ndHh« ü¦wh©il¢ nr®ªj ghµf± k¦W« ~bg®kh£ v¬w ,U fÂj
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t±Yd®f´ fÂj¤ij¥ ga¬gL¤½ v½®fhy Ãf³îfis¡ fÂ¡F«
Kiwia cUth¡»d®.  ,U gfilfis F¿¥¾£l jlitf´ åR«
Éisah£o¬ g±ntW Ãf³îfË¬ Ãf³jfîfis mt®f´ fz¡»£ld®.

eåd bghUshjhu¥ ¾u¢ridfË¬ ¼¡f±fË¬ fLik
m½fÇ¤J¡ bfh©nl nghtjh± ò½a Kiwfis V¦gj¦F«
Muh­tj¦Fkhd njit nk¬nkY« To¡bfh©nl ngh»wJ.  fÂj«
k¦W« ò´ËÆa± mo¥gilÆ± mikªj tÊKiwfis¤ j¡fgo
ga¬gL¤½dh± mit F¿¥ghf bghUËa±/ thÂg« k¦W« bjhÊ±
M»a JiwfË± RU¡fkhd/ x¥òik¤ j¬ikíila k¦W« ½w¬Ä¡f
fUÉfshf mikí«.  nkY« ,«Kiwf´ M­î br­a¥gL« nfh£gh£il
MHkhf my¼ Muha cjîtnjhl±yhk± rÇahd k¦W« gF¤j¿í«
mo¥gilÆ± Ô®îfis¥ bgwî« tÊtF¡»¬wd.

2005-2006 f±É M©L Kj± m¿Kf¥gL¤j¥gL« ,¥ghl¥ ò¤jf«
g¬Åbu©lh« tF¥ò tÂf¡ fÂj¤½¬ ghl¤½£l¤½¦ »z§f
vGj¥g£L´sJ.  x²bthU ghlK« mo¥gil¡ fU¤½± Jt§»
go¥goahf fU¤J¢ br¿î bgW« t©z« mik¡f¥g£L´sJ.  x²bthU
ÃiyÆY« Vuhskhd vL¤J¡fh£L¡ fz¡Ff´ bfhL¡f¥g£L´sd.
fU¤JU¡fisí« fiy¢ brh¦fË¬ bghUisí« khzt®f´ e¬F
f¦Wz®ªJ nkY« gy fz¡Ffis¤ jhkhfnt v½®bfh´s
m²btL¤J¡fh£Lf´ cjî«.  bfhL¡f¥g£L´s gÆ¦¼ fz¡Ff´
khzt®fS¡F¥ nghJkhd gÆ¦¼ia mË¡F«. fz¡Ffis¤ jh§fns
Ô®¡f¤ njitahd j¬d«¾¡ifia ts®¥gjhf mit mikí«.
khzt®f´ ,¥ò¤jf¤ij¥ ga¬gL¤J«bghGJ/ clD¡Fl¬ mªjªj
fz¡Ffis Xnuh®goahf¥ ngh£L¥ gh®¡f nt©L« vd ÉU«ò»nwh«.
,¥ò¤jf¤½¬ ò´ËÆa± gF½fË± v©f´ rh®ªj fz¡ÑLf´
,U¥gjh± tÂf¡ fÂj khzt®f´ m¡fz¡FfË¬ Ô®îfS¡F
fÂ¥gh¬fis (calculators) ga¬gL¤JkhW m¿îW¤j¥gL»wh®f´.
j§fË¬ brhªj Ka¦¼ah± gy fz¡Ffis¤ Ô®¥g½± bt¦¿bgW«
khzt®f´/ ò½a fz¡FfË¬ mo¥gilia cz®ªJ mt¦iw¤ Ô®¡F«
mt®j« ½w¬ bgUksÉ± bgUFtij cW½ahf m¿a Koí«.  bghJ¤
nj®îfË± Éilfis vË½± mË¡f mt®fsh± ,aY«.

,«Ka¦¼¡F M¼ tH§» tÊ el¤½a v±yh« t±y ,iwtid¥
ngh¦W»¬nwh«. ,¥ò¤jf« f±É¢ r_f¤½dÇilna tÂf¡ fÂj¥
ghl¤½¦fhd M®t¤ij¡ »s®ªbjH¢ br­í« vd e«ò»nwh«.

``m©ik¡fhy¤½± bghUËa± j¤Jt§fis¡ f©L¾o¥g½±
fÂjÉa± í¡½fis neuoahf¥ ga¬gL¤J« Kiwf´ fÂj t±Ye®fË¬
fu§fË± Äf¢¼wªj nrit M¦¿í´sd.pp - M±~¥u£ kh®\±
khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬
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eilKiw ¾u¢¼idfis fÂjtoÉ± be¿Kiw¥
gL¤J«bghGJ/ mit tif¡ bfG¢rk¬ghLfË¬ tot«
bgW«. bghUshjhu«/ tÂfÉa±/ bgh¿Æa± ngh¬w JiwfË±
V¦gL« ¼w¥ò Ãf³îfis¡ F¿¡F« kh½Çf´  (models) /
tif¡bfG¢ rk¬ghLfshf mik»¬wd.  m¤jifa
Ãf³îfË± bgU«ghyhdit ¼¡fyhfî« k¦W« fodkhfî«
,U¡F«. Mdh± ,t¦iw tif¡ bfG¢ rk¬gh£o¬ _y«
btË¥gL¤½dh± mit¥g¦¿  Muh­j± Äf vËjh»ÉL«.
vL¤J¡fh£lhf x c¦g¤½ bghU£fS¡fhd bryÉ¬ khW
åj« bryÉ¦F neÇil É»jkhÆU¥¾¬ ,ªÃf³it Ñ³tU«
tif¡bfG¢ rk¬gh£odh± F¿¡fyh«.

dx
dC

  = k C, ,§F C v¬gJ bryî k¦W« k xU kh¿È

,j¬ Ô®thdJ C = C
0
 ekx , x = 0 vd ,U¥¾¬  C = C

0
 MF«.

6.1  tif¡bfG¢ rk¬ghLfis mik¤j±tif¡bfG¢ rk¬ghLfis mik¤j±tif¡bfG¢ rk¬ghLfis mik¤j±tif¡bfG¢ rk¬ghLfis mik¤j±tif¡bfG¢ rk¬ghLfis mik¤j±
(Formation of differential equations)

x¬W m±yJ mj¦F nk¦g£l rhuh kh¿f´/ xU rh®ªj kh¿
k¦W« ,t¦¿¬ x¬W m±yJ mj¦F  nk¦g£l
tif¡bfG¡fis bfh©L mik¡f¥gL« rk¬ghL tif¡
bfG¢ rk¬ghL MF«.

tif¡ bfG¢rk¬ghLf´ ,U tif¥gL«.

(i) xnubahU rhuh kh¿í«/ rhuh kh¿ia¥ bghW¤j rh®ªj
kh¿Æ¬  tif¡bfG ,itfis j¬df¤nj bfh©l
rk¬ghL rhjhuz tif¡bfG¢ rk¬ghlhF«.

(ii) x¬W¡F nk¦g£l rhuh kh¿f´ k¦W« rh®ªj kh¿fË¬
gF½ tif¡ bfG¡f´ ,t¦iw¡ bfh©L mikí«
rk¬gh£o¦F gF½ tif¡bfG¢ rk¬ghL (Partial differential

equation) v¬W bga®.

tif¡bfG¢ rk‹ghLfŸtif¡bfG¢ rk‹ghLfŸtif¡bfG¢ rk‹ghLfŸtif¡bfG¢ rk‹ghLfŸtif¡bfG¢ rk‹ghLfŸ 6



2

Ñ³tUtd tif¡bfG¢ rk¬ghLfS¡F vL¤J¡
fh£LfshF«.
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(1),  (2) k¦W« (3)  ,itf´ rhjhuz tif¡bfG¢
rk¬ghLfshF«

(4),  (5) k¦W« (6)  ,itf´ gF½ tif¡bfG¢
rk¬ghLfshF«

,¥ghl¤½± rhjhuz tif¡bfG¢ rk¬ghLfis¥ g¦¿
k£Lnk go¥ngh«.

6.1.1 tif¡bfG¢ rk¬gh£o¬ tÇir k¦W« gotif¡bfG¢ rk¬gh£o¬ tÇir k¦W« gotif¡bfG¢ rk¬gh£o¬ tÇir k¦W« gotif¡bfG¢ rk¬gh£o¬ tÇir k¦W« gotif¡bfG¢ rk¬gh£o¬ tÇir k¦W« go
(Order and Degree of a Differential Equation)

xU tif¡ bfG¢ rk¬gh£o± ,l« bg¦¿U¡F« tif¡
bfGÉ¬ Äf ca®ªj tÇirna m¢rk¬gh£o¬ tÇir (order)

vd¥gL«.

vL¤J¡fh£lhf/
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







dx

yd
+7

dx

dy
 − 4y = 0

v¬w tif¡bfG¢ rk¬gh£il fU¤½± bfh´f. 
3

3

dx

yd
, 

2

2

dx

yd

k¦W« 
dx

dy
,t¦¿¬ tÇirf´ Kiwna 3, 2 k¦W« 1 MF«.

vdnt Äf ca®ªj tÇir 3.  Mifah± nk¦f©l tif¡bfG¢
rk¬gh£o¬ tÇir 3 vd m¿ayh«.

xU tif¡bfG¢ rk¬gh£o± ,l«bg¦¿U¡F« Äf
ca®ªj tÇir bfh©l tif¡ bfGÉ¬ gona m¢rk¬gh£o¬
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go (degree) vd¥gL«. ,jid¡ fhz/ tif¡bfG¢ rk¬gh£o±
c´s tif¡bfG¡fË¬ mL¡F¡ F¿/ ¾¬dkhf
,±yhkÈU¡FkhW cW½ br­J bfh´sntzL«.

x2

3

2

2










dx

yd
+3

2

3

3










dx

yd
+7

dx

dy
− 4y = 0   v¬w tif¡bfG¢

rk¬gh£o¬ go 2 vdm¿ayh«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  1

¾¬tU« tif¡bfG¢ rk¬ghLfË¬ tÇir¾¬tU« tif¡bfG¢ rk¬ghLfË¬ tÇir¾¬tU« tif¡bfG¢ rk¬ghLfË¬ tÇir¾¬tU« tif¡bfG¢ rk¬ghLfË¬ tÇir¾¬tU« tif¡bfG¢ rk¬ghLfË¬ tÇir
go fh©f.go fh©f.go fh©f.go fh©f.go fh©f.

(i)

3









dx

dy
−−−−− 4 








dx

dy
+ y = 3ex (ii)   

3
2









2dx

yd
+ 7

4









dx

dy
= 3sin x

(iii) 2

2

dy

xd
+ a2x = 0  (iv) 

2









dx

dy
−−−−−3

3

3

dx

yd
+7

2

2

dx

yd
+4 








dx

dy
−−−−−logx= 0

(v)

2

1 







+

dx

dy
= 4x        (vi) 

3

2
2

1



















+

dx

dy
 = 

2

2

dx

yd

(vii)
2

2

dx

yd
 −−−−− 

dx

dy
 = 0        (viii) 2

1 x+ = 
dx

dy

Ô®î :

tÇir k¦W« go Kiwna

(i)  1 ;   3 (ii)  2 ; 3 (iii) 2 ; 1 (iv)  3 ; 1

(v)  1 ; 2 (vi)  2 ;  3 (vii) 2 ; 2 (viii) 1 ; 1

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(v), (vi) k¦W« (vii) ,t¦¿¬ go k¦W« tÇirfis¡
fh©gj¦F K¬ò tif¡ bfG¡fË¬ ¾¬d mL¡Ffis Ú¡f
nt©L«.

6.1.2  tis tiufË¬ FL«g«tis tiufË¬ FL«g«tis tiufË¬ FL«g«tis tiufË¬ FL«g«tis tiufË¬ FL«g« (Family of curves)

¼y rka§fË±/ tistiufË¬ FL«g¤ij xnubahU
rk¬gh£o¬ _y« F¿¡fyh«.  tistiu¡ FL«g¤½¬
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rk¬gh£o±  c  v¬w ahnjD« xU kh¿È ,U¡F«.  c -¬
bt²ntW k½¥òfS¡F tistiu¡FL«g¤½¬ bt²ntW
tistiufis¥ bgwyh«.  ,§F c -I Jiz myF (parameter)

v¬ngh«. ,J VnjD« xU kh¿Èahf ,U¡F«.

vL¤J¡fh£Lf´vL¤J¡fh£Lf´vL¤J¡fh£Lf´vL¤J¡fh£Lf´vL¤J¡fh£Lf´

(i) y = mx v¬w rk¬ghL M½tÊ¢ br±Y« ne®¡nfhLfË¬
FL«g¤ij¡ F¿¡»wJ. ,§F m xU Jiz myF.

(ii) M½ia ikakhf¡bfh©l bghJika t£l§fË¬
FL«g« x2 + y2 = a2 v¬w rk¬gh£lh± F¿¡f¥gL»wJ
,§F a  xU Jiz myF.

(iii) xnu js¤½± mikí« ne®nfh£L¡ FL«g¤½¬ rk¬ghL
y = mx + c v¬w rk¬gh£lh± F¿¡f¥gL»wJ.  ,§F  m
k¦W« c v¬gd Jiz myFf´.

6.1.3  rhjhuz tif¡bfG¢ rk¬ghLfisrhjhuz tif¡bfG¢ rk¬ghLfisrhjhuz tif¡bfG¢ rk¬ghLfisrhjhuz tif¡bfG¢ rk¬ghLfisrhjhuz tif¡bfG¢ rk¬ghLfis
mik¤j± mik¤j± mik¤j± mik¤j± mik¤j± (Formation of Ordinary Differential

Equations)

y = mx + λ ---------(1) v¬w rk¬gh£il¡ fUJf.
,§F m xU kh¿È. λ xU Jiz myF MF«.  ,¢rk¬ghL
rkkhd rh­îfis¡ bfh©l ,iz¡  nfhLfË¬
FL«g¤ij¡ F¿¡F«.

(1) x -ia¥bghW¤J tifÆl,  
dx

dy
= m vd »il¡F«.   ,J

ne®¡nfh£L FL«g¤½¬ tif¡ bfG¢ rk¬gh£il¡

F¿¡»wJ.  ,nj ngh¬W y = Ae5x  v¬w rk¬ghL 
dx

dy
= 5y

v¬w tif¡bfG¢ rk¬gh£il cUth¡F«.

nk¦F¿¥¾£l rh®òf´ xnu xU Jiz myif¡ bfh©l
FL«g§fis¡ F¿¡F«.  x²bthU FL«g¤½¦F« xU tif¡
bfG¢ rk¬ghL c©L.  ,²tif¡ bfG¢ rk¬gh£il bgw
FL«g¤½¬ rk¬gh£il x ia¥ bghW¤J/ Jiz myif
kh¿Èahf¡ fU½ tifÞL fhz nt©L«.  tifÞL br­j
rk¬ghL Jiz myFfË¬¿ ,U¡F« bghGJ/ FL«g¤½¬
tif¡bfG¢ rk¬ghlhf mikí«.
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
(i) ,U Jiz myFf´ bfh©l FL«g¤½¬ rk¬gh£il

,UKiw tifÞL br­J Jiz myFfis Ú¡»
tif¡bfG¢ rk¬gh£il bgwyh«.

(ii) bgw¥gL« tif¡bfG¢ rk¬gh£o¬ tÇirahdJ
tistiu¡ FL«g¤½¬ rk¬gh£o± c´s kh¿ÈfË¬
v©Â¡if¡F¢ rkkhf ,U¡F«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  2

y = A cos 5x + B sin 5x  v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬
tif¡bfG¢ rk¬gh£iltif¡bfG¢ rk¬gh£iltif¡bfG¢ rk¬gh£iltif¡bfG¢ rk¬gh£iltif¡bfG¢ rk¬gh£il mik¡f.  ,§F  mik¡f.  ,§F  mik¡f.  ,§F  mik¡f.  ,§F  mik¡f.  ,§F A k¦W«k¦W«k¦W«k¦W«k¦W«
B Jiz myFfshF«.Jiz myFfshF«.Jiz myFfshF«.Jiz myFfshF«.Jiz myFfshF«.

Ô®î :

    y = A cos 5x + B sin 5x     (bfhL¡f¥g£lJ)

  
dx

dy
= −5A sin5x + 5B cos 5x

2

2

dx

yd
= −25 (A cos 5x) − 25 (B sin 5x) = −25y

∴
2

2

dx

yd
 + 25y = 0.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  3

y = ae3x + bex  v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬v¬w tistiu¡ FL«g¤½¬
tif¡bfG¢ rk¬gh£il fh©f.  tif¡bfG¢ rk¬gh£il fh©f.  tif¡bfG¢ rk¬gh£il fh©f.  tif¡bfG¢ rk¬gh£il fh©f.  tif¡bfG¢ rk¬gh£il fh©f.  a k¦W« k¦W« k¦W« k¦W« k¦W« b v¬gdv¬gdv¬gdv¬gdv¬gd
Jiz myFfshF«.Jiz myFfshF«.Jiz myFfshF«.Jiz myFfshF«.Jiz myFfshF«.

Ô®î  :

y = ae3x + bex ------------(1)

dx

dy
= 3ae3x + bex ------------(2)

2

2

dx

yd
= 9ae3x + bex ------------(3)

(2) − (1) ⇒ 
dx

dy
 − y = 2ae3x ------------(4)
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(3) −(2) ⇒ 
2

2

dx

yd
−

dx

dy
=6ae3x =3 








− y

dx

dy
[(4) ia ga¬gL¤½]

⇒ 
2

2

dx

yd
− 4

dx

dy
+ 3y = 0

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

y = a cos (mx + b),  a  k¦W« k¦W« k¦W« k¦W« k¦W« b  fis VnjD«fis VnjD«fis VnjD«fis VnjD«fis VnjD«
kh¿Èfshf¡ bfh©l tistiu¡ FL«g¤½¬kh¿Èfshf¡ bfh©l tistiu¡ FL«g¤½¬kh¿Èfshf¡ bfh©l tistiu¡ FL«g¤½¬kh¿Èfshf¡ bfh©l tistiu¡ FL«g¤½¬kh¿Èfshf¡ bfh©l tistiu¡ FL«g¤½¬
tif¡ bfG¢ rk¬gh£il¡ fh©f.tif¡ bfG¢ rk¬gh£il¡ fh©f.tif¡ bfG¢ rk¬gh£il¡ fh©f.tif¡ bfG¢ rk¬gh£il¡ fh©f.tif¡ bfG¢ rk¬gh£il¡ fh©f.
Ô®î :

    y = a cos (mx + b) ------------(1)

 
dx

dy
= −ma sin (mx + b)

2

2

dx

yd
= − m2a cos (mx + b) = −m2y       [(1)-ia ga¬gL¤½]

∴ 
2

2

dx

yd
+ m2y = 0  v¬gJ njitahd tif¡bfG¢ rk¬ghlhF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 5

y  = a tan x+b secx  v¬w rk¬gh£o± c´sv¬w rk¬gh£o± c´sv¬w rk¬gh£o± c´sv¬w rk¬gh£o± c´sv¬w rk¬gh£o± c´s
kh¿Èf´ kh¿Èf´ kh¿Èf´ kh¿Èf´ kh¿Èf´ a k¦W« k¦W« k¦W« k¦W« k¦W« b  ,t¦iw Ú¡Ftj¬ _y«,t¦iw Ú¡Ftj¬ _y«,t¦iw Ú¡Ftj¬ _y«,t¦iw Ú¡Ftj¬ _y«,t¦iw Ú¡Ftj¬ _y«
tifbfG¢ rk¬gh£il¡ fh©f.tifbfG¢ rk¬gh£il¡ fh©f.tifbfG¢ rk¬gh£il¡ fh©f.tifbfG¢ rk¬gh£il¡ fh©f.tifbfG¢ rk¬gh£il¡ fh©f.

Ô®î :

y = a tan x + b sec x

,UòwK« cos x  -M± bgU¡f/

y cos x = a sin x + b

x -ia¥ bghW¤J tifÞL br­a

y (−sin x) + 
dx

dy
cos x = a cos x

−y tan x +
dx

dy
 = a -----------(1)

(1) ia  x ia¥ bghW¤J tifÞL br­a

2

2

dx

yd
−

dx

dy
tan x − y sec2 x = 0
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.1

1) Ñ³tUtdt¦¿¬ tÇir k¦W« go fh©f.

(i) x2

2

2

dx

yd
 −3

dx

dy
 + y = cos x (ii)

3

3

dx

yd
−3

2

2

2










dx

yd
+5

dx

dy
 = 0

(iii)
2

2

dx

yd
−

dx

dy
 = 0 (iv)  

2

1

2

2

1 







+

dx

yd
= 

dx

dy

(v)

3

1

1 







+

dx

dy
= 

2

2

dx

yd
(vi)  

2

2

1
dx

yd
+ = x

dx

dy

(vii)

2

3

2

2










dx

yd
= 

2









dx

dy
(viii) 3

2

2

dx

yd
 +5

3









dx

dy
−3y = ex

(ix) 
2

2

dx

yd
 = 0 (x)  

3

2

1
2

2









+

dx

yd
= 

3

1









dx

dy

2) Ñ³tUtdt¦¿¬ tif¡bfG¢ rk¬ghLfis¡ fh©f.

(i)  y = mx (ii)  y = cx − c + c2

(iii) y = mx +
m
a

, ,§F m xU VnjD« kh¿ÈahF«

(iv) y = mx + c  ,§F m k¦W« c v¬gd VnjD« kh¿ÈfshF«.

3) x ,  y  m¢R¡fis¤ bjhiy¤ bjhLnfhLfshf¡ bfh©l

m½gutisa FL«g¤½¬ tif¡bfG¢ rk¬gh£il¡ fh©f.

4) M½tÊ¢ br±Y« k¦W« x m¢¼¬ ÛJ ika§fis¡ bfh©l

x2 + y2 + 2gx = 0 vD« t£l§fË¬ FL«g¤ij¡ F¿¡F«

tif¡bfG¢ rk¬gh£il¡ fh©f.

5) y2 = 4a (x + a) ,¬ tif¡bfG¢ rk¬gh£il¡ fh©f.  ,§F

a xU Jiz myF.

6) y = ae2x + be3x  v¬w tistiu¡ FL«g¤½¬ tif¡bfG¢
rk¬gh£il¡ fh©f.  ,§F a k¦W« b v¬gd Jiz
myFfshF«.

7) y = a cos 3x + b sin 3x  -¬ tif¡bfG¢ rk¬gh£il¡

fh©f.  ,§F a k¦W« b v¬gd Jiz myFfshF«.

8) y = aebx  -¬ tif¡bfG¢ rk¬gh£il¡ fh©f.  ,§F a

k¦W« b v¬gd Jiz myFfshF«.
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9) x2 + y2 = a2 , v¬w bghJika t£l§fË¬ tif¡bfG¢

rk¬gh£il¡ fh©f.  ,§F a xU Jiz myF.

6.2  tÇir x¬Wila tif¡bfG¢ rk¬ghLf´tÇir x¬Wila tif¡bfG¢ rk¬ghLf´tÇir x¬Wila tif¡bfG¢ rk¬ghLf´tÇir x¬Wila tif¡bfG¢ rk¬ghLf´tÇir x¬Wila tif¡bfG¢ rk¬ghLf´
(First order differential equations)

6.2.1  tif¡bfG¢ rk¬gh£o¬ Ô®î tif¡bfG¢ rk¬gh£o¬ Ô®î tif¡bfG¢ rk¬gh£o¬ Ô®î tif¡bfG¢ rk¬gh£o¬ Ô®î tif¡bfG¢ rk¬gh£o¬ Ô®î (Solution of

first order differential equation)

bfhL¡f¥g£l tif¡bfG rk¬gh£oid Ãiwî
br­íkhW mikí« kh¿fS¡»ilnaahd tif¡ bfG¡fs¦w
rh®ò m¢rk¬gh£o¬ Ô®î MF«.

Ô®ÉY´s kh¿ÈfË¬ v©Â¡ifahdJ/ tif¡bfG¢
rk¬gh£o¬ tÇir¡F¢ rkkhf ,U¥¾¬/ m¤Ô®Éid
rk¬gh£o¬ bghJ¤ Ô®î (General solution) v¬ngh«.

bghJ¤Ô®É± c´s kh¿ÈfS¡F F¿¥¾£l k½¥òf´
bfhL¤J bgw¥gL« Ô®É¦F ¼w¥ò¤ Ô®î (Particular solution)

v¬W bga® vL¤J¡fh£lhf/

  tif¡bfG¢ rk¬ghL bghJ¤ Ô®î        ¼w¥ò¤ Ô®î

(i)   
dx

dy
= sec2x y = tan x + c  y= tan x - 5

                              (c xU kh¿ÈahF«)

(ii)   
dx

dy
 = x2 + 2x y =

3

3x
 +x2+ c y =

3

3x
+ x2 + 8

(iii)   
2

2

dx

yd
−9y = 0 y = Ae3x + Be-3x y = 5e3x−7e-3x

6.2.2 ¾Ç¡f¤j¡f kh¿f´ ¾Ç¡f¤j¡f kh¿f´ ¾Ç¡f¤j¡f kh¿f´ ¾Ç¡f¤j¡f kh¿f´ ¾Ç¡f¤j¡f kh¿f´ (Variables separable)

tÇir 1 k¦W« go 1 Mf c´s tif¡ bfG¢rk¬gh£o±
kh¿f´ jÅ¤jÅna ,U ¾Çîfshf mikíkhW ¾Ç¡f¤ j¡f
tifÆÈU¥¾¬/ mitf´ ¾Ç¡f¤j¡f kh¿f´ vd
miH¡f¥gL«.

kh¿f´ ¾Ç¡f¥g£l ¾¬ò/ tif¡bfG¢ rk¬ghL
f(x) dx + g(y) dy = 0 v¬w toit¥bgW«.  ,§F f(x) v¬gJ x
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ia k£L« kh¿ahf¡bfh©lJ« g(y) v¬gJ y ia k£L«
kh¿ahf¡ bfh©lJkhd rh®òfshf mikí«.

,j¬ bghJ¤ Ô®thdJ ∫ f (x) dx + ∫ g (y) dy = c  MF«.

(c xU bjhifÆlÈ¬ kh¿ÈahF«)

vL¤J¡fh£lhf/ x
dx

dy
− y = 0 v¬w rk¬gh£il fUJf.

x
dx

dy
= y     ⇒  

y

dy
 = 

x
dx

   (kh¿fis ¾Ç¥gjh±)

⇒ ∫ y

dy
= ∫ x

dx
+ k     k / xU bjhifÆlÈ¬ kh¿È

⇒ log y = log x + k.

k MdJ −∞ Kj± ∞ tiuÆyhd k½¥òfis¥ bgwyh«.

k -¬ k½¥ò −∞ Kj± ∞ tiu miktij¥ngh¬W log c -¬
k½¥ò« miktjh± bjhifÆlÈ¬ kh¿È k -¡F g½yhf log c

v¬w kh¿Èia bghJ¤Ô®É± kh¦¿aik¥g½¬ _y« Ô®î òJ¥
bghÈî bgW»wJ.

log y − log x = log c  ⇒  log (
x

y
) = log c

(m-J)  
x

y
 = c     ⇒    y  = cx

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
(i) tÇir x¬Wila neÇa± tif¡bfG¢ rk¬gh£o± y

,±yhkÈU¥¾¬ ,²tif¡bfG¢ rk¬ghL 
dx

dy
 = f(x)

v¬w toit¥ bg¦W ,j¬ Ô®î y = ∫ f (x) dx + c vd

mikí«.

(ii) x ,±yhkÈU¡ifÆ±/ 
dx

dy
 = g(y) v¬w toit¥bg¦W/

Ô®thdJ  ∫ )( yg

dy
 = ∫ dx + c vd mikí«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  6

xdy + ydx = 0 v¬w tif¡bfG¢ rk¬gh£il¤v¬w tif¡bfG¢ rk¬gh£il¤v¬w tif¡bfG¢ rk¬gh£il¤v¬w tif¡bfG¢ rk¬gh£il¤v¬w tif¡bfG¢ rk¬gh£il¤
Ô®¡f.Ô®¡f.Ô®¡f.Ô®¡f.Ô®¡f.
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Ô®î :

xdy + ydx = 0 [xy M± tF¡f]

y

dy
+

x
dx

= 0. ∫ y

dy
 + ∫ x

dx
 = c

1

∴ log y + log x = log c   ⇒  xy = c

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
(i) xdy + ydx = 0    ⇒ d(xy) = 0  ⇒ xy = c, .

(ii) d( y
x

) = 2
y

xdyydx −
 ∴ 

∫
−

2
y

xdyydx

 = ∫ d ( y
x

) + c = y
x

 + c

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  7

Ô®¡f :Ô®¡f :Ô®¡f :Ô®¡f :Ô®¡f :   
dx

dy
 = e3x+y

Ô®î  :

dx

dy
= e3x ey ⇒   ye

dy
 = e3x dx

∫
− ye dy = ∫

xe3
dx + c

⇒ −e−y  = 
3

3xe
 + c   ⇒  

3

3xe
+ e-y = c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

Ô®î fh©f :Ô®î fh©f :Ô®î fh©f :Ô®î fh©f :Ô®î fh©f :  (x2 −−−−− ay) dx = (ax −−−−− y2)dy

Ô®î  :

bfhL¤j rk¬gh£oÈUªJ

    x2dx + y2dy = a(xdy + ydx)

⇒   x2dx  +  y2dy = a d(xy)

∴ ∫
2

x dx + ∫
2

y dy= a ∫ d  (xy) + c

⇒         
3

3x
 + 

3

3y
= a(xy) + c

 x3 + y3 = 3axy + c  v¬gJ bghJ¤Ô®î MF«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

Ô®î fh©fÔ®î fh©fÔ®î fh©fÔ®î fh©fÔ®î fh©f  y 2
1

)(1
2x+  dy + x

2
1 y+ dx = 0

Ô®î :

      y 2
1 x+ dy + x

2
1 y+ dx = 0 [

2
1 x+

2
1 y+ M± tF¡f]

⇒
2

1 y

y

+
dy + 

2
1 x

x

+
dx = 0

∴ ∫
+ 2

1 y

y
dy + ∫

+ 2
1 x

x
dx = c

1

∴
2

1

∫
−

2

1

t dt + 
2

1

∫
−

2

1

u du = c

(m.J) 2

1

t  + 2

1

u  = c  or  
2

1 y+  + 
2

1 x+  = c

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò  : ,¡fz¡if bjhifÞliy ¾¬tU« É½ia¥

ga¬gL¤½ Ô®î fhzyh«. ∫[ f(x)]n f ′(x) dx = 
1

)]([
1

+

+

n

xf n

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

Ô®î fh©f :Ô®î fh©f :Ô®î fh©f :Ô®î fh©f :Ô®î fh©f :

(sin x + cos x) dy + (cos x −−−−− sin x) dx = 0

Ô®î :

bfhL¡f¥g£l rk¬gh£il Ñ³tUkhW vGj/

dy + 
xx
xx

cossin

sincos

+
−

dx = 0

⇒ 

∫ dy

 + ∫ +
−

xx
xx

cossin

sincos
dx = c

⇒  y + log(sin x + cos x) = c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

x = 2  vD«bghGJ vD«bghGJ vD«bghGJ vD«bghGJ vD«bghGJ y = 
4
π

 vÅ±vÅ±vÅ±vÅ±vÅ±

x
dx

dy
 + cos y = 0 I Ô®¡f.I Ô®¡f.I Ô®¡f.I Ô®¡f.I Ô®¡f.

 1+y2= t v¬f

2ydy = dt

 1+x2= u v¬f

∴ 2xdx= du
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Ô®î :

x dy = −cos y dx

∴ ∫ sec  y dy = − ∫ x
dx

 + k      k / bjhifÆlÈ¬ kh¿È

log (sec y + tan y) + log x = log c,  ,§F  k = log c

⇒ x(sec y + tan y) = c.

x = 2 , y = 
4

π
, vÅ±

2

(sec
4

π
 + tan

4

π

) = c

⇒  c = 

2

( 2 + 1) = 2 + 2

∴ ¼w¥ò¤ Ô®thdJ  x (sec y + tan y) = 2 + 2 MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

x myFf´ c¦g¤½¡fhd ,W½Ãiy¢ bryî¢myFf´ c¦g¤½¡fhd ,W½Ãiy¢ bryî¢myFf´ c¦g¤½¡fhd ,W½Ãiy¢ bryî¢myFf´ c¦g¤½¡fhd ,W½Ãiy¢ bryî¢myFf´ c¦g¤½¡fhd ,W½Ãiy¢ bryî¢
rh®ò rh®ò rh®ò rh®ò rh®ò MC = 23+16x −−−−− 3x2. k¦W« . k¦W« . k¦W« . k¦W« . k¦W« 1 myF c¦g¤½¡fhdmyF c¦g¤½¡fhdmyF c¦g¤½¡fhdmyF c¦g¤½¡fhdmyF c¦g¤½¡fhd
bkh¤j bryî %.40 vÅ±/ bkh¤j bryî k¦W«bkh¤j bryî %.40 vÅ±/ bkh¤j bryî k¦W«bkh¤j bryî %.40 vÅ±/ bkh¤j bryî k¦W«bkh¤j bryî %.40 vÅ±/ bkh¤j bryî k¦W«bkh¤j bryî %.40 vÅ±/ bkh¤j bryî k¦W«
ruhrÇ bryî¢ rh®òfis¡ fh©f.ruhrÇ bryî¢ rh®òfis¡ fh©f.ruhrÇ bryî¢ rh®òfis¡ fh©f.ruhrÇ bryî¢ rh®òfis¡ fh©f.ruhrÇ bryî¢ rh®òfis¡ fh©f.

Ô®î :

    x myFf´ c¦g¤½Æ¬ bkh¤j bryî¢ rh®ò C(x) vÅ±

dx
dC

= MC = 23 + 16x − 3x2

∴ ∫ dx
dC

dx = ∫ ( 23+16x − 3x2)dx+  k

     C = 23x + 8x2 − x3 + k,  k xU kh¿È

  x = 1 vÅ±  C(x) = 40   (bfhL¡f¥g£lJ)

23(1) + 8(1)2 - 13 + k = 40  ⇒  k   = 10

∴ bkh¤j bryî¢ rh®ò C(x) =  23x + 8x2 − x3 + 10

ruhrÇ bryî¢ rh®ò = 
x

xxx 10823
32 +−+

= 23 + 8x − x2 + 
x

10
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 13

njitÆ¬ be»³¢¼ njitÆ¬ be»³¢¼ njitÆ¬ be»³¢¼ njitÆ¬ be»³¢¼ njitÆ¬ be»³¢¼ −−−−−1 vÅ± njit¢ rh®¾¬vÅ± njit¢ rh®¾¬vÅ± njit¢ rh®¾¬vÅ± njit¢ rh®¾¬vÅ± njit¢ rh®¾¬
bghJ tot« fh©f.bghJ tot« fh©f.bghJ tot« fh©f.bghJ tot« fh©f.bghJ tot« fh©f.

Ô®î :

p  Éiy¡F nfhu¥gL« bghU£fË¬ v©Â¡if x  v¬f.

η
d
 = 

x

p−

dp
dx

bfhL¡f¥g£lJ/  
x

p−

dp
dx

 = −1   ⇒  
x

dx
= 

p

dp
 ⇒ ∫ x

dx

       = ∫ p

dp
 + log k

⇒ log x = log p + log k, (k xU kh¿È)

⇒ log x = log kp   ⇒  x = kp   ⇒   p = 
k
1 x

(m.J) p = cx,   ,§F c = 
k
1

  xU kh¿È

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

xU jhÅa¡ »l§if guhkÇ¥gj¦fhd bryî xU jhÅa¡ »l§if guhkÇ¥gj¦fhd bryî xU jhÅa¡ »l§if guhkÇ¥gj¦fhd bryî xU jhÅa¡ »l§if guhkÇ¥gj¦fhd bryî xU jhÅa¡ »l§if guhkÇ¥gj¦fhd bryî c

k¦W« m½± nrÄ¤J it¡f¡ Toa bghUË¬ msîk¦W« m½± nrÄ¤J it¡f¡ Toa bghUË¬ msîk¦W« m½± nrÄ¤J it¡f¡ Toa bghUË¬ msîk¦W« m½± nrÄ¤J it¡f¡ Toa bghUË¬ msîk¦W« m½± nrÄ¤J it¡f¡ Toa bghUË¬ msî

x M»at¦iw bjhl®ògL¤J« rk¬ghLM»at¦iw bjhl®ògL¤J« rk¬ghLM»at¦iw bjhl®ògL¤J« rk¬ghLM»at¦iw bjhl®ògL¤J« rk¬ghLM»at¦iw bjhl®ògL¤J« rk¬ghL     
dx
dC

 = ax + b.

x = 0  vD« nghJ vD« nghJ vD« nghJ vD« nghJ vD« nghJ C = C
0
 vÅ± vÅ± vÅ± vÅ± vÅ± C -I -I -I -I -I x -¬ rh®ghf¡-¬ rh®ghf¡-¬ rh®ghf¡-¬ rh®ghf¡-¬ rh®ghf¡

fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

  
dx
dC

 = ax + b    ∴  dC = (ax + b) dx

∫ Cd = ∫ + )b(ax dx + k,

⇒    C = 
2

2ax
+bx + k,  (k xU kh¿È) -------------(1)

x = 0  vÅ±  C = C
0
  ∴ (1) ⇒    C

0
=

2

a
(0) + b(0) +  k

⇒  k = C
0

vdnt bryî¢ rh®ò C = 
2

a
x2 + bx + C

0
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

xU tistiuÆ¬ vªj xU ò´ËÆY« mj¬xU tistiuÆ¬ vªj xU ò´ËÆY« mj¬xU tistiuÆ¬ vªj xU ò´ËÆY« mj¬xU tistiuÆ¬ vªj xU ò´ËÆY« mj¬xU tistiuÆ¬ vªj xU ò´ËÆY« mj¬
rh­î m¥ò´ËÆ¬ rh­î m¥ò´ËÆ¬ rh­î m¥ò´ËÆ¬ rh­î m¥ò´ËÆ¬ rh­î m¥ò´ËÆ¬ y Ma¤bjhiyÆ¬ ,Ukl§»¬Ma¤bjhiyÆ¬ ,Ukl§»¬Ma¤bjhiyÆ¬ ,Ukl§»¬Ma¤bjhiyÆ¬ ,Ukl§»¬Ma¤bjhiyÆ¬ ,Ukl§»¬
jiyÑæ MF«.  tistiu jiyÑæ MF«.  tistiu jiyÑæ MF«.  tistiu jiyÑæ MF«.  tistiu jiyÑæ MF«.  tistiu (4, 3) tÊ¢ br±Y»wJtÊ¢ br±Y»wJtÊ¢ br±Y»wJtÊ¢ br±Y»wJtÊ¢ br±Y»wJ
vÅ± mj¬ rk¬gh£il¡ fh©f.vÅ± mj¬ rk¬gh£il¡ fh©f.vÅ± mj¬ rk¬gh£il¡ fh©f.vÅ± mj¬ rk¬gh£il¡ fh©f.vÅ± mj¬ rk¬gh£il¡ fh©f.

Ô®î :

xU ò´ËÆl¤J tistiuÆ¬ rh­î v¬gJ m¥ò´ËÆ±

bjhLnfh£o¬ rh­thF«.

∴  
dx

dy
= y2

1
     ⇒   2ydy = dx

∫ y2 dy = ∫ dx + c   ⇒     y2 = x + c

tistiu (4, 3)  v¬w ò´Ë tÊna br±tjh±

9 = 4 + c   ⇒  c = 5

∴ tistiuÆ¬ rk¬ghL  y2 = x + 5

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.2

1) Ô®¡f  (i) 
dx

dy
 +

2

2

1

1

x

y

−

−
  = 0   (ii) 

dx

dy
 = 

2

2

1

1

x

y

+

+

     (iii) 
dx

dy
 = 

1

2

−

+

x

y
   (iv) x 2

1 y+  + y
2

1 x+
dx

dy
= 0

2) Ô®¡f  (i) 
dx

dy
= e2x-y + x3 e−y (ii) (1−ex) sec2 y dy + 3ex tan y dx = 0

3) Ô®¡f  (i) 
dx

dy
 = 2xy + 2ax (ii) x(y2 + 1) dx + y(x2 + 1) dy = 0

     (iii) (x2 − yx2)
dx

dy
 + y2 + xy2 = 0

4) Ô®¡f  (i) xdy + ydx + 4
22

1 yx−  dx  =0

     (ii) ydx−xdy+3x2y2ex
3

dx = 0

5) Ô®¡f  (i) 
dx

dy
 = 

22

54

2

2

+−

++

xx

yy
(ii) 

dx

dy
+

1

1

2

2

++

++

xx

yy
 = 0
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6) P(x, y) v¬w ò´ËÆl¤J xU tistiuÆ¬ rh­î 3x2 + 2

MF«.  tistiu (1, -1) tÊ¢br±YbkÅ± mj¬

rk¬gh£il¡ fh©f.

7) (x ,  y) v¬w xU ò´ËÆ± mj¬ rh­î m¥ò´ËÆ¬ x

Ma¤bjhiy¡F ne® É»jrk¤½± c´sJ.  tistiu (0, 0)

k¦W«  (1, 1) vD« ò´Ëf´ tÊ¢ br±Y»wJ vÅ± mj¬

rk¬gh£il¡ fh©f.

8) x =
2

1 vD« nghJ  y = 2  vÅ± sin-1x dy +
2

1 x

y

−
dx = 0 I

Ô®¡f.

9) njitÆ¬ be»³¢¼ - n vÅ±  njit rk¬gh£o¬ bghJ tot«

fh©f.

10) njitÆ¬ be»³¢¼ −
2

1
vÅ±  njit rk¬gh£o¬ bghJ

tot« fh©f.

11) x  myFfË¬ c¦g¤½¡fhd ,W½Ãiy bryî¢ rh®ò

MC = e3x + 7. c¦g¤½ VJ« ,±yhjnghJ bkh¤j¢ bryî

,±iy vd¡bfh©L/ bkh¤j¢ bryî k¦W« ruhrÇ¢ bryî

rh®òfis¡ fh©f.

6.2.3  rkgo¤jhd tif¡bfG¢ rk¬ghLf´rkgo¤jhd tif¡bfG¢ rk¬ghLf´rkgo¤jhd tif¡bfG¢ rk¬ghLf´rkgo¤jhd tif¡bfG¢ rk¬ghLf´rkgo¤jhd tif¡bfG¢ rk¬ghLf´
(Homogeneous differential equations)

f(x, y) k¦W« g(x, y) v¬gd x²bth¬W« xnu goí´s

rkgo¤jhd rh®òfbsÅ± 
dx

dy
 = 

),(

),(

yxg

yxf
 v¬gJ x, y ,± xU

rkgo¤jhd tif¡bfG¢ rk¬ghL MF«.

dx

dy
=

22
yx

xy

+
 , 

dx

dy
 = 

xy

yx

2

22 +
, 

dx

dy
 = 33

2

yx

yx

+

k¦W«     
dx

dy
 = 

x

yyx +− 22

v¬gd tÇir x¬W cila rkgo¤jhd tif¡bfG
rk¬ghLfS¡F ¼y vL¤J¡ fh£LfshF«.
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6.2.4 tÇir x¬W cila rkgo¤jhd tif¡bfG¢tÇir x¬W cila rkgo¤jhd tif¡bfG¢tÇir x¬W cila rkgo¤jhd tif¡bfG¢tÇir x¬W cila rkgo¤jhd tif¡bfG¢tÇir x¬W cila rkgo¤jhd tif¡bfG¢
rk¬ghLfis Ô®¡F« Kiw rk¬ghLfis Ô®¡F« Kiw rk¬ghLfis Ô®¡F« Kiw rk¬ghLfis Ô®¡F« Kiw rk¬ghLfis Ô®¡F« Kiw (Solving first order

homogeneous differential equations)

y = vx vÅ± 
dx

dy
 = v + x

dx
dv

 MF«.  vdnt tÇir x¬W

cila rkgo¤jhd tif¡bfG¢ rk¬ghlhdJ kh¿fis¥
¾Ç¡f¡ Toa rk¬gh£o¬ tot« bgW«.  bjhifÞLjY¡F¥

¾wF v I 
x

y
 v¬W kh¦¿ Ô®it¡ fhzyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

¾¬ tU« tif¡bfG¢ rk¬gh£il Ô®¡f.¾¬ tU« tif¡bfG¢ rk¬gh£il Ô®¡f.¾¬ tU« tif¡bfG¢ rk¬gh£il Ô®¡f.¾¬ tU« tif¡bfG¢ rk¬gh£il Ô®¡f.¾¬ tU« tif¡bfG¢ rk¬gh£il Ô®¡f.
(x2 + y2)dx = 2xydy

Ô®î :

bfhL¡f¥g£l tif¡bfG¢ rk¬gh£il

dx

dy
 = 

xy

yx

2

22 +
 v¬W vGjyh«. ------------- (1)

,J xU rkgo¤jhd tif¡bfG¢ rk¬ghL MF«.

   y = vx v¬f  ∴ 
dx

dy
= v + x

dx
dv

------------- (2)

(1) I (2) ,± ¾u½Æl

  v + x
dx
dv

= 
)(2

222

vxx
xvx +

  = 
v
v

2

1
2+

 x
dx
dv

= 
v
v

2

1
2+ − v   ⇒  x

dx
dv

 = 
v
v

2

1
2−

kh¿fis¥ ¾Ç¥gjh±/

2
1

2

v

v

−
dv= 

x
dx

  ⇒    ∫ −
−

2
1

2

v

v
 = ∫

−
x
dx

 + c
1

log (1 − v2) = − log x + log c [ ∫
′

)(

)(

xf

xf
dx = log f(x)]

⇒ log (1 − v2) + log x = log c  ⇒  (1 − v2) x = c

v I 
x

y
 vd kh¦¿dh±









−

2

2

1
x

y
x = c m±yJ  x2 − y2 = cx vd mikí«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f : (x3 + y3)dx = (x2y + xy2) dy

Ô®î :

bfhL¡f¥g£l rk¬gh£il ¾¬tUkhW vGjyh«.

dx

dy
 = 22

33

xyyx

yx

+

+
-------------- (1)

y = vx  v¬f.  ∴ 
dx

dy
 = v + x

dx
dv

⇒    v + x
dx
dv

= 2

3
1

vv

v

+
+

⇒    x
dx
dv

= 2

3
1

vv

v

+
+

− v   = 
)1(

1
2

+
−
vv

v
  = 

)1(

)1)(1(

+

+−

vv

vv

  ∫ − v
v

1
dv = 

∫ x
1

dx + c

⇒ ∫ −
−

v
v

1
 dv  = −

∫ x
1

dx + c   or  ∫ −

−−

v

v

1

1)1(
 dv =− ∫ x

1
dx + c

⇒ ∫ 







−

−
+

v1

)1(
1 dv = − ∫ x

1
dx + c

∴ v + log (1 − v) = − log x + c

 v  I  
x

y
 vd kh¦¿dh±  

x

y
+ log (x − y) = c  MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f :  x
dx

dy
 = y −−−−−

22
yx +

Ô®î :

 
dx

dy
= 

x

yxy 22 +−
------------(1)

y = vx v¬f    ∴  
dx

dy
 = v + x

dx
dv

(1)  ⇒  v + x
dx
dv

 = 
x

xvxvx 222 +−
 = v − 

2
1 v+

∴    x
dx
dv

= − 2
1 v+  ⇒  = 

2
1 v

dv

+
 = −

x
dx
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⇒               ∫
+ 2

1 v

dv
= − ∫ x

dx
 + c

1

⇒       log (v +
2

1 v+ )= − log x + log c

        log x (v +
2

1 v+ )= log c

m±yJ        x (v +
2

1 v+ ) = c

(m-J) x











++

2

2

1
x

y

x

y
= c    ∴    y + 

22
yx +  = c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f   (x +y) dy + (x −−−−− y)dx = 0

Ô®î :

dx

dy
= − 








+

−

yx

yx
------------ (1)

y = vx v¬f.   ∴   
dx

dy
= v + x

dx
dv

vdnt      v + x
dx
dv

= −
vxx
vxx

+
−

   ⇒   v + x

dx
dv

 = −
v
v

+
−

1

1

      (m-J)    x
dx
dv

= − 




 +

+
− v

v
v

1

1
  ⇒     x

dx
dv

 =
v

vvv

+
++−−

1

)1( 2

∴ 2
1

1

v

v

+
+

dv = 

x
1−

dx

⇒ ∫ + 2
1 v

dv
dv + ∫ + 2

1

2

2

1

v

v
dv = ∫−

x
1

 dx + c

tan-1v + 
2

1
log (1 + v2) = −log x + c

⇒ tan-1 







x

y
 + 

2

1
log 







 +
2

22

x

yx
 = −logx + c

⇒ tan-1 







x

y
 + 

2

1
log (x2 + y2) −

2

1
logx2 = −logx + c

∴ tan-1 







x

y
 + 

2

1
log (x2 + y2) = c
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

,yhg«,yhg«,yhg«,yhg«,yhg«  p k¦W« nfhu¥gL« njit msîk¦W« nfhu¥gL« njit msîk¦W« nfhu¥gL« njit msîk¦W« nfhu¥gL« njit msîk¦W« nfhu¥gL« njit msî

x M»aitM»aitM»aitM»aitM»ait
dx

dp
= 2

33

3

2

xp

xp −
 v¬w tif¡bfG¢ rk¬v¬w tif¡bfG¢ rk¬v¬w tif¡bfG¢ rk¬v¬w tif¡bfG¢ rk¬v¬w tif¡bfG¢ rk¬

gh£il Ãiwî br­»¬wd. gh£il Ãiwî br­»¬wd. gh£il Ãiwî br­»¬wd. gh£il Ãiwî br­»¬wd. gh£il Ãiwî br­»¬wd. x = 10 vD« nghJ vD« nghJ vD« nghJ vD« nghJ vD« nghJ p = 20

vÅ±/ ,yhg« k¦W« nfhu¥gL« nvÅ±/ ,yhg« k¦W« nfhu¥gL« nvÅ±/ ,yhg« k¦W« nfhu¥gL« nvÅ±/ ,yhg« k¦W« nfhu¥gL« nvÅ±/ ,yhg« k¦W« nfhu¥gL« njit M»at¦W¡jit M»at¦W¡jit M»at¦W¡jit M»at¦W¡jit M»at¦W¡
»ilnaí´s bjhl®ig¡ fh©f.»ilnaí´s bjhl®ig¡ fh©f.»ilnaí´s bjhl®ig¡ fh©f.»ilnaí´s bjhl®ig¡ fh©f.»ilnaí´s bjhl®ig¡ fh©f.

Ô®î :

dx

dp
= 2

33

3

2

xp

xp −
 -------------(1)

v¬gJ x, p ,± rkgo¤jhd tif¡bfG rk¬ghL MF«.

p = vx  vÅ±  
dx

dp
 = v + x

dx
dv

.

(1) ⇒   v + x
dx
dv

 = 2

3

3

12

v

v −
  ⇒   x

dx
dv

= 2

3

3

12

v

v −
 −v

⇒     x
dx
dv

  = − 




 +
2

3

3

1

v

v

3

2

1

3

v

v

+
dv= −

x
dx

   ∴ ∫ + 3

2

1

3

v

v
dv = − ∫ x

dx
 = k

⇒ log (1 + v3) = −log x + log k , ,§F k xU kh¿È

log (1 + v3) = log
x
k

  ⇒  1 + v3 =
x
k

v I 
x

p
 vd kh¦¿dh±/

⇒ x3 + p3 = kx2

Mdh± x = 10 vÅ± p = 20 vd bfhL¡f¥g£L´sJ.

∴    (10)3 + (20)3 = k(10)2   ⇒ k = 90   ∴ x3+p3 = 90x2

(m-J)    p3 = x2 (90 − x) v¬gJ njitahd bjhl®ghF«..

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

bghU£fË¬ nfhUj± msî bghU£fË¬ nfhUj± msî bghU£fË¬ nfhUj± msî bghU£fË¬ nfhUj± msî bghU£fË¬ nfhUj± msî q m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/
nfhUj± k¦W« mitfis ,U¥ò it¥gj¦FkhdnfhUj± k¦W« mitfis ,U¥ò it¥gj¦FkhdnfhUj± k¦W« mitfis ,U¥ò it¥gj¦FkhdnfhUj± k¦W« mitfis ,U¥ò it¥gj¦FkhdnfhUj± k¦W« mitfis ,U¥ò it¥gj¦Fkhd
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bryî bryî bryî bryî bryî C -¬ m½fÇ¡F« åj« ¬ m½fÇ¡F« åj« ¬ m½fÇ¡F« åj« ¬ m½fÇ¡F« åj« ¬ m½fÇ¡F« åj« dq
dC

 = 2

2
2CC

q

q+
 vD«vD«vD«vD«vD«

tif¡bfG¢ rk¬gh£odh± ju¥g£L´sJ. tif¡bfG¢ rk¬gh£odh± ju¥g£L´sJ. tif¡bfG¢ rk¬gh£odh± ju¥g£L´sJ. tif¡bfG¢ rk¬gh£odh± ju¥g£L´sJ. tif¡bfG¢ rk¬gh£odh± ju¥g£L´sJ. C k¦W«k¦W«k¦W«k¦W«k¦W«
q ¡F ,ilna c´s bjhl®ig ¡F ,ilna c´s bjhl®ig ¡F ,ilna c´s bjhl®ig ¡F ,ilna c´s bjhl®ig ¡F ,ilna c´s bjhl®ig C = 1 k¦W« k¦W« k¦W« k¦W« k¦W« q = 1

vD« ÃiyÆ± fh©f.vD« ÃiyÆ± fh©f.vD« ÃiyÆ± fh©f.vD« ÃiyÆ± fh©f.vD« ÃiyÆ± fh©f.

Ô®î :

C k¦W« q ± c´s rkgo¤jhd rk¬ghL

dq
dC

 = 2

2
C2C

q

q+
------------(1)

C = vq v¬f   ∴   dq
dC

 =  v + q dq
dv

(1) ⇒ v + q dq
dv

  = 2

222
2

q

vqqv +
 = v2 + 2v

⇒ q dq
dv

= v2 + v = v (v + 1)   ⇒  
)1( +vv

dv
 = 

q

dq

⇒ ∫ +

−+

)1(

)1(

vv

vv
 dv = ∫ q

dq
 + k ,     k xU kh¿È.

⇒ ∫ v
dv

 − ∫ +1v
dv

= ∫ q

dq
 + log k,

⇒ log v − log (v + 1) = log q + log k

⇒ log 
1+v

v
 = log qk     m±yJ   

1+v
v

= kq

v =  q
C

 vD« nghJ,  C = kq(C + q).

C = 1 k¦W« q = 1 vD« nghJ

C = kq(C + q)   ⇒  k = 
2

1

∴ C = 
2

)C( qq +
 v¬gJ C k¦W« q É¦F ,ilÆyhd

bjhl®ghF«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

bkh¤j c¦g¤½¢ bryî bkh¤j c¦g¤½¢ bryî bkh¤j c¦g¤½¢ bryî bkh¤j c¦g¤½¢ bryî bkh¤j c¦g¤½¢ bryî y k¦W« c¦g¤½Æ¬k¦W« c¦g¤½Æ¬k¦W« c¦g¤½Æ¬k¦W« c¦g¤½Æ¬k¦W« c¦g¤½Æ¬
msî msî msî msî msî x M»ait M»ait M»ait M»ait M»ait (6x2 + 2y2) dx −−−−− (x2 + 4xy) dy = 0  v¬wv¬wv¬wv¬wv¬w
rk¬gh£o¬ thÆyhf ,W½ Ãiy c¦g¤½ bryîl¬rk¬gh£o¬ thÆyhf ,W½ Ãiy c¦g¤½ bryîl¬rk¬gh£o¬ thÆyhf ,W½ Ãiy c¦g¤½ bryîl¬rk¬gh£o¬ thÆyhf ,W½ Ãiy c¦g¤½ bryîl¬rk¬gh£o¬ thÆyhf ,W½ Ãiy c¦g¤½ bryîl¬
bjhl®ògL¤j¥g£L´sd.  bjhl®ògL¤j¥g£L´sd.  bjhl®ògL¤j¥g£L´sd.  bjhl®ògL¤j¥g£L´sd.  bjhl®ògL¤j¥g£L´sd.  x =1 vD« bghGJ vD« bghGJ vD« bghGJ vD« bghGJ vD« bghGJ y = 2

vÅ±/ bkh¤j bryÉ¦F« c¦g¤½¡F« ,ilnavÅ±/ bkh¤j bryÉ¦F« c¦g¤½¡F« ,ilnavÅ±/ bkh¤j bryÉ¦F« c¦g¤½¡F« ,ilnavÅ±/ bkh¤j bryÉ¦F« c¦g¤½¡F« ,ilnavÅ±/ bkh¤j bryÉ¦F« c¦g¤½¡F« ,ilna
í´s bjhl®¾id¡ fh©f.í´s bjhl®¾id¡ fh©f.í´s bjhl®¾id¡ fh©f.í´s bjhl®¾id¡ fh©f.í´s bjhl®¾id¡ fh©f.

Ô®î :

bfhL¡f¥g£L´sJ    (6x2 + 2y2) dx = (x2 + 4xy) dy

∴ 

dx

dy

= 
xyx

yx

4

26

2

22

+

+
------------(1)

,J x k¦W« y -Æ± c´s rkgo¤jhd rk¬ghL MF«.

y = vx v¬f.  ∴ 
dx

dy
 = v +x

dx
dv

(1) ⇒     v + x
dx
dv

 =
xyx

yx

4

26

2

22

+

+
   ⇒   

226

)41(

vv

dvv

−−
+

 dv = 

x
1

dx

∴ − ∫ −−
−−

2
26

41

vv

v
dv = ∫ x

1
dx + k,  k  xU kh¿È

⇒ −log(6−v−2v2) = log x + log k = log kx

⇒      2
26

1

vv −−
= kx

⇒ x = c(6x2 − xy −2y2
)   ,§F c = 

k
1

  k¦W« v = 
x

y
.

x = 1  k¦W« y = 2 vÅ±,     1 = c(6 − 2 − 8) ⇒ c = −
4

1

∴ 4x  = (2y2 + xy −  6x2)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  6.3

1) ¾¬tU« tif¡bfG¢ rk¬ghLfis¤ Ô®¡f.

(i)
dx

dy
 = 

x

y
 − 

2

2

x

y
(ii) 2

dx

dy
 = 

x

y
 − 

2

2

x

y

(iii)
dx

dy
 = 

xyx

yxy

3

2

2

2

−

−
(iv) x(y − x)

dx

dy
 = y 2



22

(v)
dx

dy
 = 

xyx

xyy

2

2

2

2

−

−
(vi)

dx

dy
 = 22 yx

xy

−

(vii) (x + y)2 dx = 2x2 dy (viii) x
dx

dy
 =  y + 

22 yx +

2) bghU£fË¬ nfhUj± msî q m½fÇ¡F«bghGJ/  nfhUj±

k¦W« mitfis ,U¥ò it¥gj¦Fkhd bryî C -¬

m½fÇ¡F« åj« dq
dC

=
q

q

C2

C
22 +

 vD« tif¡bfG¢

rk¬gh£odh± ju¥g£L´sJ. C k¦W« q ¡F ,ilna c´s
bjhl®ig     C = 4 k¦W« q = 2 vD« ÃiyÆ± fh©f.

3) bkh¤j c¦g¤½¢ bryî     y k¦W« c¦g¤½Æ¬ msî x M»ait

dx

dy
= 

xy

yx 22
24 −

 v¬w tif¡bfG rk¬gh£o¬ thÆyhf

,W½ Ãiy c¦g¤½ bryîl¬ bjhl®ògL¤j¥g£L´sd.

x = 2 vD« bghGJ y = 4 vÅ±/ bkh¤j bryî¢ rh®ò ahJ?

6.2.5 tÇir x¬Wila neÇa± tif¡bfG¢tÇir x¬Wila neÇa± tif¡bfG¢tÇir x¬Wila neÇa± tif¡bfG¢tÇir x¬Wila neÇa± tif¡bfG¢tÇir x¬Wila neÇa± tif¡bfG¢
rk¬ghL rk¬ghL rk¬ghL rk¬ghL rk¬ghL (First order linear differential equation)

tÇir x¬W c´s tif¡ bfG¢ rk¬gh£o± c´s rh®ªj
kh¿ k¦W« mj¬ tif¡ bfG¡fË¬ go 1 k¦W« ,²Éu©o¬
bgU¡f± gy¬ ,±yhkY« ,U¡FkhÆ¬ m¢rk¬ghL tÇir
x¬Wila neÇÆa± tif¡bfG¢ rk¬ghL vd¥gL«.

tÇir 1 c´s neÇÆa± tif¡bfG¢ rk¬gh£o¬ tot«

dx

dy
+ Py = Q vd mikí«.  ,§F P k¦W« Q v¬gd x ± k£Lnk

c´s rh®òfshF«.

vL¤J¡fh£lhf/

(i) 
dx

dy
+3y = x3 ; ,§F P = 3,  Q = x3

(ii) 
dx

dy
+ y tan x = cos x, P = tan x,  Q = cos x

(iii) 
dx

dy
x − 3y = xex, P = 

x
3− ,  Q = ex

(iv) (1 + x2)
dx

dy
 + xy = (1+x2)

3
, P = 2

1 x

x

+
, Q = (1 + x2)

2

v¬gd tÇir 1 c´s neÇÆa± tif¡ bfG¢ rk¬ghLfshF«.
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6.2.6  bjhifÞ£L¡ fhuÂ bjhifÞ£L¡ fhuÂ bjhifÞ£L¡ fhuÂ bjhifÞ£L¡ fhuÂ bjhifÞ£L¡ fhuÂ  (I.F)

bfhL¡f¥g£l tif¡bfG¢ rk¬ghL/ neÇilahf
bjhifÞL fhz¤j¡f tifÆ± ,±yhk± ,U¡fyh«.  Mdh±
,ij xU rh®¾¬ _y« bgU¡Ftjh± bjhifÞL
fhz¤j¡fjhf khwyh«.  ,¤jifa rh®¾¦F bjhifÞ£L¡
fhuÂ (integrating factor (I.F)) v¬W bga®.  Mifah±/
tif¡bfG¢ rk¬gh£il neÇilahf bjhifÞL fhz¤j¡f
tifÆ± kh¦Wtj¦F cjî« rh®ò bjhifÞ£L¡ fhuÂahF«.

   
dx

dy
+ Py  = Q,    -----------(1)  vD« rk¬gh£o¦F 

∫ dx

e
P

v¬gJ bjhifÞ£L¡ fhuÂ vd ÃWînth«. ,§F P k¦W« Q

v¬gd x ,± rh®òf´.

   
dx
d )(

P∫ dx

ye = 
dx

dy ∫ dx

e
P

 + y
dx
d

(
∫ dx

e
P

)

= 
dx

dy ∫ dx

e
P

 + y ∫ dx

e
P

 
dx
d
∫ dxP

= 
dx

dy ∫ dx

e
P

 + y ∫ dx

e
P

  P  = (
dx

dy
+Py) 

∫ dx

e
P

 .

(1) ia ∫ dx

e
P

 M± bgU¡f

(
dx

dy
 + Py) ∫ dx

e
P

= Q
∫ dx

e
P

⇒  
dx
d )(

P∫ dx

ye = Q 
∫ dx

e
P

bjhifÞL br­a/

y
∫ dx

e
P

 = ∫
∫ dx

e
P

 Q   dx + c -------------(2)

Mifah± ∫ dx

e
p

 v¬gJ bjhifÞ£L¡ fhuÂahF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(i) elogf(x) = f(x)  when  f(x) > 0

(ii)
dx

dy
 + Py = Q -± Q = 0  vÅ± bghJ¤ Ô®î y (I.F) = c,

,§F c xU kh¿È
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(iii) dy
dx

 +  Px = Q  v¬w rk¬gh£o± P k¦W« Q v¬gd

y -Æ¬ rh®òfshÆ¬ ,¢rk¬gh£o¬ I.F 
∫ dy

e
P

 MF«.

k¦W« Ô®thdJ   x (I.F) = ∫Q (I.F) dy + c vd mikí«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

(1 −−−−− x2)
dx

dy
 −−−−− xy = 1 v¬w rk¬gh£il¤ Ô®¡f.v¬w rk¬gh£il¤ Ô®¡f.v¬w rk¬gh£il¤ Ô®¡f.v¬w rk¬gh£il¤ Ô®¡f.v¬w rk¬gh£il¤ Ô®¡f.

Ô®î :

(1-x2) 
dx

dy
 − xy = 1

⇒     
dx

dy
 − 

2
1 x

x

−
 y = 

2
1

1

x−

,J   
dx

dy
 + Py = Q,  v¬w toÉ± c´sJ

,§F    P = 2
1 x

x

−
−

 ; Q = 

2
1

1

x−

I.F    = 
∫ dx

e
P

 = 
∫ −

− dx
x

x

e
2

1  = 
2

1 x−

bghJ¤Ô®î:

y (I.F) = ∫Q (I.F)dx + c

y 2
1 x− = ∫ − 2

1

1

x

2
1 x−

dx + c

= ∫
− 2

1 x

dx
 + c

y 2
1 x− = sin-1x + c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f   
dx

dy
+ay  = ex       (,§F ,§F ,§F ,§F ,§F a ≠≠≠≠≠ −−−−−1)

Ô®î :
,§F   P = a   ;   Q = ex

∴    I.F = 
∫ dx

e
P

 = eax
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bghJ¤ Ô®î

y (I.F) = ∫Q (I.F)dx + c

⇒ y eax = ∫
xe eax dx + c  = ∫

+ xae )1(
dx + c

y eax = 
1

)1(

+

+

a
e xa

 + c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f   cos x
dx

dy
 + y sin x = 1

Ô®î :

bfhL¡f¥g£l rk¬gh£il Ñ³tU« KiwÆ± vGj

  
dx

dy
+ y

x
x

cos

sin
= 

xcos

1
 ⇒    

dx

dy
+ y tan x = sec x

,§F  P = tan x   ;  Q = sec x

     I.F = 
∫ dxx

e
 tan 

 = elog secx  = sec x

bghJ¤ Ô®î

y (I.F) = ∫Q (I. F) dx + c

y sec x = ∫ x
2

sec  dx + c

∴ y sec x = tan x + c

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

xU t§»/ Kjä£o¬ cldo khW åjK«/xU t§»/ Kjä£o¬ cldo khW åjK«/xU t§»/ Kjä£o¬ cldo khW åjK«/xU t§»/ Kjä£o¬ cldo khW åjK«/xU t§»/ Kjä£o¬ cldo khW åjK«/
m«KjÈ¬ Xuh©L t£oí« rk msÉ±m«KjÈ¬ Xuh©L t£oí« rk msÉ±m«KjÈ¬ Xuh©L t£oí« rk msÉ±m«KjÈ¬ Xuh©L t£oí« rk msÉ±m«KjÈ¬ Xuh©L t£oí« rk msÉ±
,U¡FkhW fz¡»£L t£oaË¡»wJ. tUl¤½¦F,U¡FkhW fz¡»£L t£oaË¡»wJ. tUl¤½¦F,U¡FkhW fz¡»£L t£oaË¡»wJ. tUl¤½¦F,U¡FkhW fz¡»£L t£oaË¡»wJ. tUl¤½¦F,U¡FkhW fz¡»£L t£oaË¡»wJ. tUl¤½¦F
6.5% bjhl® T£L åj¤½± % .bjhl® T£L åj¤½± % .bjhl® T£L åj¤½± % .bjhl® T£L åj¤½± % .bjhl® T£L åj¤½± % .50,000 - ¤ij-¤ij-¤ij-¤ij-¤ij
m²t§»Æ± xUt®  KjäL br ­ j h± m²t§»Æ± xUt®  KjäL br ­ j h± m²t§»Æ± xUt®  KjäL br ­ j h± m²t§»Æ± xUt®  KjäL br ­ j h± m²t§»Æ± xUt®  KjäL br ­ j h± 10

tUl§fS¡F ¾¬d® mt® bgW« K½®îtUl§fS¡F ¾¬d® mt® bgW« K½®îtUl§fS¡F ¾¬d® mt® bgW« K½®îtUl§fS¡F ¾¬d® mt® bgW« K½®îtUl§fS¡F ¾¬d® mt® bgW« K½®î
bjhifia¡ fz¡»Lf.bjhifia¡ fz¡»Lf.bjhifia¡ fz¡»Lf.bjhifia¡ fz¡»Lf.bjhifia¡ fz¡»Lf.          (e.65 =1.9155)
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Ô®î :

t v¬w fhy¤½± P(t) v¬gJ fz¡»± ,U¡F« bjhif
vd¡ bfh´f.  gz¤½¬ ts®¢¼ia¡ F¿¡F« tif¡bfG¢
rk¬ghlhdJ

dt
dP

= 
100

5.6
P =  0.065P   ⇒ ∫ P

Pd
= ∫ )065.0(  dt + c

log
e
P = 0.065t + c      ∴    P = e0.065t  ec

    P = c
1
  e0.065t -------------(1)

t = 0,  P = 50000 vÅ±

(1) ⇒  50000 = c
1
 e0   or c

1
 = 50000

    ∴        P =  50000  e0.065t

At t = 10 vÅ± P = 50000 e 0.065 x 10 = 50000  e 0.65

= 50000 x (1.9155) = %.95,775

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 27

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f :  
dx

dy
+ y cos x = 

2
1

sin 2x

Ô®î  :

,§F    P = cos x   ;    Q = 
2

1
sin 2x

∫ P dx = ∫ xcos dx = sin x

I.F = 
∫ dx

e
P

 = e sin x

bghJ¤ Ô®î

y  (I.F) = ∫Q (I.F) dx + c

= ∫ 2

1
sin 2x. esin x dx + c

= ∫ xsin cos x.  esin x dx + c

= ∫ t et dt + c   = et (t − 1) + c

= esin x (sin x − 1) + c

sin x= t, v¬f

  cos x dx = dt
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

jahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fis
,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî C k¦W«k¦W«k¦W«k¦W«k¦W«
mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡

fhy« fhy« fhy« fhy« fhy« m M»at¦iw M»at¦iw M»at¦iw M»at¦iw M»at¦iw m2

dm
dC

 + 2mC = 2,  m = 2 vÅ±vÅ±vÅ±vÅ±vÅ± C = 4

vD« rk¬gh£odh± F¿¤jh±/ vD« rk¬gh£odh± F¿¤jh±/ vD« rk¬gh£odh± F¿¤jh±/ vD« rk¬gh£odh± F¿¤jh±/ vD« rk¬gh£odh± F¿¤jh±/ C  k¦W«k¦W«k¦W«k¦W«k¦W« m fS¡fS¡fS¡fS¡fS¡
»ilnaahd bjhl®ig¡ fh©f.»ilnaahd bjhl®ig¡ fh©f.»ilnaahd bjhl®ig¡ fh©f.»ilnaahd bjhl®ig¡ fh©f.»ilnaahd bjhl®ig¡ fh©f.
Ô®î :

  m2

dm
dC

 + 2mC = 2  ⇒  
dm
dC

+
m
C2

 = 2

2

m

,J tÇir 1 c´s neÇÆa± tif¡ bfG¢ rk¬ghlhF«.

dx

dy

+ Py = Q,   ,§F P =
m
2

 ;     Q = 2

2

m

I.F = 

∫ dm

e
P

 = 
∫ dm

e m

2

 = elog m2
 = m2

bghJ¤ Ô®î :

 C (I.F) = ∫Q (I.F) dm + k ,     k xU kh¿È

     Cm2 = ∫ 2

2

m
m2 dm + k

     Cm2 = 2m + k

C = 4 k¦W«  m = 2  vÅ±

16 = 4 + k      ⇒     k  = 12

C  k¦W«  m  -¡fhd bjhl®ò
Cm2 = 2m + 12 = 2(m + 6) MF«.
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jahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fisjahÇ¥ò ÃWtd« x¬¿± cgfuz§fis
,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî ,a¡fî« guhkÇ¡fî« MF« bryî C k¦W«k¦W«k¦W«k¦W«k¦W«
mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡mL¤jL¤j ,U gGJ gh®¤jY¡FÇa ,ilbtË¡

fhy« fhy« fhy« fhy« fhy« x M»at¦iw M»at¦iw M»at¦iw M»at¦iw M»at¦iw x2

dx
dC

 −−−−−  10xC = −−−−−10 v¬wv¬wv¬wv¬wv¬w

rk¬gh£odh± F¿¡f¥go¬rk¬gh£odh± F¿¡f¥go¬rk¬gh£odh± F¿¡f¥go¬rk¬gh£odh± F¿¡f¥go¬rk¬gh£odh± F¿¡f¥go¬ ,  x = x
0
 vÅ±vÅ±vÅ±vÅ±vÅ± C = C

0

vd¡bfh©L vd¡bfh©L vd¡bfh©L vd¡bfh©L vd¡bfh©L C -I I I I I x -¬ rh®ghf¡ fh©f.¬ rh®ghf¡ fh©f.¬ rh®ghf¡ fh©f.¬ rh®ghf¡ fh©f.¬ rh®ghf¡ fh©f.
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Ô®î :

x2 
dx
dC

 − 10xC = −10   ⇒     
dx
dC

 − 
x
C10

   = 2

10

x
−

,J tÇir 1 c´s neÇÆa± tif¡bfG¢ rk¬ghlhF«

      P  = 
x

10−      k¦W« Q = 2

10

x
−

∫ P dx = ∫−
x

10
dx = −10 log x = log 








10

1

x

I.F = 
∫ dx

e
P

 = 








10

1
log

xe  =  10

1

x
bghJ¤ Ô®î :

 C(I.F) = 

∫Q

(I.F) dx + k, k xU kh¿È

    10

C

x
= 

∫
−

2

10

x








10

1

x

dx + k   or 10

C

x
 = 

11

10









11

1

x
+ k

vdnt C = C
0  

k¦W«    x = x
0  

vÅ±

10

0

0
C

x
= 

11

10








11

0

1

x
+ k   ⇒   k  = 

10

0

C

x
−

11

0
11

10

x

∴  Ô®î

   10

C

x
 = 

11

10









11

1

x
 +  








−

11

0

10

0
11

10C

xx

⇒ 10

C

x
−

10

0

C

x

 = 
11

10








−

11

0

11

11

xx

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.4

1) ¾¬tU« tif¡bfG¢ rk¬ghLfis¤ Ô®¡f.

(i)
dx

dy
+ y cot x = cosec x

(ii)
dx

dy
− sin 2x = y cot x

(iii)
dx

dy
+ y cot x = sin 2x
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(iv)
dx

dy
+ y cot x = 4x cosec x,   (x = 

2

π
 vÅ± y = 0)

(v)

dx

dy

− 3y cot x = sin 2x ,    (x = 
2

π
 vÅ±  y = 2)

(vi) x

dx

dy

− 3y = x2

(vii)
dx

dy
+ 2

1

2

x

xy

+
=

22
)1(

1

x+
 ,      (x = 1 vÅ± y = 0)

(viii)
dx

dy
− y tan x = ex sec x

(ix) log x
dx

dy
 +

x

y
 = sin 2x

2) bjhl®¢¼¡ T£L t£o åj« 12% bfh©l ¼W nrÄ¥ò

½£l¤½± xUt® 5 tUl§fS¡F xU F¿¥¾£l bjhifia

KjäL br­a ½£lÄL»wh®.  5 tUl§fS¡F ¾wF  %. 25,000

»il¥gj¦F ,¤½£l¤½± mt® v²tsî gz« KjäL br­a

nt©L« v¬gij¡ fh©f.              (e−0.6 = 0.5488)

3) jahÇ¥ò ÃWtd« x¬¿± cgfuz§fis ,a¡fî«

guhkÇ¡fî« MF« bryî C k¦W« mL¤jL¤j ,U gGJ

gh®¤jY¡FÇa ,ilbtË¡ fhy«     x M»at¦iw ,iz¡F«

rk¬ghL     x2

dx
dC −(b−1)Cx = −ba MF«. ,½± a, b M»ad

kh¿Èf´. k¦W«  x = x
0
 vÅ± C = C

0
  MF«. C k¦W« x

,t¦¿¬ bjhl®ò¡fhd rk¬gh£il¡ fh©f.

4) bghUË¬ msî q khW«bghGJ/ nfhUj± k¦W« ,U¥ò

it¤j± M»at¦¿¦fhd bryî C -¬ khWjiy dq
dC

= a − 
q
C

,

(a xU kh¿È) vD« rk¬gh£odh± F¿¤jh±/  q = q
0 

vD«

bghGJ C = C
0
  vd¡ bfh©L C -ia q -¬ rh®ghf¡ fUJf.

6.3   kh¿È Fzf§fis¡ bfh©l tÇirkh¿È Fzf§fis¡ bfh©l tÇirkh¿È Fzf§fis¡ bfh©l tÇirkh¿È Fzf§fis¡ bfh©l tÇirkh¿È Fzf§fis¡ bfh©l tÇir
,u©Lila neÇÆa± tif¡bfG¢ rk¬ghLf´,u©Lila neÇÆa± tif¡bfG¢ rk¬ghLf´,u©Lila neÇÆa± tif¡bfG¢ rk¬ghLf´,u©Lila neÇÆa± tif¡bfG¢ rk¬ghLf´,u©Lila neÇÆa± tif¡bfG¢ rk¬ghLf´

(Second order linear differential equations

with constant co-efficients)

tÇir 2 c´s/ kh¿È Fzf§fis¡ bfh©l/ neÇÆa±
tif¡ bfG¢ rk¬gh£o¬ bghJ tot«:
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a
2

2

dx

yd
 + b

dx

dy
 + cy = f(x).

,¥gF½Æ±  (i)  f(x) = 0   (ii) f(x) = keλx  vd mikí«
tif¡bfG¢ rk¬ghLfis k£Lnk fUJnth«.

vL¤J¡fh£lhf/

(i) 3 
2

2

dx

yd
− 5 

dx

dy
 + 6y = 0 (or)  3y``− 5y` + 6y = 0

(ii) 
2

2

dx

yd
− 4 

dx

dy
 + 3y = e5x (or) (D2 − 4D + 3)y = e5x

(iii) 
2

2

dx

yd
 +

dx

dy
 − y = 7 (or) (D2 + D − 1)y = 7

v¬gd tÇir ,u©Lila neÇÆa± rk¬ghLfshF«.

6.3.1 Jiz¢ rk¬ghL k¦W« Ãu¥ò¢ rh®òJiz¢ rk¬ghL k¦W« Ãu¥ò¢ rh®òJiz¢ rk¬ghL k¦W« Ãu¥ò¢ rh®òJiz¢ rk¬ghL k¦W« Ãu¥ò¢ rh®òJiz¢ rk¬ghL k¦W« Ãu¥ò¢ rh®ò
(Auxiliary equation and Complementary function)

a
2

2

dx

yd
 +  b

dx

dy
 +  cy  =  f (x ) ,  v¬w tif¡bfG¢

rk¬gh£o¦F am2 + bm + c = 0 v¬gij/ Jiz¢ rk¬ghL
(auxiliary equation) v¬»nwh«.  ,J m -± ,Ugo¢ rk¬ghlhF«.
,¢rk¬gh£o¬ Ô®îfshd m

1
 k¦W«  m

2
 É¬ j¬ik¡F V¦g

Ãu¥ò¢ rh®òf´ (complementary function) ¾¬ tU« Éj¤½±
mikí«.

     Ô®îfË¬ j¬ikÔ®îfË¬ j¬ikÔ®îfË¬ j¬ikÔ®îfË¬ j¬ikÔ®îfË¬ j¬ik     Ãu¥ò¢rh®ò    Ãu¥ò¢rh®ò    Ãu¥ò¢rh®ò    Ãu¥ò¢rh®ò    Ãu¥ò¢rh®ò

     (i) bk­ k¦W« bt²ntW Ae
m

1
x
 + Be

m
2
x

(m
1
 ≠ m

2
)

(ii) bk­ k¦W« rkkhdJ (Ax + B) emx

(m
1
 = m

2
=m vÅ±)

(iii) fy¥ò v©f´ (α + iβ)                eαx(Acos βx + Bsin βx)

(A k¦W« B v¬gd VnjD« kh¿ÈfshF«.
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6.3.2 ¼w¥ò¤ bjhif ¼w¥ò¤ bjhif ¼w¥ò¤ bjhif ¼w¥ò¤ bjhif ¼w¥ò¤ bjhif (P.I)

(aD2 + bD + c)y = eλx v¬gij fUJf

f(D) = aD2 + bD + c v¬f.

tiftiftiftiftif 1 :  f(λ) ≠ 0 vÅ± Jiz¢ rk¬ghL  f(m) = 0 -¡F λ
xU _y« m±y.

É½KiwÉ½KiwÉ½KiwÉ½KiwÉ½Kiw : P.I = 
)D(

1

f eλx = 
)(

1

λf
eλx.

tiftiftiftiftif 2 :  f(λ) = 0 vÅ±/  f(m) = 0 ,¬ _y« λ MF«.
,ªÃiyÆ±/

(i) Jiz¢ rk¬gh£o¬ Ô®îf´ m
1
 k¦W« m

2
 v¬f.  nkY«

λ = m
1
 vd¡ bfh´f.

 f(m)  = a(m − m
1
) (m − m

2
) = a(m − λ) (m − m

2
)

É½KiwÉ½KiwÉ½KiwÉ½KiwÉ½Kiw : P.I = 
))(-D(

1

2
mDa −λ  eλx  =  

)(

1

2
ma −λ

 xeλx

(ii) Jiz¢ rk¬ghL MdJ ,u©L rkkhd Ô®îfis¥
bg¦¿U¥¾¬ (m.J)  m

1
 = m

2
 = λ vÅ±

∴  f(m) = a ( m − λ)2

É½KiwÉ½KiwÉ½KiwÉ½KiwÉ½Kiw : ∴ P.I.  =  
2

)D(

1

λ−a
 eλx    =  

! 2

1
2x

a
 eλx

6.3.3 bghJ¤ Ô®îbghJ¤ Ô®îbghJ¤ Ô®îbghJ¤ Ô®îbghJ¤ Ô®î

tÇir 2 c´s neÇÆa± tif¡bfG¢ rk¬gh£o¬ bghJ¤
Ô®î  y = Ãu¥ò¢ rh®ò (C.F)  +  ¼w¥ò¤ bjhif (P.I) MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f :  3 

2

2

dx

yd

 −−−−− 5
dx

dy
 + 2y = 0

Ô®î :

Jiz¢ rk¬ghL 3m2 − 5m + 2 = 0

⇒   (3m − 2) (m − 1) = 0

Ô®îf´ m
1
 = 

3

2
 k¦W«  m

2
 = 1     (bk­ k¦W« bt²ntW)
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∴ Ãu¥ò¢ rh®ò

C.F = A
x

e 3

2

  + Bex

bghJ¤ Ô®î

y = A
x

e 3

2

  + Bex .

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f :  (16D2 −−−−− 24D + 9) y = 0

Ô®î :

Jiz¢ rk¬ghL 16m2 − 24m + 9 = 0

⇒ (4m -3)2 = 0 ⇒ m = 
4

3
, 

4

3
   (Ô®îf´ rk«)

∴ C.F = (Ax + B)
x

e 4

3

bghJ¤ Ô®î  y = (Ax + B)
x

e 4

3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f  :  (D2 −−−−− 6D + 25) y = 0

Ô®î :

Jiz¢ rk¬ghL   m2 − 6m + 25 = 0

⇒ m  = 
a

acbb

2

4
2 −±−

= 
2

100366 −±
 = 

2

86 i±
 = 3 + 4i

Ô®îf´ α +  iβ toÉY´s fy¥ò v©f´.  ,§F α = 3

k¦W«  β = 4  MF«.

      C.F = eαx (A cos βx + B sin βx)

  Ãu¥ò¢ rh®ò = e3x (A cos 4x + B sin 4x)

bghJ¤ Ô®î :

y = e3x (A cos 4x + B sin 4x)
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 33

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f  : 

2

2

dx

yd

 −−−−− 5
dx

dy
 + 6y = e5x

Ô®î :

Jiz¢ rk¬ghL  m2 - 5m + 6 = 0  ⇒ m = 3 ,  2

∴ Ãu¥ò¢rh®ò  C. F = Ae3x + Be2x

¼w¥ò¤ bjhif   P. I = 
6D5D

1
2 +−

 e5x   = 
6

1
e5x

∴ bghJ¤ Ô®î

y = C.F + P. I

y = Ae3x  + Be2x + 
6

5xe

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 34

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f : 2
dx

yd 2

 + 4 
dx

dy
 + 4y = 2e-3x

Ô®î :

Jiz¢ rk¬ghL  m2 + 4m + 4 = 0  ⇒  m = −2, −2

∴ Ãu¥ò¢ rh®ò  C. F = (Ax + B)e−2x

¼w¥ò¤ bjhif  P. I = 
4D4D

1
2 ++

2e−3x

= 
4)3(4)3(

1
2 +−+−

 2e−3x = 2e−3x

∴  bghJ¤ Ô®î

y = C.F  + P. I

y = (Ax + B) e−2x  + 2e−3x

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  35

Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f :  2

2

dx

yd
 −−−−− 2 

dx

dy
 + 4y = 5 + 3e-x

Ô®î :

Jiz¢ rk¬ghL  m2 − 2m + 4 = 0
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⇒ m =
2

1642 −±
  = 

2

322 i±
 = 1 + i 3

C.F = ex (A cos 3 x + B sin 3 x)

¼w¥ò¤ bjhif  P. I
1

= 
4D2D

1
2 +−

5 e
0x   = 

4

1
5 e

0x  =  
4

5

¼w¥ò¤ bjhif  P.I
2

= 
4D2D

1
2 +−

3 e−x

= 
4)1(2)1(

1
2 +−−−

 3e-x = 
7

3
xe−

∴ bghJ¤ Ô®î

y = C.F + P. I
1
 + P.I

2

y = ex (A cos 3 x + B sin 3 x) + 
4

5
 +  

7

3
e-x

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  36

 Ô®¡f Ô®¡f Ô®¡f Ô®¡f Ô®¡f :  (4D2 - 8D+ 3)y = 
x

e 2
1

Ô®î :

Jiz¢ rk¬ghL  4m2 - 8m + 3 = 0

m
1 

=
 2

3
,  m

2
 = 

2

1

Ãu¥ò¢ rh®ò   C.F = A
x

e 2

3

+ B
x

e 2

1

¼w¥ò¤ bjhif P. I = 
3D84D

1
2 +−

x
e 2

1

 = 

)
2

1
-D)(

2

3
-4(D

1 x
e 2

1

= 
)D)(4(

1

2

1

2

3

2

1 −−
x

e 2

1

  = 
4−

x x
e 2

1

∴ bghJ¤ Ô®î

y = C.F. + P. I

y = A
x

e 2

3

 + B
x

e 2

1

 −
4

x 2

x

e
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Ô®¡fÔ®¡fÔ®¡fÔ®¡fÔ®¡f :  (D2 + 10D + 25)y = 
2
5

 + e-5x
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Ô®î :

Jiz¢ rk¬ghL  m2 + 10m + 25 = 0

⇒ (m + 5)2  = 0

⇒ m = −5,  −5

∴ Ãu¥ò¢ rh®ò   C.F =  (Ax + B) e−5x

¼w¥ò¤ bjhif  P. I
1

= 
25D10D

1
2 ++

 
2

5
e

0x  = 
25

1
 







2

5
 = 

10

1

¼w¥ò¤ bjhif  P.I
2

= 
25D10D

1
2 ++

e−5x  = 2
)5D(

1

+
e−5x

= 
2

2x
 (e−5x)

∴ bghJ¤ Ô®î

y = C.F + P. I
1
 + P.I

2

y =  (Ax + B) e−5x + 
10

1
 + 

2

2x
 e−5x

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 38

Q
d
 = 42 −−−−− 4p −−−−− 4

dt

dp
 + 2

2

dt

pd
 k¦W« k¦W« k¦W« k¦W« k¦W«  Q

s
 = -6 + 8p

v¬gd Kiwna xU bghUË¬ njit msîv¬gd Kiwna xU bghUË¬ njit msîv¬gd Kiwna xU bghUË¬ njit msîv¬gd Kiwna xU bghUË¬ njit msîv¬gd Kiwna xU bghUË¬ njit msî
k¦W« mË¥ò msî M»adt¦iw¡ F¿¡»wJ.k¦W« mË¥ò msî M»adt¦iw¡ F¿¡»wJ.k¦W« mË¥ò msî M»adt¦iw¡ F¿¡»wJ.k¦W« mË¥ò msî M»adt¦iw¡ F¿¡»wJ.k¦W« mË¥ò msî M»adt¦iw¡ F¿¡»wJ.
(,§F (,§F (,§F (,§F (,§F p Éiyia¡ F¿¡»wJ) rªij¥ gÇkh¦w¤½±Éiyia¡ F¿¡»wJ) rªij¥ gÇkh¦w¤½±Éiyia¡ F¿¡»wJ) rªij¥ gÇkh¦w¤½±Éiyia¡ F¿¡»wJ) rªij¥ gÇkh¦w¤½±Éiyia¡ F¿¡»wJ) rªij¥ gÇkh¦w¤½±
rk¬Ãiy Éiyia rk¬Ãiy Éiyia rk¬Ãiy Éiyia rk¬Ãiy Éiyia rk¬Ãiy Éiyia (equilibrium price)¡ fh©f.¡ fh©f.¡ fh©f.¡ fh©f.¡ fh©f.

Ô®î :

rk¬ Ãiy ÉiyÆ±/  Q
d
 = Q

s
 Mf ,U¡F«.

∴ 42 − 4p − 4 
dt

dp
 + 

2

2

dt

pd
 = −6 + 8p

⇒ 48 − 12p − 4 
dt

dp
 + 

2

2

dt

pd
 = 0

⇒  
2

2

dt

pd
 − 4 

dt

dp
 − 12p = -48

Jiz¢ rk¬ghL  m2 − 4m − 12 = 0
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⇒ m = 6 ,  −2

∴ C.F. = Ae6t + Be-2t

P. I = 
12D4D

1
2 −−

 (−48) e0t   =  
12

1

−
 (−48) = 4

bghJ¤ Ô®î

p = C.F. + P. I    ∴  p = Ae6t + Be-2t + 4

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  6.5

1) ¾¬ tU« tif¡bfG¢ rk¬ghLfis¤ Ô®¡f.

(i)

2

2

dx

yd

 - 10
dx

dy
 + 24y = 0 (ii)   

2

2

dx

yd
 + 

dx

dy
 = 0

(iii)
2

2

dx

yd
+ 4y = 0 (iv)  

2

2

dx

yd
 + 4

dx

dy
 + 4y = 0

2) Ô®¡f :

(i)   (3D2 + 7D - 6)y = 0 (ii)    (4D2 − 12D + 9)y = 0

(iii)  (3D2 − D + 1)y = 0

3) Ô®¡f :

(i) (D2 − 13D + 12) y = e−2x + 5ex

(ii) (D2 − 5D + 6) y = e−x + 3e−2x

(iii) (D2 − 14D + 49)y = 3 + e7x

(iv) (15D2 − 2D − 1)y = 3

x

e

4) Q
d
 = 30−5P + 2

dt
dP

 + 2

2
P

dt

d
 k¦W« Q

s
 = 6 + 3P v¬gd Kiwna

xU bghUË¬ njit msî k¦W« mË¥ò msî

M»adt¦iw¡ F¿¡»¬wd.  ,§F p Éiyia¡ F¿¡»wJ.
rªij gÇkh¦¤½± rk¬Ãiy Éiyia¡ fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  6.6

V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.V¦òila Éilia¤ bjÇî br­f.

1) M½ tÊ¢ br±Y« ne®¡nfhLfË¬ tif¡bfG¢ rk¬ghL

(a) x 
dx

dy
 = y (b) 

dx

dy
 = y

x
(c)  

dx

dy
 = 0    (d)x

dx

dy
= y

1
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2)
2

2

dx

yd
-6 

dx

dy
= 0 v¬w tif¡bfG rk¬gh£o¬ go k¦W«

tÇir Kiwna

(a) 2 k¦W« 1 (b) 1 k¦W« 2 (c) 2 k¦W« 2 (d) 1 k¦W« 1

3)

2









dx

dy
 −3 

3

3

dx

yd
+ 7 

2

2

dx

yd
+ 

dx

dy
 = x + log x v¬w tif¡bfG¢

rk¬gh£o¬ tÇir k¦W« go Kiwna

(a) 1 k¦W« 3 (b) 3 k¦W« 1 (c) 2 k¦W« 3 (d) 3 k¦W« 2

4)

3

2

2

1




















+

dx

dy
= 

2

2

dx

yd
 v¬w rk¬gh£o¬ tÇir k¦W« go

Kiwna

(a) 3 k¦W« 2 (b) 2 k¦W« 3 (c) 3 k¦W« 3 (d)2 k¦W« 2

5) x dy + y dx = 0 ¬ Ô®î

(a) x + y = c (b) x2 + y2 = c (c) xy = c (d) y = cx

6) x dx + y dy = 0 ¬ Ô®î

(a) x2 + y2 = c (b) y
x

 = c (c) x2 − y2 = c (d) xy = c

7)
dx

dy
 = ex − y ¬ Ô®î

(a) ey ex = c (b) y = log cex (c) y = log(ex+c)  (d) ex+y = c

8)
dt

dp
 = ke−t (k xU kh¿È) ¬ Ô®î

(a) c - t
e

k
 = p (b) p = ket + c

(c) t = log 
k

pc −
(d) t = log

c 
p

9) (x2 - y2) dy = 2xy dx v¬w tif¡bfG¢ rk¬gh£o± y = vx

vd ¾u½ÆL«bghGJ rk¬ghL Ñ³ f©litfË± vJthf

khW«?

(a) 

3

2
1

vv

v

+
+

 dv = 
x

dx
(b) 

)1(

1
2

2

vv

v

+
−

 dv = 
x

dx

(c) 
1

2 −v

dv
 = 

x
dx

(d) 2
1 v

dv

+
 = 

x
dx
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10) x
dx

dy
 = y + 

22
yx +  v¬w rk¬gh£o± y = vx  vd ¾u½Æl/

rk¬ghL Ñ³f©litfË± vJthf khW«?

(a) 
1

2 −v

dv
 = 

x
dx

(b) 
1

2 +v

vdv
 = 

x
dx

(c) 
1

2 +v

dv
 = 

x
dx

(d) 2
1 v

vdv

−
 = 

x
dx

11)
dx

dy
+ Py = 0 v¬w toîila rk¬gh£o¬ Ô®î (P MdJ x

,± rh®ò)

(a) y ∫ dx
e

P
= c (b) y ∫ dxP  = c

(c) x ∫ dx
e

P
 = y (d) y = cx

12) dy
dx

+ Px = Q v¬w toîila rk¬gh£o¬ Ô®î (P k¦W« Q

v¬gd y ,± rh®ò)

(a) y  = ∫Q ∫ dx
e

P dy +c (b) y ∫ dx
e

P
 = ∫Q ∫ dx

e
P dx+c

(c) x ∫ dy
e

P
 = ∫Q ∫ dy

e
P dy +c (d) x ∫ dy

e
P

 = ∫Q ∫ dx
e

P dx +c

13) x
dx

dy
 − y = ex -¬ bjifÞ£L¡ fhuÂ

(a) logx (b) xe
1−

(c) 
x
1

(d) 
x
1−

14) (1 + x2)

dx

dy

 + xy = (1 + x2)3 -¬ bjifÞ£L¡ fhuÂ

(a) 2
1 x+ (b) log (1 + x2) (c) etan

-1x (d) log(tan
-1x)

15)
x

y

dx

dy 2
+ = x3 -v¬w rk¬gh£o¬  bjifÞ£L¡ fhuÂ

(a) 2 log x (b) 
2

x
e (c) 3 log(x2) (d) x2

16) (D2 − D) y = ex -v¬w tif¡bfG¢ rk¬gh£o¬ Ãu¥ò¢ rh®ò

(a) A + B ex (b) (Ax + B)ex (c) A + Be−x    (d) (A+Bx)e-x

17) (D2 − 2D + 1)y = e2x -v¬w tif¡bfG¢ rk¬gh£o¬ Ãu¥ò¢

rh®ò

(a) Aex + Be−x (b) A + Bex (c) (Ax + B)ex (d) A+Be−x
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18) 2

2

dx

yd
 −5

dx

dy
 + 6y = e5x -v¬w tif¡bfG¢ rk¬gh£o¬

¼w¥ò¤ bjhif

(a) 
6

5 x
e

(b) 
! 2

5 x
xe

(c) 6e5x     (d) 
25

5 x
e

19) 2

2

dx

yd
 −6

dx

dy
 + 9y = e3x 

-v¬w tif¡bfG¢ rk¬gh£o¬ ¼w¥ò

bjhif

(a) 
! 2

3 x
e

(b) 
! 2

32 x
ex

(c) 
! 2

3 x
xe

      (d) 9e3x

20)
2

2

dx

yd
−y = 0 v¬w  rk¬gh£o¬ Ô®î

(a) (A + B)ex (b) (Ax + B)e−x  (c) Aex + 
 

B
x

e
 (d) (A+Bx)e−x
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7.1 ,il¢brUf±,il¢brUf±,il¢brUf±,il¢brUf±,il¢brUf± (INTERPOLATION)

,il¢brUf± v¬gJ m£ltizÆ± bfhL¡f¥g£L´s
Étu§fis¡ bfh©L/ bfhL¡f¥glhj xU k½¥¾id¡
fhQ»¬w fiyahF«.  mjhtJ bfhL¡f¥g£l rh®¾¬
k½¥òfis¡ bfh©L m«k½¥òfS¡F ,il¥g£l k½¥òfis¡
fh©gijnah m±yJ Ãu¥òtijnah ,il¢brUf± v¬»nwh«.
¾¬tU« m£ltizÆ± xU efu¤½¬ g¤J M©L¡F xU Kiw
fz¡»l¥gL« k¡f´ bjhif Étu« bfhL¡f¥g£L´sJ.

M©L   x  : 1910 1920 1930 1940 1950

k¡f´bjhif f(x) : 12 15 20 27 39

 (MÆu§fË±)

nkny bfhL¡f¥g£L´s Étu§fis¡ bfh©L 1914,

1923, 1939, 1947 M»a M©LfË¬ k¡f´ bjhifia¡
fhQ« Kiw ,il¢brUf±  vd¥gL«. 1955, 1960 M»a
M©LfË¬ k¡f´ bjhifia¡ fhQ« Kiw òw¢ brUf±
vd¥gL«.

,il¢ brUfiy¡ fhz ¾¬tUtdt¦iw¡ fU¤½±
bfh´f  :

(i) f(x)-¬ k½¥òf´ VW tÇirÆnyh m±yJ ,w§F
tÇirÆnyh ,U¡f nt©L«.

(ii) f(x)-¬ k½¥òf´ Óuhf ,U¡f nt©L«.  mjhtJ
x-¬ VjhtJ ,u©L k½¥òfS¡»ilna f(x)-¬
k½¥òfË± ½O® V¦wnkh m±yJ ½O® ,w¡fnkh
,U¡f¡ TlhJ.

¾¬tU« KiwfË± ,il¢brUfiy¡ fhzyh« :

1) tiugl Kiw/  2) ,a¦fÂj Kiw

ïil¢brUfš k‰W«
ne®¡nfhL bghU¤Jjš 7
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7.1.1 tiugl KiwÆ± ,il¢brUf± fhz±tiugl KiwÆ± ,il¢brUf± fhz±tiugl KiwÆ± ,il¢brUf± fhz±tiugl KiwÆ± ,il¢brUf± fhz±tiugl KiwÆ± ,il¢brUf± fhz±
(Graphic method of interpolation)

y = f(x) v¬f. x-¬ k½¥òfS¡F« mj¦F V¦w y-¬
k½¥òfS¡F« V¦g tiugl¤½± ò´Ëfis¡ F¿¡fî«.  ,ªj
tiu gl¤½¬ _y« bfhL¡f¥g£l x-¡F V¦w y-¬ k½¥ig¡
fhzyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L  1986 M«M«M«M«M«
M©o¬ k¡f´ bjhifia tiugl¤½¬ _y«M©o¬ k¡f´ bjhifia tiugl¤½¬ _y«M©o¬ k¡f´ bjhifia tiugl¤½¬ _y«M©o¬ k¡f´ bjhifia tiugl¤½¬ _y«M©o¬ k¡f´ bjhifia tiugl¤½¬ _y«
k½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lfk½¥¾Lf.

M©LM©LM©LM©LM©L : 1960 1970 1980 1990 2000

k¡f´bjhifk¡f´bjhifk¡f´bjhifk¡f´bjhifk¡f´bjhif: 12 15 20 26 33

(MÆu§fË±MÆu§fË±MÆu§fË±MÆu§fË±MÆu§fË±)

Ô®î :

tiugl¤½ÈUªJ 1986 « M©o¬ k¡f´ bjhif 24 MÆu«
MF«.

1960 1970 1980 1990 2000 2010

M©L

34

32

30

28

26

24

22

20

18

16

14

12

10

k
¡

f
´

 b
j

hi
f

 (
M

Æ
u§

f
Ë

±
)

1986
(1960, 12)

(1970, 15)

(1980, 20)

(1986, 24)

(1990, 26)

(2000, 33)

→x

↑
y
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

tiugl¤½¬ _y«/tiugl¤½¬ _y«/tiugl¤½¬ _y«/tiugl¤½¬ _y«/tiugl¤½¬ _y«/  x = 27 Mf ,U¡F«bghGJMf ,U¡F«bghGJMf ,U¡F«bghGJMf ,U¡F«bghGJMf ,U¡F«bghGJ
y-¬ k½¥ig¡ fh©f¬ k½¥ig¡ fh©f¬ k½¥ig¡ fh©f¬ k½¥ig¡ fh©f¬ k½¥ig¡ fh©f.

x : 10 15 20 25 30

y : 35 32 29 26 23

Ô®î :

x = 27 Mf ,U¡F«bghGJ y = 24.8 MF«.

7.1.2 ,il¢brUfY¡fhd ,a¦fÂj Kiwf´,il¢brUfY¡fhd ,a¦fÂj Kiwf´,il¢brUfY¡fhd ,a¦fÂj Kiwf´,il¢brUfY¡fhd ,a¦fÂj Kiwf´,il¢brUfY¡fhd ,a¦fÂj Kiwf´

,il¢brUf± fh©gj¦fhd fÂj Kiwf´ gy c´sd.
mt¦W´ ¾¬tU« ¼y Kiwfis¡ fh©ngh«.

(i) ½£lkhd ntWghLf´ (Finite differences)

(ii) »ÇnfhÇ-Ãô£lÅ¬ N¤½u§f´ (Gregory-

Newton’s formulae)

(iii) ,y¡uh¨¼Æ¬ N¤½u« (Lagrange’s formula)

10 15 20 25 30

35

34

33

32

31

30

29

28

27

26

25

24

23

24.8

27

(30, 23)

(27, 24.8)

(25, 26)

(20, 29)

(15, 32)

(10, 35)

→x

↑
y
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7.1.3 ½£lkhd ntWghLf´½£lkhd ntWghLf´½£lkhd ntWghLf´½£lkhd ntWghLf´½£lkhd ntWghLf´

x
0
, x

1
, x

2
, ... x

n
  v¬w rh®¾¬ kh¿fisí« (arguments)

y
0
,  y

1
,  y

2
,  . . . ,  y

n
 v¬w rh®gy¬fisí«  (entries)

vL¤J¡bfh´nth«. ,§F y = f(x) v¬gJ ,il¢brUfÈ±
ga¬gL¤j¥gL« xU rh®ò MF«.

x-¬ k½¥òf´ VW tÇirÆ± ,U¥gjhfî« k¦W« mit
rk ,ilbtËfË± ,U¥gjhfî« vL¤J¡bfh´nth«. rk
,ilbtËfË¬ Ús«  h v¬ngh«.

x
0
, x

0
 + h, x

0
 + 2h, ... x

0
 + nh v¬gd  x-¬ k½¥òf´

v¬ngh«. mt¦¿¦FÇa rh®gy¬f´ f(x
0
), f(x

0
+h), f(x

0 
+ 2h),

...,  f(x
0 
+ nh) v¬gdthF«

K¬ neh¡F ntWgh£L¢ braÈ K¬ neh¡F ntWgh£L¢ braÈ K¬ neh¡F ntWgh£L¢ braÈ K¬ neh¡F ntWgh£L¢ braÈ K¬ neh¡F ntWgh£L¢ braÈ (Forward difference

operator)

      x-¬ vªj xU k½¥¾¦F«/ K¬neh¡F¢ braÈ ∆(bl±lh)it

  ∆f(x) = f(x+h) - f(x) vd tiuaW¡fyh«.

     F¿¥ghf,       ∆y
0

= ∆f(x
0
) = f(x

0
+h) − f(x

0
) = y

1
−y

0

∆f(x), ∆[f(x+h)],  ∆[f(x+2h)], ... v¬gd f(x)-¬ Kj±Ãiy
ntWghLf´ MF«.

   ∆2 f(x) = ∆[∆{f(x)}]

= ∆[f(x+h) − f(x)]

= ∆[f(x+h)] − ∆[f(x)]

= [f(x+2h) − f(x+h)] − [f(x+h) − f(x)]

= f(x+2h) − 2f (x+h) + f(x).

∆2  f(x), ∆2 [f(x+h)], ∆2 [f(x+2h)] ... v¬gd  f(x)-¬
,u©lh« Ãiy ntWghLf´ MF«.

,nj ngh±  ∆ 3  f (x ) ,  ∆ 4  f(x), . . .∆n f(x),  . . .  v¬gd
tiuaW¡f¥gL»¬wd.
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¾¬neh¡F ntWgh£L¢ braÈ ¾¬neh¡F ntWgh£L¢ braÈ ¾¬neh¡F ntWgh£L¢ braÈ ¾¬neh¡F ntWgh£L¢ braÈ ¾¬neh¡F ntWgh£L¢ braÈ (Backward difference

operator)

x-¬ vªj xU k½¥¾¦F«/ ¾¬neh¡F ntWgh£L¢ braÈ
∇(be¥yh) it

     ∇f(x) = f(x) − f(x − h) vd tiuaW¡fyh«.

     F¿¥ghf,    ∇y
n

= ∇f(x
n
) = f(x

n
) − f(x

n
 − h) = y

n
−y

n−1

∇f(x), ∇[f(x+h)], ∇[f(x+2h)], ... v¬gd f(x)-¬ Kj±Ãiy
ntWghLf´ MF«.

   ∇2 f(x) = ∇[∇{f(x)}] = ∇[f(x) − f(x−h)]

= ∇[f(x)] − ∇ [f(x − h)]

= f(x) − 2f(x − h) + f(x−2h)

∇2 f(x), ∇2 [f(x+h)], ∇2 [f(x+2h)] ... v¬gd f(x) ¬ ,u©lh«
Ãiy ntWghLf´ MF«.

,nj ngh±  ∇3 f (x ) ,  ∇4  f(x), . . .∇n f(x),  . . .  v¬gd
tiuaW¡f¥gL»¬wd.

,l¥bga®î¢ braÈ ,l¥bga®î¢ braÈ ,l¥bga®î¢ braÈ ,l¥bga®î¢ braÈ ,l¥bga®î¢ braÈ (Shifting operator)

x-¬ vªj xU k½¥¾¦F«/ ,l¥bga®î¢ braÈ  E I

   E[f(x)] = f(x+h) vd tiuaW¡fyh«.

F¿¥ghf,    E(y
0
) = E[f(x

0
)] = f(x

0
+h) = y

1

nkY«,         E2 [f(x)] = E[E{f(x)] = E[f(x+h)] = f(x+2h)

,njngh±   E3[f(x)] = f(x+3h)

bghJthf   En [f(x)] = f(x+nh)

∆∆∆∆∆ ¡F«¡F«¡F«¡F«¡F« E ¡F« ,ilna c´s bjhl®ò¡F« ,ilna c´s bjhl®ò¡F« ,ilna c´s bjhl®ò¡F« ,ilna c´s bjhl®ò¡F« ,ilna c´s bjhl®ò

tiuaiwÆ¬go ∆f(x)= f(x+h) − f(x)

= E f(x) − f(x)

∆f(x) = (E − 1) f(x)

⇒     ∆ = E − 1

(m-J)     E = 1+ ∆
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Koîf´Koîf´Koîf´Koîf´Koîf´

1) kh¿È¢ rh®¾¬ ntWghLf´ ó¢¼akhf ,U¡F«.

2) f(x) v¬gJ  n M« go g±YW¥ò¡ nfhit vÅ±  f(x) ¬ n

M« Ãiy ntWghLf´ kh¿ÈahF« k¦W« ∆n+1 f(x) = 0.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

¾¬tU« Étu§fis¡ bfh©L ÉLg£l¾¬tU« Étu§fis¡ bfh©L ÉLg£l¾¬tU« Étu§fis¡ bfh©L ÉLg£l¾¬tU« Étu§fis¡ bfh©L ÉLg£l¾¬tU« Étu§fis¡ bfh©L ÉLg£l
cW¥ig¡ fh©f.cW¥ig¡ fh©f.cW¥ig¡ fh©f.cW¥ig¡ fh©f.cW¥ig¡ fh©f.

x :   1 2   3   4

f(x) : 100 -- 126 157

Ô®î :

f(x)-¬ _¬W k½¥òf´ bfhL¡f¥g£oU¥gjh±/ f(x) xU
,u©lh«go g±YW¥ò¡ nfhit vd vL¤J¡ bfh´nth«.

vdnt _¬wh« Ãiy ntWghLf´ ó¢¼akhF«.

⇒ ∆3 [f(x
0
)] = 0

m±yJ   ∆3(y
0
) = 0

∴ (E − 1)3 y
0
= 0 (Œ ∆ = E − 1)

(E3 − 3E2 + 3E − 1) y
0

= 0

⇒         y
3
 − 3y

2
 + 3y

1
 − y

0
= 0

157 − 3(126) + 3y
1
 −100 = 0

    ∴       y
1

= 107

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  4

bfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©L 1962

k¦W«k¦W«k¦W«k¦W«k¦W«  1965 M« M©LfS¡fhd c¦g¤½fis¡M« M©LfS¡fhd c¦g¤½fis¡M« M©LfS¡fhd c¦g¤½fis¡M« M©LfS¡fhd c¦g¤½fis¡M« M©LfS¡fhd c¦g¤½fis¡
fh©f.fh©f.fh©f.fh©f.fh©f.

M©LM©LM©LM©LM©L : 1961 1962 1963 1964 1965 1966   1967

c¦g¤½c¦g¤½c¦g¤½c¦g¤½c¦g¤½ :  200   --  260  306   --  390  430

(l¬fË±)(l¬fË±)(l¬fË±)(l¬fË±)(l¬fË±)
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Ô®î :

f(x) -¬ IªJ k½¥òf´ bfhL¡f¥g£oU¥gjh± f(x) xU
eh¬fh«go g±YW¥ò¡ nfhit vd vL¤J¡bfh´nth«. vdnt
Iªjh« Ãiy ntWghLf´ ó¢¼akhF«.

∴         ∆5 [f(x
0
)] = 0

(m-J) ∆5  (y
0
) = 0

∴   (E − 1)5 (y
0
) = 0

(m-J) (E5 − 5E4 + 10E3 − 10E2 + 5E − 1) y
0
= 0

y
5
 − 5y

4
 + 10y

3
 − 10y

2
 + 5y

1
 − y

0
= 0

390 − 5y
4
 + 10(306) − 10(260) + 5y

1
 − 200 = 0

⇒ y
1
 − y

4
 = −130 --------------(1)

Iªjh« Ãiy ntWghLf´ ó¢¼akhf ,U¥gjh±/ nkY«

        ∆5 [f(x
1
)] = 0

(m-J)       ∆5 (y
1
) = 0

(m-J)       (E − 1)5 y
1

= 0

(E5 − 5E4 + 10E3 − 10E2 + 5E − 1)y
1

= 0

y
6
 − 5y

5
 + 10y

4
 − 10y

3
 + 5y

2
 − y

1
= 0

430 − 5(390) + 10y
4
 − 10(306) + 5(260) − y

1
 = 0

⇒ 10y
4
 − y

1
 = 3280 ------------(2)

rk¬ghLf´ (1) k¦W« (2) fis¤ Ô®¡F«bghGJ ek¡F¡
»il¥gJ

y
1
 = 220 k¦W« y

4
 = 350

∴   1962 k¦W« 1965 M« M©LfË¬ c¦g¤½f´ Kiwna
220 l¬f´ k¦W« 350 l¬f´ MF«.

7.1.4 »ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F N¤½u¤ij»ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F N¤½u¤ij»ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F N¤½u¤ij»ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F N¤½u¤ij»ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F N¤½u¤ij
jUÉ¡F« KiwjUÉ¡F« KiwjUÉ¡F« KiwjUÉ¡F« KiwjUÉ¡F« Kiw
y = f(x) v¬gJ n M« go g±YW¥ò¡nfhit v¬f. x MdJ

x
0
, x

1
, x

2
, ... x

n
  v¬»¬w rk ,ilbtËÆY«/ VW tÇirÆY«
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c´s k½¥òfis¥ bgW«bghGJ  y MdJ Kiwna  f(x
0
), f(x

1
),

f(x
2
)... f(x

n
) M»a  (n+1) k½¥òfis mil»¬wJ.

x
1
 − x

0
 = x

2
 − x

1
 = x

3
 − x

2
  = ... = x

n
 − x

n-1
 = h v¬f

(h xU Äif v©)

,§F  f(x
0
) = y

0
,   f(x

1
) = y

1
, ... f(x

n
) = y

n

,¥bghGJ  f(x) I ¾¬tUkhW vGjyh«.

f(x) = a
0
 + a

1
 (x − x

0
) + a

2
(x−x

0
)(x−x

1
) + ...

+a
n
(x−x

0
) (x−x

1
)... (x−x

n-1
)  ----------------(1)

x = x
0
 vÅ±/  (1) ⇒

f(x
0
) = a

0
    m±yJ      a

0
 = y

0

x = x
1 
vÅ±, (1) ⇒

f(x
1
) = a

0
 + a

1
 (x

1
 − x

0
)   (m-J)  y

1
  = y

0
 + a

1
 h

∴ a
1

= 
h

yy
01

−
      ⇒     a

1
 = 

h

y
0

∆

x = x
2
 vÅ±,  (1) ⇒

f(x
2
) = a

0
 + a

1
(x

2
 − x

0
) + a

2
(x

2
 − x

0
) (x

2
 − x

1
)

y
2

= y
0
 + 

h

y
0

∆
(2h) + a

2
 (2h) (h)

       2h2 a
2

= y
2
 − y

0
 − 2∆y

0

= y
2
 − y

0
 − 2(y

1
 − y

0
)

= y
2
 − 2y

1
 + y

0
 = ∆2 y

0

∴     a
2

= 

2

0

2

  ! 2

 

h

y∆

,nj ngh±

a
3
 = 

3

0

3

  ! 3

 

h

y∆
,   a

4
 = 

4

0

4

  ! 4

 

h

y∆
,..., a

n
 = n

n

hn

y

  ! 

 
0

∆
 vd¡ »il¡F«.

a
0
, a

1
, ..., a

n
  v¬gj¬ k½¥òfis (1) ± ¾u½Æl

f(x) = y
0
 +

h

y
0

∆
 (x - x

0
) + 

2

0

2

  ! 2

 

h

y∆

(x − x
0
) (x − x

1
) + ...

+ n

n

hn

y

  ! 

 
0

∆
(x − x

0
) (x − x

1
) ... (x − x

n-1
)   ---------(2)
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u =  
h

xx
0

−
 vd vL¤J¡bfh©lh±

  x − x
0

= hu

  x − x
1

= (x − x
0
) − (x

1
 − x

0
) = hu − h  = h(u−1)

  x − x
2

= (x − x
0
) − (x

2
 − x

0
) = hu − 2h = h(u−2)

  x − x
3

= h (u - 3)

bghJthf/

x − x
n-1

= h{u − (n−1)}

Mjyh± (2) I ¾¬tUkhW vGjyh«.

f(x) = y
0
 +

! 1

u

∆y
0
 +

! 2

)1( −uu
∆2y

0
 + ...

+
! 

)1)...(2)(1(

n

nuuuu −−−−
∆ny

0

u = 
h

xx
0

−
.  ,Jnt »ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F

N¤½ukhF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 5

x : 0 1 2 3 4

y : 176 185 194 202 212

vd¡ bfhL¡f¥g£oU¡F«bghGJ/ vd¡ bfhL¡f¥g£oU¡F«bghGJ/ vd¡ bfhL¡f¥g£oU¡F«bghGJ/ vd¡ bfhL¡f¥g£oU¡F«bghGJ/ vd¡ bfhL¡f¥g£oU¡F«bghGJ/ x = 0.2 vÅ± vÅ± vÅ± vÅ± vÅ± y¬¬¬¬¬
k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.

Ô®î :

0.2 v¬gJ (x
0
, x

1
) v¬w Kj± ,ilbtËÆ± c´sJ.

(m-J) (0, 1)¡F ,ilÆ± c´sJ.  vdnt ,il¢brUfY¡fhd
»ÇnfhÇ-Ãô£l¬ K¬neh¡F N¤½u¤ij¥ ga¬gL¤Jnth«.
IªJ k½¥òf´ bfhL¡f¥g£oU¥gjh± ,il¢brUfY¡fhd
N¤½u«/

y = y
0
 +

! 1

u

∆y
0
 +

! 2

)1( −uu
∆2 y

0
 +

! 3

)2)(1( −− uuu
∆3y

0
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+
! 4

)3)(2)(1( −−− uuuu
∆4y

0 
 ,§F u = 

h

xx
0

−

h = 1, x
0
 = 0  k¦W«  x = 0.2 MF«.

∴ u = 

1

02.0 −

 = 0.2

K¬neh¡F ntWgh£L m£ltiz:

x y ∆∆∆∆∆ y ∆∆∆∆∆2y ∆∆∆∆∆3y ∆∆∆∆∆4y

0 176
9

1 185
9

0
-1

2 194
8

-1
3

4

3 202
10

2

4 212

    ∴   y = 176 + 

! 1

2.0

(9) + 
! 2

)12.0(2.0 −
(0)

+ 

! 3

)22.0)(12.0)(2.0( −−

(-1) + 

! 4

)32.0)(22.0)(12.0)(2.0( −−−

(4)

= 176 + 1.8 − 0.048 − 0.1344

= 177.6176

x = 0.2 vÅ±,  y = 177.6176 MF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 6

   y
75

 = 2459, y
80

 = 2018, y
85

 = 1180 k¦W«k¦W«k¦W«k¦W«k¦W«

    y
90

 = 402  vÅ±vÅ±vÅ±vÅ±vÅ± y
82

 I¡ fh©f.I¡ fh©f.I¡ fh©f.I¡ fh©f.I¡ fh©f.

Ô®î :

bfhL¡f¥g£l Étu§fis ¾¬tUkhW vGjyh«:

x : 75 80 85 90

y : 2459 2018 1180 402

82 v¬gJ (80, 85) v¬w ,ilbtËÆ± c´sJ. vdnt
,il¢brUfY¡fhd »ÇnfhÇ-Ãô£l¬ K¬neh¡F
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N¤½u¤ij¥ ga¬gL¤Jnth«.  eh¬F k½¥òf´ bfhL¡f¥
g£oU¥gjh± ,il¢brUfY¡fhd N¤½u«/

y = y
0

 +

! 1

u

∆y
0

 +
! 2

)1( −uu
∆2 y

0

 +
! 3

)2)(1( −− uuu
∆3y

0

,§F u = 
h

xx
0

−

h = 5, x
0
 = 75  x = 82

∴ u = 

5

7582 −

 = 

5

7

 = 1.4

K¬neh¡F ntWgh£L m£ltiz :

x y ∆∆∆∆∆ y ∆∆∆∆∆2y ∆∆∆∆∆3y

75 2459
-441

80 2018
-838

-397
457

85 1180
-778

  60

90 402

   ∴   y = 2459 +
! 1

4.1
 (-441) + 

! 2

)14.1(4.1 −
(-397)

+ 
! 3

)24.1)(14.1(4.1 −−
(457)

= 2459 − 617.4 − 111.6 − 25.592

 x = 82   vÅ±/    y = 1704.408

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 7

bfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©L
e1.75 - - - - -¬¬¬¬¬ k½¥ig¡ fh©f. k½¥ig¡ fh©f. k½¥ig¡ fh©f. k½¥ig¡ fh©f. k½¥ig¡ fh©f.

x : 1.7 1.8 1.9 2.0 2.1

ex : 5.474 6.050 6.686 7.389 8.166

Ô®î :

IªJ k½¥òf´ bfhL¡f¥g£oU¥gjh±/ ,il¢
brU¡fY¡fhd N¤½u«/
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y
x
 = y

0
 +

! 1

u

∆ y
0
 +

! 2

)1( −uu
∆2 y

0
 +

! 3

)2)(1( −− uuu
∆3y

0

+
! 4

)3)(2)(1( −−− uuuu
∆4y

0

,§F u = 
h

xx
0

−

h = 0.1,  x
0
 = 1.7  x = 1.75

∴ u =

1.0

7.175.1 −

 = 

1.0

05.0

=0.5

K¬neh¡F ntWgh£L m£ltiz :

  x    y   ∆y  ∆2y  ∆3y ∆4y

1.7 5.474
0.576

1.8 6.050 0.060
0.007

1.9 6.686

0.636

0.067
0.007

0

2.0 7.389
0.703

0.074

2.1 8.166
0.777

∴ y = 5.474 +
! 1

5.0
(0.576) +

! 2

)15.0(5.0 −
(0.06)

+ 

! 3

)25.0)(15.0(5.0 −−

(0.007)

= 5.474 + 0.288 − 0.0075 + 0.0004375

 x = 1.75  vÅ±/    y = 5.7549375

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 8

bfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©L
80brÛ. ÈUªJbrÛ. ÈUªJbrÛ. ÈUªJbrÛ. ÈUªJbrÛ. ÈUªJ  90br.Û tiu cauK´s khzt®fË¬br.Û tiu cauK´s khzt®fË¬br.Û tiu cauK´s khzt®fË¬br.Û tiu cauK´s khzt®fË¬br.Û tiu cauK´s khzt®fË¬
v©Â¡ifÆid¡ fh©f.v©Â¡ifÆid¡ fh©f.v©Â¡ifÆid¡ fh©f.v©Â¡ifÆid¡ fh©f.v©Â¡ifÆid¡ fh©f.

cau«(br.Û.)cau«(br.Û.)cau«(br.Û.)cau«(br.Û.)cau«(br.Û.)   x : 40-60 60-80 80-100 100-120 120-140

khzt®fË¬khzt®fË¬khzt®fË¬khzt®fË¬khzt®fË¬ y : 250 120 100 70 50

v©Â¡ifv©Â¡ifv©Â¡ifv©Â¡ifv©Â¡if
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Ô®î :

K¬neh¡F ntWgh£L m£ltiz

      x              y ∆y         ∆2y        ∆3y     ∆4y

 ( ’¡F Ñ³ c´nsh®)

60  250

80 370
120

-20
-10

100 470
100

-30
10

20

120 540
70

-20

140 590
50

90brÛ¡F¡ Fiwthd cau« cila khzt®fË¬
v©Â¡ifia¡ fh©ngh«.

,§F     x = 90 u = 

h

xx
0

−

 = 

20

6090 −

 = 1.5

y(90) = 250 +(1.5)(120) +

! 2

)15.1)(5.1( −

(−20)

  +

! 3

)25.1)(15.1)(5.1( −−

(-10)+ 

! 4

)35.1)(25.1)(15.1)(5.1( −−−

(20)

= 250 + 180 − 7.5 + 0.625 + 0.46875

= 423.59  ~  424

80br.Û.ÈUªJ  90br.Û. tiu cauK´s khzt®fË¬
v©Â¡if y(90) − y(80)

      ⇒  424 − 370 = 54.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 9

bfhL¡f¥g£L´s Étu§fis¡ bfh©L %bfhL¡f¥g£L´s Étu§fis¡ bfh©L %bfhL¡f¥g£L´s Étu§fis¡ bfh©L %bfhL¡f¥g£L´s Étu§fis¡ bfh©L %bfhL¡f¥g£L´s Étu§fis¡ bfh©L %.30

ÈUªJ %ÈUªJ %ÈUªJ %ÈUªJ %ÈUªJ % .35 tiu TÈ bgWgt®fË¬tiu TÈ bgWgt®fË¬tiu TÈ bgWgt®fË¬tiu TÈ bgWgt®fË¬tiu TÈ bgWgt®fË¬
v©Â¡ifia¡ fh©f.v©Â¡ifia¡ fh©f.v©Â¡ifia¡ fh©f.v©Â¡ifia¡ fh©f.v©Â¡ifia¡ fh©f.

         TÈTÈTÈTÈTÈ x : 20-30 30-40 40-50 50-60

eg®fË¬eg®fË¬eg®fË¬eg®fË¬eg®fË¬ y   :  9  30 35 42

v©Â¡ifv©Â¡ifv©Â¡ifv©Â¡ifv©Â¡if
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Ô®î :

K¬neh¡F ntWgh£L m£ltiz

      x            y          ∆y ∆2y ∆3y

( ’¡F Fiwthf)

30 9

40 39
30

5

50 74
35

7
2

60 116
42

%.35¡F« Fiwthf TÈ bgWgt®fË¬ v©Â¡ifia¡
fh©ngh«.

,§F   x = 35 , u =

h

xx
0

−

=

10

3035 −

 = 0.5

»ÇnfhÇ-Ãô£lÅ¬ K¬neh¡F N¤½u¤½¬go/

y(35) = 9+

1

)5.0(

(30) +
! 2

)15.0)(5.0( −
(5)

+

! 2

)25.0)(15.0)(5.0( −−
(2)

= 9 + 15 − 0.6 + 0.1

= 24 (njhuhakhf)

%.30 ÈUªJ %.35 tiu TÈ bgWgt®fË¬ v©Â¡if
y(35) − y(30)    ⇒  24 − 9 = 15.

7.1.5 »ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F N¤½u¤ij¤»ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F N¤½u¤ij¤»ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F N¤½u¤ij¤»ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F N¤½u¤ij¤»ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F N¤½u¤ij¤
jUÉ¡F« KiwjUÉ¡F« KiwjUÉ¡F« KiwjUÉ¡F« KiwjUÉ¡F« Kiw

y = f(x) v¬gJ n M« go g±YW¥ò¡nfhit v¬f. x MdJ
x

0
, x

1
, x

2
, ... x

n
  v¬»¬w rk ,ilbtËÆY«/ VW tÇirÆY«

c´s k½¥òfis¥ bgW«bghGJ  y MdJ Kiwna  f(x
0
), f(x

1
),

f(x
2
)... f(x

n
) M»a  (n+1) k½¥òfis mil»¬wJ.

x
1
 − x

0
 = x

2
 − x

1
 = x

3
 − x

2
 = ... x

n
 − x

n-1
 = h v¬f (h xU Äif v©)

,§F f(x) v¬gij ¾¬tUkhW vGjyh«.
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f(x) = a
0
 + a

1
(x−x

n
) + a

2
(x−x

n
) (x−x

n-1
) + ...

+ a
n
(x−x

n
) (x−x

n-1
) ... (x−x

1
)  -----------(1)

 x = x
n
 vÅ± ,  (1) ⇒   f(x

n
) = a

0
  (m-J)  a

0
 = y

n

x = x
n−1

 vÅ±, (1) ⇒  f(x
n−1

)= a
0
 + a

1
(x

n−1
−x

n
)

m±yJ  y
n−1

 = y
n
 + a

1
 (−h) m±yJ    a

1
= 

h

yy nn 1−−

 ⇒ a
1
 = 

h

yn∇

x = x
n−2

 vÅ±,  (1) ⇒

       f(x
n−2

) = a
0
 + a

1
 (x

n−2
 − x

n
) + a

2
 (x

n−2
 − x

n
) (x

n−2
 − x

n−1
)

y
n−2

= y
n
 + 

h

yn∇

(−2h) + a
2
 (−2h) (−h)

2h2a
2

= (y
n−2

 − y
n
) + 2∇y

n

= y
n−2

 − y
n
 + 2(y

n
−y

n−1
)

= y
n−2

 − 2y
n−1

 + y
n
 = ∇2y

n

∴ a
2

= 

2

2

! 2 h

yn∇
,njngh¬W ¾¬tUtdt¦iw eh« bgwyh«.

    a
3

= 
3

3

! 3 h

yn∇
 ,   a

4
 = 

4

4

! 4 h

yn∇
 ... a

n
 =

! n

yn

n∇

  ∴ f(x) = y
n
 + 

h

yn∇
(x−x

n
) + 

2

2

! 2 h

yn∇

(x−x
n
)(x−x

n−1
) + ...

+ 
! n

yn

n∇
(x−x

n
) (x−x

n−1
) ... (x−x

1
)    ------------(2)

nkY«/ u = 
h

xx n−
 vÅ±/

x−x
n

 = h
u

x−x
n−1 

= (x−x
n
) (x

n
−x

n−1
) = hu + h = h(u+1)

x−x
n−2 

= (x−x
n
) (x

n
−x

n−2
) = hu + 2h = h(u+2)

x−x
n−3

 = h(u+3)



55

bghJthf/

x−x
n−k

 = h(u+k)

Mjyh± (2) I ¾¬tUkhW vGjyh«.

f(x) = y
n
 + 

! 1

u

∇y
n
+

! 2

)1( +uu
 ∇2y

n
 + ...

+ 
! 

)}1()...{1(

n

nuuu −++
 ∇ny

n
  ,§F  u = 

h

xx n−

,Jnt »ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F N¤½ukhF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 10

xU efu¤½¬ k¡f´ bjhif Étu« ÑnHxU efu¤½¬ k¡f´ bjhif Étu« ÑnHxU efu¤½¬ k¡f´ bjhif Étu« ÑnHxU efu¤½¬ k¡f´ bjhif Étu« ÑnHxU efu¤½¬ k¡f´ bjhif Étu« ÑnH
bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.

   M©LM©LM©LM©LM©L     x  : 1961 1971 1981 1991 2001

k¡f´bjhifk¡f´bjhifk¡f´bjhifk¡f´bjhifk¡f´bjhif y : 46  66 81 93 101

 (MÆu§fË±MÆu§fË±MÆu§fË±MÆu§fË±MÆu§fË±)

»ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½»ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½»ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½»ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½»ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½ 1995

M« M©o¬ k¡f´ bjhifia¡ fh©f.M« M©o¬ k¡f´ bjhifia¡ fh©f.M« M©o¬ k¡f´ bjhifia¡ fh©f.M« M©o¬ k¡f´ bjhifia¡ fh©f.M« M©o¬ k¡f´ bjhifia¡ fh©f.

Ô®î :

1995 v¬gJ fil¼ ,ilbtË (1991, 2001)± c´sJ.
vdnt »ÇnfhÇ-Ãô£lÅ¬ ¾¬neh¡F¢ N¤½u¤ij¥
ga¬gL¤Jnth«.  IªJ k½¥òf´ bfhL¡f¥g£oU¥gjh±
,il¢brUfY¡fhd N¤½u«/

    y = y
4
 +

! 1

u

∇y
4
 +

! 2

)1( +uu
∇2 y

4
 +

! 3

)2)(1( ++ uuu
∇3y

4

+
! 4

)3)(2)(1( +++ uuuu
∇4y

4
  ,§F u = 

h

xx
4

−

     h = 10, x
4
 = 2001  x = 1995

∴  u = 

10

20011995 −

 = −0.6
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¾¬neh¡F ntWgh£L m£ltiz :

  x  y ∇y ∇2y ∇3y ∇4y

1961 46
20

1971 66
15

-5
2

1981 81
12

-3
-1

-3

1991 93
8

-4

2001 101101101101101

     ∴   y = 101 +

! 1

)6.0(−

(8) +

! 2

)16.0)(6.0( +−−

(−4)

+

! 3

)26.0)(16.0)(6.0( +−+−−

(−1)

+ 

! 4

)36.0)(26.0)(16.0)(6.0( +−+−+−−

 (−3)

= 101−4.8+0.48+0.056+0.1008

∴   y = 96.8368

∴  1995 M« M©o¬ k¡f´ bjhif  96.837 MÆu§f´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 11

¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L¾¬tU« Étu§fis¡ bfh©L  58 ta½±ta½±ta½±ta½±ta½±
K½®¢¼aila¡Toa fh¥ÕL K½®¢¼aila¡Toa fh¥ÕL K½®¢¼aila¡Toa fh¥ÕL K½®¢¼aila¡Toa fh¥ÕL K½®¢¼aila¡Toa fh¥ÕL (policy) x¬¿¬ x¬¿¬ x¬¿¬ x¬¿¬ x¬¿¬
fh¥Õ£L¤ bjhifia¡ fh¥Õ£L¤ bjhifia¡ fh¥Õ£L¤ bjhifia¡ fh¥Õ£L¤ bjhifia¡ fh¥Õ£L¤ bjhifia¡ (premium) fh©f. fh©f. fh©f. fh©f. fh©f.

  tttttaJaJaJaJaJ x : 40 45 50 55 60

fh¥Õ£L¤fh¥Õ£L¤fh¥Õ£L¤fh¥Õ£L¤fh¥Õ£L¤ y : 114.84 96.16 83.32 74.48 68.48

bjhifbjhifbjhifbjhifbjhif

Ô®î :

IªJ k½¥òf´ bfhL¡f¥g£oU¥gjh± ,il¢
brUfY¡fhd N¤½u«/

     y = y
4
 + 

! 1

u

∇y
4
 +...+

! 4

)3)(2)(1( +++ uuuu
∇4y

4

   ,§F  u =
5

6058 −
 = −0.4
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¾¬neh¡F ntWgh£L m£ltiz :

 x     y   ∇y ∇2y ∇3y ∇4y

40 114.84
-18.68

45 96.16
-12.84

5.84
-1.84

50 83.32
-8.84

4.00
-1.16

0.68

55 74.48
-6.00

2.84

60 68.4868.4868.4868.4868.48

 ∴ y = 68.48 + 

! 1

)4.0(−

(-6) + 

2

)6.0)(4.0(−

(2.84)

     +

6

)6.1)(6.0)(4.0(−

(-1.16) +

24

)6.2)(6.1)(6.0)(4.0(−

(0.68)

= 68.48 +  2.4 − 0.3408 + 0.07424 − 0.028288

 ∴    y = 70.5851052   (m-J)    y ~ 70.59

 ∴    58 ta½± K½®¢¼aila¡ Toa fh¥ÕL x¬¿¬ fh¥Õ£L¤
bjhif 70.59

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 12

bfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©L
x = 4.5 ¡F ¡F ¡F ¡F ¡F y¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.

   x : 1 2 3 4 5

   y : 1 8 27 64 125

Ô®î :

IªJ k½¥òf´ bfhL¡f¥g£oU¥gjh± ,il¢
brUfY¡fhd N¤½u«/

    y = y
4
 + 

! 1

u

∇y
4
 +...+

! 4

)3)(2)(1( +++ uuuu
 ∇4y

4

,§F    u = 
h

xx
4

−

    u = 

1

55.4 −

 = −0.5
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¾¬neh¡F ntWgh£L m£ltiz :

x y ∇∇∇∇∇y ∇∇∇∇∇2y ∇∇∇∇∇3y ∇∇∇∇∇4y

1 1
7

2 8
19

12
6

3 27
37

18
6

0

4 64
61

24

5 125125125125125

∴  y = 125+

1

)5.0(−

(61)+

2

)5.0)(5.0(−

(24) +

6

)5.1)(5.0)(5.0(−

(6)

  x = 4.5  vÅ±/  y = 91.125

7.1.6 ,y¡uh¨¼Æ¬ N¤½u«,y¡uh¨¼Æ¬ N¤½u«,y¡uh¨¼Æ¬ N¤½u«,y¡uh¨¼Æ¬ N¤½u«,y¡uh¨¼Æ¬ N¤½u«

y = f(x) v¬gJ n M« go g±YW¥ò¡nfhit v¬f. x MdJ
x

0
, x

1
, x

2
, ... x

n
  v¬»¬w VW tÇirÆ± c´s k½¥òfis¥

bgW«bghGJ  y MdJ Kiwna  f(x
0
), f(x

1
), f(x

2
)... f(x

n
) M»a

(n+1) k½¥òfis mil»¬wJ (x v¬gJ rk ,ilbtËÆ±
,U¡f nt©oa mt¼aÄ±iy).

,§F f(x
0
) = y

0
, f(x

1
) = y

1
, ..., f(x

n
) = y

n
.

,y¡uh¨¼Æ¬ N¤½u«

f(x) = y
0

))...()((

))...()((

02010

21

n

n

xxxxxx

xxxxxx

−−−

−−−

+ y
1

))...()((

))...()((

12101

20

n

n

xxxxxx

xxxxxx

−−−

−−−

+ ... + y
n

))...()((

))...()((

110

110

−

−

−−−

−−−

nnnn

n

xxxxxx

xxxxxx

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 13

¾¬tU« m£ltizÆ± ¾¬tU« m£ltizÆ± ¾¬tU« m£ltizÆ± ¾¬tU« m£ltizÆ± ¾¬tU« m£ltizÆ± x  =   42 MfMfMfMfMf
,U¡F«bghGJ ,U¡F«bghGJ ,U¡F«bghGJ ,U¡F«bghGJ ,U¡F«bghGJ y-¬ k½¥ig ,y¡uh¨¼Æ¬¬ k½¥ig ,y¡uh¨¼Æ¬¬ k½¥ig ,y¡uh¨¼Æ¬¬ k½¥ig ,y¡uh¨¼Æ¬¬ k½¥ig ,y¡uh¨¼Æ¬
N¤½u¤ij¥ ga¬gL¤½¡ fh©f.N¤½u¤ij¥ ga¬gL¤½¡ fh©f.N¤½u¤ij¥ ga¬gL¤½¡ fh©f.N¤½u¤ij¥ ga¬gL¤½¡ fh©f.N¤½u¤ij¥ ga¬gL¤½¡ fh©f.
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x : 40 50 60 70

y : 31 73 124 159

Ô®î :

bfhL¡f¥g£l Étu§fËÈUªJ/

x
0
 = 40,  x

1
 = 50, x

2
 = 60, x

3
 = 70 k¦W«  x = 42

y
0
 = 31, y

1
 = 73, y

2
 = 124, y

3
 = 159

,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤j ek¡F¡ »il¥gJ/

y  =  y
0 ))()((

))()((

302010

321

xxxxxx

xxxxxx

−−−

−−−

+ y
1

))()((

))()((

312101

320

xxxxxx

xxxxxx

−−−

−−−

+ y
2

))()((

))()((

321202

310

xxxxxx

xxxxxx

−−−

−−−

+ y
3

))()((

))()((

231303

210

xxxxxx

xxxxxx

−−−

−−−
y(42) = 31

)30)(20)(10(

)28)(18)(8(

−−−

−−−
 + 73

)20)(10)(10(

)28)(18)(2(

−−

−−

    +124

)10)(10)(20(

)28)(8)(2(

−

−−

 +159

)10)(20)(30(

)18)(8)(2( −−

= 20.832 + 36.792 − 27.776 + 7.632

      y = 37.48

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 14

¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L
,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½  x =  4 MfMfMfMfMf
,U¡F«bghGJ ,U¡F«bghGJ ,U¡F«bghGJ ,U¡F«bghGJ ,U¡F«bghGJ y-¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.¬ k½¥ig¡ fh©f.

x : 0 3 5 6 8

y : 276 460 414 343 110
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Ô®î :

x
0
 = 0,  x

1
 = 3, x

2
 = 5, x

3
 = 6, x

4
 = 8 k¦W« x = 4

y
0
 = 276, y

1
 = 460, y

2
 = 414, y

3
 = 343, y

4
 = 110

vd bfhL¡f¥g£L´sJ
,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤j ek¡F¡ »il¥gJ/

y   =   y
0

))()()((

))()()((

40302010

4321

xxxxxxxx

xxxxxxxx

−−−−

−−−−

+ y
1

))()()((

))()()((

41312101

4320

xxxxxxxx

xxxxxxxx

−−−−

−−−−

+ y
2

))()()((

))()()((

42321202

4310

xxxxxxxx

xxxxxxxx

−−−−

−−−−

+ y
3

))()()((

))()()((

43231303

4210

xxxxxxxx

xxxxxxxx

−−−−

−−−−

+ y
4

))()()((

))()()((

34241404

3210

xxxxxxxx

xxxxxxxx

−−−−

−−−−= 276

)8)(6)(5)(3(

)4)(2)(1)(1(

−−−−

−−− + 460

)5)(3)(2)(3(

)4)(2)(1)(4(

−−−

−−−

   + 414

)3)(1)(2)(5(

)4)(2)(1)(4(

−−

−−

+343

)2)(1)(3)(6(

)4)(1)(1)(4(

−

−−

   + 110

)2)(3)(5)(8(

)2)(1)(1)(4( −−

= −3.066 + 163.555 + 441.6 − 152.44 + 3.666

     y = 453.311

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 15

¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L¾¬tU« m£ltizia¡ bfh©L
,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤½   y(11) ¬¬¬¬¬
k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.

x : 6 7 10 12

y : 13 14 15 17
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Ô®î :

x
0
 = 6,  x

1
 = 7, x

2
 = 10, x

3
 = 12 k¦W«  x = 11

y
0
 = 13, y

1
 = 14, y

2
 = 15, y

3
 = 17 vd bfhL¡f¥g£L´sJ

,y¡uh¨¼Æ¬ N¤½u¤ij¥ ga¬gL¤j ek¡F¡ »il¥gJ/

= 13

)6)(4)(1(

)1)(1)(4(

−−−

−

 + 14

)5)(3)(1(

)1)(1)(5(

−−

−

     + 15

)2)(3)(4(

)1)(4)(5(

−

−

 +17

)2)(5)(6(

)1)(4)(5(

= 2.1666 − 4.6666 + 12.5 + 5.6666    ∴   y = 15.6666

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.1

1) ÑnH bfhL¡f¥g£L´s Étu§fis¡ bfh©L x = 42 Mf
,U¡F«nghJ y-¬ k½¥ig tiugl¤½¬ _y« fh©f.

x : 20 30 40 50

y : 51 43 34 24

2) xU efu¤½¬ k¡f´ bjhif ÑnH bfhL¡f¥g£L´sJ

M©L x : 1940 1950 1960 1970 1980 1990

k¡f´bjhif y : 20  24 29 36 46 50

(,y£r§fË±)

1976 « M©o¬ k¡f´ bjhifia tiugl¤½¬ _y« fh©f.

3) bfhL¡f¥g£L´s Étu§fis¡ bfh©L f(3) I¡ fh©f.
x : 1 2 3 4 5

f(x) : 2 5 - 14 32

4) bfhL¡f¥g£L´s Étu§fis¡ bfh©L ÉLg£l v©iz¡
fh©f.
x : 0 5 10 15 20 25

y : 7 11 14  -- 24 32

5) bfhL¡f¥g£L´s Étu§fis¡ bfh©L 2000 M« M©o¬
V¦Wk½ia k½¥¾Lf.

M©L x : 1999 2000 2001 2002 2003

V¦Wk½ y : 443 -- 369 397 467

(l¬fË±)
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6) bfhL¡f¥g£L´s Étu§fis¡ bfh©L  x = 145  Mf
,U¡F«bghGJ y  -¬ k½¥ig »ÇnfhÇ-Ãô£l¬
N¤½u¤ij¥ ga¬gL¤½¡ fh©f.

x : 140 150 160 170 180

y : 46 66 81 93 101

7) bfhL¡f¥g£L´s Étu§fis¡ bfh©L y(8) -¬ k½¥ig
»ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½¡ fh©f.

x : 0 5 10 15 20 25

y : 7 11 14 18 24 32

8) 1975 M« M©o¬ k¡f´ bjhifia »ÇnfhÇ-Ãô£l¬
N¤½u¤ij¥ ga¬gL¤½ fz¡»Lf.

tUl« : 1961 1971 1981 1991 2001

k¡f´bjhif : 98572 132285 168076 198690 246050

9) bfhL¡f¥g£L´s Étu§fis¡ bfh©L É£l« 96 myFf´
c´s t£l¤½¬ gu¥ig »ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥
ga¬gL¤½¡ fh©f.

É£l« x : 80 85 90 95 100

gu¥ò y : 5026 5674 6362 7088 7854

10) »ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½  x = 85  Mf
,U¡F«bghGJ y -¬ k½¥ig¡ fh©f.

x : 50 60 70 80 90 100

y : 184 204 226 250 276 304

11) »ÇnfhÇ-Ãô£l¬ N¤½u¤ij¥ ga¬gL¤½  y(22.4) -¬
k½¥ig¡ fh©f.

x : 19 20 21 22 23

y : 91 100 110 120 131

12) bfhL¡f¥g£L´s Étu§fis¡ bfh©L ,y¡uh¨¼Æ¬
N¤½u¤ij¥ ga¬gL¤½ y(25) -¬ k½¥ig¡ fh©f.

x :   20  30  40  50

y :  512 439 346 243
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13) f(0) = 5, f(1) = 6, f(3) = 50, f(4) = 105 vÅ± ,y¡uh¨¼Æ¬
N¤½u¤ij¥ ga¬gL¤½  f(2) -¬ k½¥ig¡ fh©f.

14) bfhL¡f¥g£L´s Étu§fis¡ bfh©L/ ,y¡uh¨¼Æ¬
N¤½u¤ij¥ ga¬gL¤½  x = 5 vÅ±/ y -¬ k½¥ig¡ fh©f.

x : 1 2 3 4 7

y : 2 4 8 16 128

7.2  ne®¡nfhL bghU¤Jj±ne®¡nfhL bghU¤Jj±ne®¡nfhL bghU¤Jj±ne®¡nfhL bghU¤Jj±ne®¡nfhL bghU¤Jj±

bghJthf gy JiwfË± ,u©L (m±yJ mj¦F nk¦g£l)
kh¿fS¡F ,ilna c´s bjhl®òf´ F¿¤J Muha nt©oa
mt¼a« c´sJ.

cjhuzkhf xU FHªijÆ¬ vilahdJ mj¬ taJl¬
bjhl®òilaJ;  xU bghUË¬ ÉiyahdJ m¥bghUË¬
njitnahL bjhl®òilaJ; xU thfd¤½¬ guhkÇ¥ò¢
brythdJ mJ ga¬gL¤j¥g£l fhy¤njhL bjhl®òilaJ.

7.2.1 ¼jw± tiugl«¼jw± tiugl«¼jw± tiugl«¼jw± tiugl«¼jw± tiugl« (Scatter diagram)

,U kh¿f´ x  k¦W«  y  v¬gd xU MÂ¬ taJ k¦W«
vilia¡ F¿¡»¬wJ vd vL¤J¡ bfh©lh±/  x

1
, x

2
, x

3
, ...

x
n
 v¬gd  n  M©fË¬ taijí« y

1
, y

2
, y

3
, ... y

n
  v¬gd

Kiwna mt®fË¬ viliaí«
F¿¡»¬wd v¬ngh«. (x

1
, y

1
),

(x
2
, y

2
), (x

3
, y

3
), ... (x

n
, y

n
)

v¬w ò´Ëfis xU br²tfy
M a ¤ b j h i y f Ë ±
F¿ÆLnth«.  ,²thW
F¿ÆLtjh± tiugl¤½±
»il¡F« ò´ËfË¬ fz¤ij
¼jw± tiugl« v¬ngh«.

¼jw± tiugl« _y« bfhL¡f¥g£l k½¥òfS¡fhd
ò´Ëfis mQ» tUkhW xU Óuhd tistiu ,U¡f¡TL«
v¬gij eh« fhzyh«.  ,¤jifa tistiuia mQ»
tU»¬w tistiu  v¬ngh«.  nkny c´s  gl« 7.1 ±

y

xgl« 7.1
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bfhL¡f¥g£l k½¥òf´ xU ne®¡nfh£il mQ» tU»¬wd
v¬gijí« k¦W« ,u©L kh¿fS¡»ilna xU neÇa±
bjhl®ò ,U¥gijí« czuyh«.

7.2.2 Û¢¼W t®¡f¡ bfh´if Û¢¼W t®¡f¡ bfh´if Û¢¼W t®¡f¡ bfh´if Û¢¼W t®¡f¡ bfh´if Û¢¼W t®¡f¡ bfh´if (Principle of least squares)

bghJthf bfhL¡f¥g£l k½¥òfS¡F x¬W¡F«
nk¦g£l tistiuf´ bghUªJtJ ngh± njh¬W«. vdnt
ne®¡nfhLf´ tiuí«bghGJ Äf¢ ¼wªj bghU¤jkhd xU
ne®¡nfh£o¦FÇa tiuaiwia¡ ftd¤½± bfh´tJ
mt¼akhF«.

k½¥òf´ (x
1
, y

1
), (x

2
, y

2
),

(x
3
, y

3
), ... (x

n
, y

n
) v¬gdt¦iw

ò´Ëfshf vL¤J¡ bfh´nth«.
bfhL¡f¥g£l   x = x

1 
v¬w

k½¥¾¦F V¦w  y-¬ k½¥¾¦F«
tistiu C-¬ _y« »il¡f¡
Toa mnj  y -¬ k½¥¾¦F«
É ¤ ½ a h r «  , U ¡ f ¡  T L « .
(gl« 7.2)

,ªj É¤½ahr¤ij d
1
 v¬f. d

1
 I Éy¡f« m±yJ ¾iH

vd¡ Twyh«.  ,§F d
1 
v¬gJ Äif v©/ Fiw v© m±yJ

ó¢¼akhf ,U¡fyh«.  mnj ngh¬W 
 
x

2
, x

3
, ... x

n
 -fS¡fhd

Éy¡f§f´ Kiwna d
2
, d

3
, ... d

n
  vd¡ »il¡F«.

bfhL¡f¥g£l k½¥òfS¡F V¦w Äf¢ ¼wªj
bghU¤jkhd tistiuÆ¬ msit d

1

2, d
2

2, ... d
n

2-fËÈUªJ
bgwyh«.

bfhL¡f¥g£l k½¥òfis mQ» tU»¬w mid¤J
tistiufËY« d

1

2 + d
2

2 + d
3

2 +...+ d
n
2 MdJ v²tistiu¡F

Û¢¼W k½¥ig¡ bfh©L´snjh m²tistiuna Äf¢ ¼wªj
bghU¤jkhd tistiu v¬ngh«.  m²thW mQ» tU»¬w
tistiuahdJ ne®¡nfhlhf ,U¥¾¬ mjid Äf¢ ¼wªj
bghU¤jkhd ne®¡nfhL (line of best fit) v¬ngh«.

C

x

y
(x

2
, y

2
)

(x
1
, y

1
)

(x
n
, y

n
)

d
nd

2

d
1

gl« 7.2
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7.2.3  Û¢¼W t®¡f¡ bfh´if _y« ,a± Ãiy¢Û¢¼W t®¡f¡ bfh´if _y« ,a± Ãiy¢Û¢¼W t®¡f¡ bfh´if _y« ,a± Ãiy¢Û¢¼W t®¡f¡ bfh´if _y« ,a± Ãiy¢Û¢¼W t®¡f¡ bfh´if _y« ,a± Ãiy¢
rk¬ghLfis¤ jUÉ¤j±rk¬ghLfis¤ jUÉ¤j±rk¬ghLfis¤ jUÉ¤j±rk¬ghLfis¤ jUÉ¤j±rk¬ghLfis¤ jUÉ¤j±

bfhL¡f¥g£l (x
1
, y

1
), (x

2
, y

2
),  ... (x

n
, y

n
)  v¬w n

ò´ËfS¡F bghUªJ« ne®¡nfh£o¬ rk¬ghL

y = ax + b ------------(1)

a   k¦W«   b -fË¬
bt²ntW k½¥òfS¡F (1)

MdJ ne®¡nfh£L¡
FL«g« x¬iw¡ F¿¡F«.
(1)-¦F ¼wªjjhfî«
bghU¤jkhdjhfî« c´s
a k¦W«  b fË¬ k½¥òfis
eh« fhznt©L«.  ,«
k½¥òfis¡ fhz Û¢¼W
t®¡f¡ bfh´ifÆid¥
ga¬gL¤J»¬nwh«.

P
i
 (x

i
, y

i
) v¬gJ ¼jw± tiugl¤½± (gl« 7.3) bghJthd

xU ò´Ë v¬f. P
i
M I  x-m¢R¡F br§F¤jhfî«/ y = ax + b I

H
i
 ± bt£LkhW« tiuf.  H

i
 ¬ x m¢R¤ bjhiyî x

i
 k¦W«  y -

m¢R¤ bjhiyî  ax
i
 + b MF«.

P
i
H

i
 = P

i
M - H

i
M

= y
i
 − (ax

i
 +b) v¬gJ  y

i
 -¬ Éy¡f« MF«.

Û¢¼W t®¡f¡ bfh´ifÆ¬go  a  k¦W«  b  fË¬
k½¥òfis¡ fhz nt©L«. vdnt/

E = 

n

i 1=
Σ P

i
H

i

2

 =

n

i 1=
Σ [y

i
 − (ax

i
 + b)]

2

 v¬gJ ¼Wk k½¥ig¥

bgw nt©L«.

bgWk m±yJ ¼Wk k½¥¾¦fhd ÃgªjidfË¬go  a

k¦W« b ,t¦iw¥ bghW¤J  E -¬ gF½ tif¡ bfG¡f´
jÅ¤jÅna ó¢¼akhF«.

   ∴
a∂

∂E
= 0  ⇒ −2

n

i 1=
Σ x

i
[y

i
 − (ax

i
 + b)] = 0

y

xMO

P
i
(x

i
, y

i
)

H
i
(x

i 
, ax

i
 +b)

gl« 7.3
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a 
n

i 1
Σ
=

x
i

2  + b
n

i 1
Σ
=

x
i  
=

n

i 1
Σ
=

x
i
 y

i
-------------(2)

b∂
∂E

 = 0   ⇒  −2

n

i 1=
Σ [y

i
 − (ax

i
 + b)] = 0

i.e., Σy
i
 − aΣx

i
 − nb = 0

⇒⇒⇒⇒⇒ a
n

i 1
Σ
=

x
i
 + nb = 

n

i 1
Σ
=

y
i

-------------(3)

rk¬ghLf´ (2) k¦W«  (3) M»ait ,a±Ãiy¢
rk¬ghLf´ vd¥gL«.  ,a±Ãiy¢ rk¬ghLfis¤ Ô®¥gj¬
_y«  a  k¦W«  b fË¬ k½¥òfis¡ fhzyh«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

y = a + bx   v¬w toÉ± c´s rk¬ghL Äf¥ bghU¤jkhd
ne®nfhlhf miktj¦fhd ,a±Ãiy¢ rk¬ghLf´

na + bΣΣΣΣΣx
i
 = ΣΣΣΣΣy

i

aΣΣΣΣΣx
i
 + bΣΣΣΣΣx

i
2 = ΣΣΣΣΣx

i 
y

i

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 16

ΣΣΣΣΣx = 10, ΣΣΣΣΣy = 19,  ΣΣΣΣΣx2 = 30,  ΣΣΣΣΣxy = 53 k¦W«k¦W«k¦W«k¦W«k¦W« n = 5

v¬gdt¦W¡F xU ne®¡nfh£il¥ bghU¤Jf.v¬gdt¦W¡F xU ne®¡nfh£il¥ bghU¤Jf.v¬gdt¦W¡F xU ne®¡nfh£il¥ bghU¤Jf.v¬gdt¦W¡F xU ne®¡nfh£il¥ bghU¤Jf.v¬gdt¦W¡F xU ne®¡nfh£il¥ bghU¤Jf.

Ô®î :

Äf¥ bghU¤jkhd ne®¡nfhL  y = ax + b v¬f.

Σy = aΣx + nb

Σxy = aΣx2 + bΣx

⇒ 10a + 5b = 19 ------------(1)

30a + 10b = 53 ------------(2)

(1) k¦W« (2) fis¤ Ô®¥gj¬ thÆyhf  a = 1.5  k¦W«  b  = 0.8

vd¥ bgwyh«.

∴ vdnt Äf¥ bghU¤jkhd ne®¡nfh£o¬ rk¬ghL

y = 1.5x + 0.8
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 17

ΣΣΣΣΣx = 10, ΣΣΣΣΣy=16.9, ΣΣΣΣΣx2 = 30, ΣΣΣΣΣxy = 47.4 k¦W«k¦W«k¦W«k¦W«k¦W« n = 7

v¬gdt¦W¡F j¡fgo tiua¥g£l Äf¥v¬gdt¦W¡F j¡fgo tiua¥g£l Äf¥v¬gdt¦W¡F j¡fgo tiua¥g£l Äf¥v¬gdt¦W¡F j¡fgo tiua¥g£l Äf¥v¬gdt¦W¡F j¡fgo tiua¥g£l Äf¥
bghU¤jkhd nfh£o± bghU¤jkhd nfh£o± bghU¤jkhd nfh£o± bghU¤jkhd nfh£o± bghU¤jkhd nfh£o± x-m¢¼¬ bt£L¤ J©il¡m¢¼¬ bt£L¤ J©il¡m¢¼¬ bt£L¤ J©il¡m¢¼¬ bt£L¤ J©il¡m¢¼¬ bt£L¤ J©il¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

Äf¥ bghU¤jkhd ne®¡nfhL  y = ax + b v¬f.

,a±Ãiy¢ rk¬ghLf´

Σy = aΣx + nb

Σxy = aΣx2 + bΣx

⇒ 10a + 7b = 16.9 -----------(1)

30a + 10b = 47.4 -----------(2)

(1) k¦W« (2) fis¤ Ô®¥gj¬ _y«/

a = 1.48  and  b = 0.3 vd¡ »il¡F«.

∴ Äf¥ bghU¤jkhd ne®¡nfh£o¬ rk¬ghL

y = 1.48x + 0.3

vdnt  x-m¢¼¬ bt£L¤ J©L = −
48.1

0.3

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 18

bfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xU
ne®¡nfhL bghU¤Jf.ne®¡nfhL bghU¤Jf.ne®¡nfhL bghU¤Jf.ne®¡nfhL bghU¤Jf.ne®¡nfhL bghU¤Jf.

    x : 0 1 2 3 4

   y : 1 1 3 4 6

Ô®î :

Äf¥ bghU¤jkhd ne®¡nfhL   y = ax + b

,a±Ãiy¢ rk¬ghLf´

aΣx + nb = Σy ------------(1)

aΣx
2
 + bΣx = Σxy ------------(2)
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bfhL¡f¥g£L´s Étu§fËÈUªJ

x  y  x2 xy

0 1 0 0

1 1 1 1

2 3 4 6

3 4 9 12

4 6 16 24

10 15 30 43

,«k½¥òfis rk¬ghLf´ (1) k¦W« (2) fË± ¾u½Æl ek¡F¡
»il¥gJ/

10a + 5b = 15 ------------(3)

30a + 10b = 43 ------------(4)

,t¦iw¤ Ô®¡f/ ek¡F¡ »il¥gJ/
 a = 1.3  and  b = 0.4

∴   Äf¥ bghU¤jkhd ne®¡nfh£o¬ rk¬ghL  y = 1.3x + 0.4.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 19

bfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xUbfhL¡f¥g£L´s Étu§fS¡F xU
ne®¡nfhL bghU¤Jfne®¡nfhL bghU¤Jfne®¡nfhL bghU¤Jfne®¡nfhL bghU¤Jfne®¡nfhL bghU¤Jf

x  : 4 8 12 16 20 24

y  : 7 9 13 17 21 25

Ô®î :

M½ia 
2

1612 +
= 14 v¬w ,l¤½± vL¤J¡bfh´nth«.

u
i  

= 

2

14−ix

 v¬f.  ,§F  n = 6

     Äf¥ bghU¤jkhd ne®¡nfhL    y = au + b  v¬f.

,a±Ãiy¢ rk¬ghLf´/

aΣu + nb = Σy ----------(1)

aΣu2 + bΣu = Σuy ----------(2)
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  x  y u  u2  uy

4 7 -5 25 -35

8 9 -3 9 -27

12 13 -1 1 -13

16 17 1 1 17

20 21 3 9 63

24 25 5 25 125

bkh¤j«bkh¤j«bkh¤j«bkh¤j«bkh¤j« 92 0 70 130

,«k½¥òfis  (1) k¦W« (2) fË± ¾u½Æl ek¡F¡ »il¥gJ/
a = 1.86  k¦W«  b = 15.33

∴  Äf¥ bghU¤jkhd ne®¡nfhL

y = 1.86 




 −

2

14x
+15.33  =  0.93x  + 2.31

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 20

¾¬tU« Étu§fS¡F xU ne®¡nfhL¾¬tU« Étu§fS¡F xU ne®¡nfhL¾¬tU« Étu§fS¡F xU ne®¡nfhL¾¬tU« Étu§fS¡F xU ne®¡nfhL¾¬tU« Étu§fS¡F xU ne®¡nfhL
bghU¤Jf.bghU¤Jf.bghU¤Jf.bghU¤Jf.bghU¤Jf.

x  : 100 200 300 400 500 600

y  : 90.2 92.3 94.2 96.3 98.2 100.3

Ô®î :

u
i
 = 

50

350−ix
 k¦W«  v

i
 = y

i
 − 94.2  v¬f. ,§F n = 6.

Äf¥ bghU¤jkhd ne®¡nfhL  v = au + b

,a±Ãiy¢ rk¬ghLf´  aΣu + nb    = v    ----------(1)

 aΣu2 + bΣu = Σuv  ----------(2)

  x    y  u  v u2 uv

100 90.2 -5 -4 25 20

200 92.3 -3 -1.9 9 5.7

300 94.2 -1 0 1 0

400 96.3 1 2.1 1 2.1

500 98.2 3 4 9 12

600 100.3 5 6.1 25 30.5

bkh¤j«bkh¤j«bkh¤j«bkh¤j«bkh¤j« 0 63 70 70.3
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,«k½¥òfis rk¬ghLf´  (1) k¦W« (2) fË± ¾u½Æl
ek¡F¡ »il¥gJ  a = 1.0043  and  b = 1.05.

Äf¥ bghU¤jkhd ne®¡nfhL  v = 1.0043 u + 1.05

⇒     y = 0.02x +88.25

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.2

1) ¼jw± tiugl« - És¡Ff.

2) Û¢¼W t®¡f¡ bfh´ifia¡ TWf.

3) Σx = 75, Σy = 115, Σx2 = 1375, Σxy = 1875 k¦W« n = 6

vÅ±/ xU Äf¢ ¼wªj ne®¡nfhL bghU¤Jf.

4) Σx = 10, Σy = 25, Σx2 = 30, Σxy = 90 k¦W« n = 5 vÅ±/
xU Äf¥ bghU¤jkhd ne®¡nfh£oid¥ bghU¤½ mj¬
rh­î k¦W« y-m¢¼¬ bt£L¤ J©L M»at¦iw¡ fh©f.

5) ¾¬tU« Étu§fis¡ bfh©L Û¢¼W t®¡f¡ bfh´ifia¥
ga¬gL¤½ y = ax + b  vD« ne®¡nfh£il¥ bghU¤Jf.
  x  : 0 1 3 6 8

  y  : 1 3 2 5 4

6) 5 khzt®fis¡ bfh©l FG x¬W xU gÆ¦¼¡F K¬ò«
mj¬ ¾¬ò« bg¦w k½¥bg©fË¬ Étu«/

gÆ¦¼¡F K¬ò bg¦w k½¥bg©f´ : 3 4 4 6  8

gÆ¦¼¡F ¾¬ò bg¦w k½¥bg©f´ : 4 5 6 8 10

Û¢¼W t®¡f¡ bfh´ifia¥ ga¬gL¤½ bghU¤jkhd ne®¡
nfh£oid¡ fh©f.

7) ¾¬tU« Étu§fS¡F Û¢¼W t®¡f¡ bfh´ifia¥
ga¬gL¤½ Äf¥ bghU¤jkhd ne®¡nfh£oid¡ fh©f.
x  : 100 120 140 160 180 200

y   : 0.45 0.55 0.60 0.70 0.80 0.85

8) ¾¬tU« Étu§fS¡F Äf¥ bghU¤jkhd ne®¡nfh£oid¡
fh©f. nkY« x = 3.5 vÅ± y -¬ k½¥ig¡ fz¡»Lf.
x  : 0  1  2  3  4

y  : 1 1.8 3.3 4.5 6.3



71

9) ¾¬tU« Étu§fS¡F Û¢¼W t®¡f¡ bfh´ifia¥
ga¬gL¤½ Äf¥ bghU¤jkhd ne®¡nfhL fh©f.

ga¬gL¤j¥g£l ÚÇ¬ MH«    x  : 0 12 24 36 48

         (br.Û.fË±)

ruhrÇ Éis¢r±  y  : 35 55 65 80 90

 (l¬f´ / V¡f®)

10) kh½Ç¡fhf vL¤J¡ bfh´s¥g£l MW kUªJ¡ filfË¬
És«gu¢ bryîf´ (bkh¤j¢ bryÉ¬ ÉG¡fh£o±) k¦W«
Ãfu yhg§f´ (bkh¤j É¦gidÆ¬ ÉG¡fh£o±) ¾¬tUkhW
ju¥g£L´sJ.

 És«gu¢ bryî :  0.4  1.0 1.3 1.5 2.0 2.8

 Ãfu ,yhg« : 1.90  2.8 2.9 3.6 4.3 5.4

Äf¥bghU¤jkhd ne®¡nfh£il¥ bghU¤Jf.

11) g¤J khzt®f´ M§»y¥ ghl« go¤j neu« (kÂfË±) k¦W«
mt®f´ nj®É± bg¦w k½¥bg©f´ Étu« ¾¬tUkhW
ju¥g£L´sJ.

go¤j neu« (kÂfË±) x  : 4 9 10 12 14 22

nj®É± bg¦w k½¥bg©f´ y  : 31 58 65 68 73 91

(i)  y = ax + b v¬w ne®¡nfh£il¥ bghU¤Jf.

(ii) 17 kÂ neu« go¤j xU khzt® bgW« k½¥bg©iz¡
fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  7.3

1) ∆f(x) =

(a) f(x+h) (b) f(x)−f(x+h)

(c) f(x+h)−f(x) (d) f(x)−f(x−h)

2) E2f(x) =

(a) f(x+h) (b) f(x+2h)

(c) f(2h) (d) f(2x)

3) E =

(a) 1+∆ (b) 1 − ∆ (c) ∇+ 1 (d) ∇−1
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4) ∇f(x+3h) =

(a) f(x+2h) (b) f(x+3h)-f(x+2h)

(c) f(x+3h) (d) f(x+2h) − f(x − 3h)

5) h = 1 vÅ±,  ∆(x2) =

(a) 2x (b) 2x − 1 (c) 2x+1 (d) 1

6) y = ax + b v¬gJ Äf¢ ¼wªj bghU¤jkhd ne®nfhlhf
miktj¦fhd a k¦W« b v¬gdt¦iw¡ fz¡»l njitahd
,a±Ãiy¢ rk¬ghLf´

(a) aΣx
i

2 + bΣx
i
 = Σx

i
y

i
  k¦W«  aΣx

i
 + nb = Σy

i

(b) aΣx
i
 + bΣx

i

2 = Σx
i
y

i
  k¦W«  aΣx

i

2 + nb = Σy
i

(c) aΣx
i
 + nb = Σx

i
y

i
  k¦W«  aΣx

i

2 + bΣx
i
 = Σy

i

(d) aΣx
i

2 + nb = Σx
i
y

i
  k¦W«  aΣx

i
 + bΣx

i
 = Σy

i

7) Äf¥ bghU¤jkhd ne®¡nfhlhd y = 5.8 (x-1994) + 41.6 -± x

= 1997 vÅ±/  y ¬ k½¥ò

(a) 50 (b) 54 (c) 59 (d) 60

8) X® ne®nfh£il¥ bghU¤Jtj¦fhd IªJ k½¥òf´
bfhL¡f¥g£L´sd. nkY« Σx = 0 k¦W« Σy = 15 MF«.
,¥bghGJ Äf¢ ¼wªj bghU¤jkhd ne®nfh£o¬ y -m¢¼¬
bt£L¤J©L,

(a) 1 (b) 2 (c) 3 (d) 4

9) y = ax + b  v¬w ne®nfh£il¥ bghU¤Jtj¦fhd ,a±Ãiy¢
rk¬ghLf´ 10a +5b = 15 k¦W« 30a + 10b = 43 MF«.
,¥bghGJ Äf¥bghU¤jkhd ne®nfh£o¬ rh­î/

(a) 1.2 (b) 1.3 (c) 13 (d) 12

10) n ò´Ëf´  (x, y) I Û¢¼W t®¡f KiwÆ± y = ax + b  vD«
ne®¡nfh£o± bghU¤J«bghGJ 4 = 4a + b k¦W« Σxy = 120a

+ 24b  v¬w ,a±Ãiy¢ rk¬ghLf´ »il¡»¬wd vÅ±/  n =

(a) 30 (b) 5 (c) 6 (d) 4



73

8.1 rkth­¥ò kh¿ k¦W« Ãf³jfî rh®òrkth­¥ò kh¿ k¦W« Ãf³jfî rh®òrkth­¥ò kh¿ k¦W« Ãf³jfî rh®òrkth­¥ò kh¿ k¦W« Ãf³jfî rh®òrkth­¥ò kh¿ k¦W« Ãf³jfî rh®ò
(Random variable and probability function)

rkth­¥ò kh¿rkth­¥ò kh¿rkth­¥ò kh¿rkth­¥ò kh¿rkth­¥ò kh¿
rkth­¥ò kh¿ v¬gJ TWbtË S -¬ ÛJ tiuaW¡f¥

g£L´s bk­k½¥òila xU rh®ghF« k¦W« ,«kh¿ −∞ ÈUªJ
∞ tiuÆyhd bk­k½¥òfis bgW«.

8.1.1 jÅ¤j rkth­¥ò kh¿jÅ¤j rkth­¥ò kh¿jÅ¤j rkth­¥ò kh¿jÅ¤j rkth­¥ò kh¿jÅ¤j rkth­¥ò kh¿

X v¬w kh¿ KoîW m±yJ Koîwh Mdh±
v©Âl¤j¡f k½¥òf´ bgWkhÆ¬ m«kh¿ xU jÅ¤j
rkth­¥ò kh¿ahF«.

cjhuz§f´

(i) xU ehza¤ij ,UKiw R©Ljiy xU nrhjidahf
fUJnth«.  ,¢nrhjidÆ¬TW¥ò´Ëf´  s

1
 = (H, H),

s
2
 = (H, T), s

3
 = (T, H) k¦W« s

4
 = (T, T) MF«.

rkth­¥ò kh¿  X : ,UKiw R©L« bghGJ »il¤j
“jiyfË¬ v©Â¡if”

vdnt X(s
1
) = 2  ;   X(s

2
) = 1  ;   X(s

3
) = 1 ;  X(s

4
) = 0

R
X
 =  {0, 1, 2}

s v¬gJ TWbtËÆ± c´s xU cW¥ghF«.  ,²thwhf
X(s) v¬gJ btË¥ghL s -ia bjhl®ò bfh©l rkth­¥ò kh¿
X ia F¿¡»¬w bk­ v©zhF«.

X -¬ v±yh k½¥òfisí« bfh©l fz« R
X
, X -¬ å¢R¡

fz« vd miH¡f¥gL»wJ.

(ii) xU nrho gfilfis cU£Ltij nrhjidahf¡
bfh´nth«.  vdnt TWbtË

Ãfœjfî gutšfŸÃfœjfî gutšfŸÃfœjfî gutšfŸÃfœjfî gutšfŸÃfœjfî gutšfŸ 8
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S = {(1, 1) (1, 2) ... (1, 6)

   .         . .

   .         . .

   .         . .

(6, 1) (6, 2) ... (6, 6)}

rkth­¥ò kh¿  X : ,U gfilfË¬ ÛJ fhQ« v©fË¬
TLj± v¬gJ MF«.  vdnt R

X 
= {2, 3, 4, ..., 12}.

(iii) xnu neu¤½± 3 ehza§fis R©Ltij nrhjidahf
bfh´nth«.

rkth­¥ò kh¿ X: ,¢nrhjidÆ± »il¡F« jiyfË¬
v©Â¡ifia F¿¥gjhÆ¬/ ,§F 0, 1, 2, 3 v¬»w k½¥òfis
X V¦»wJ.

 S  = {HHH, HHT, HTT, TTT, TTH, THH, HTH, THT}

 R
X
 = {0, 1, 2, 3}

(iv) xnu neu¤½± 4 ehza§fis R©L»¬w xU rkth­¥ò
nrhjidÆ±/ »il¡f¥bgW»¬w jiyfË¬
v©Â¡ifia F¿¥¾LifÆ±

   R
X
 = {0, 1, 2, 3, 4} v¬gjhF«.

xU ò¤jf¤½± x²bthU g¡f¤½± fhz¥gL«
m¢R¥¾iHfË¬ v©Â¡if/ xU ÃWtd¤½¬ bjhiyng¼
gÂahsuh± bgw¥gL« bjhiyng¼ miH¥òfË¬ v©Â¡if
M»ait jÅ¤j rkth­¥ò kh¿fS¡fhd ¼y
cjhuz§fshF«.

8.1.2 jÅ¤j rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òjÅ¤j rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òjÅ¤j rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òjÅ¤j rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òjÅ¤j rkth­¥ò kh¿Æ¬ Ãf³jfî rh®ò
k¦W« Ãf³jfî gut±k¦W« Ãf³jfî gut±k¦W« Ãf³jfî gut±k¦W« Ãf³jfî gut±k¦W« Ãf³jfî gut±

X v¬w jÅ¤j rkth­¥ò kh¿ bgW« k½¥òf´  x
1
, x

2
, x

3
...

v¬f.  p(x
i
) = P[X = x

i
]  v¬wthW c´s rh®ò p MdJ

(i)  p(x
i
) > 0     i = 1, 2, ...

(ii) 
i
Σ   p(x

i
) = 1
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v¬w Ãgªjidfis Ãiwî br­íkhÆ¬/ p Ãf³jfî rh®ò
m±yJ Ãf³jfî ½©k¢ rh®ò v¬W miH¡f¥gL»wJ.

(x
i
, p(x

i
))v¬»w v±yh nrhofË¬ bjhF¥ò X -¬

Ãf³jfî gut± MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

,U ehza§fis R©L»w nrhjidia,U ehza§fis R©L»w nrhjidia,U ehza§fis R©L»w nrhjidia,U ehza§fis R©L»w nrhjidia,U ehza§fis R©L»w nrhjidia
fUJnth«.  fUJnth«.  fUJnth«.  fUJnth«.  fUJnth«.  X  v¬»w rkth­¥òkh¿ nrhjidÆ±v¬»w rkth­¥òkh¿ nrhjidÆ±v¬»w rkth­¥òkh¿ nrhjidÆ±v¬»w rkth­¥òkh¿ nrhjidÆ±v¬»w rkth­¥òkh¿ nrhjidÆ±
bgw¥gL« jiyfË¬ v©Â¡ifia F¿¥gjhfbgw¥gL« jiyfË¬ v©Â¡ifia F¿¥gjhfbgw¥gL« jiyfË¬ v©Â¡ifia F¿¥gjhfbgw¥gL« jiyfË¬ v©Â¡ifia F¿¥gjhfbgw¥gL« jiyfË¬ v©Â¡ifia F¿¥gjhf
bfh´nth«.bfh´nth«.bfh´nth«.bfh´nth«.bfh´nth«.

X :  0 1 2

p(x
i
) :

4
1

2
1

4
1

p(x
i
) xU Ãf³jfî ½©k¢ rh®gh vd m¿f.xU Ãf³jfî ½©k¢ rh®gh vd m¿f.xU Ãf³jfî ½©k¢ rh®gh vd m¿f.xU Ãf³jfî ½©k¢ rh®gh vd m¿f.xU Ãf³jfî ½©k¢ rh®gh vd m¿f.

Ô®î :

(i) ,§F x²bthU p(x
i
) > 0 k¦W«

(ii) Σp(x
i
) = p(0) + p(1) + p(2) v¬gjid vË½± fhzyh«.

          = 
4

1
 + 

2

1
 + 

4

1
 = 1

vdnt  p(x
i
)  Ãf³jfî ½©k¢rh®ghF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

,U gfilfis cU£L« nghJ »il¡F«,U gfilfis cU£L« nghJ »il¡F«,U gfilfis cU£L« nghJ »il¡F«,U gfilfis cU£L« nghJ »il¡F«,U gfilfis cU£L« nghJ »il¡F«
v©fË¬ TLj± bjhifia v©fË¬ TLj± bjhifia v©fË¬ TLj± bjhifia v©fË¬ TLj± bjhifia v©fË¬ TLj± bjhifia X v¬»w rkth­¥òv¬»w rkth­¥òv¬»w rkth­¥òv¬»w rkth­¥òv¬»w rkth­¥ò
kh¿ F¿¥gjhf bfh´nth«.  kh¿ F¿¥gjhf bfh´nth«.  kh¿ F¿¥gjhf bfh´nth«.  kh¿ F¿¥gjhf bfh´nth«.  kh¿ F¿¥gjhf bfh´nth«.  X -¬ Ãf³jfî-¬ Ãf³jfî-¬ Ãf³jfî-¬ Ãf³jfî-¬ Ãf³jfî
gutyhdJgutyhdJgutyhdJgutyhdJgutyhdJ

 X  :   2    3     4    5    6    7   8    9   10   11   12

  p(x
i
)   :    36

1
 36

2
  36

3
 36

4
 36

5
 36

6
 36

5
 36

4
 36

3
  36

2
 36

1

p(x
i
) xU Ãf³jfî ½©k¢ rh®gh vd Muh­f?xU Ãf³jfî ½©k¢ rh®gh vd Muh­f?xU Ãf³jfî ½©k¢ rh®gh vd Muh­f?xU Ãf³jfî ½©k¢ rh®gh vd Muh­f?xU Ãf³jfî ½©k¢ rh®gh vd Muh­f?
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Ô®î :

(i) ,§F x²bthU p(x
i
) > 0 k¦W«

(ii) Σp(x
i
) =  

36

1
 + 

36

2
 + 

36

3
 + ........+ 

36

1
 = 1 vdî« ,U¥gJ

ftÅ¡f¤j¡fJ.

vdnt  p(x
i
)  Ãf³jfî ½©k¢rh®ghF«.

8.1.3  FÉ¥ò¥ gut± rh®ò FÉ¥ò¥ gut± rh®ò FÉ¥ò¥ gut± rh®ò FÉ¥ò¥ gut± rh®ò FÉ¥ò¥ gut± rh®ò (c.d.f.)

X xU jÅ¤j rkth­¥ò kh¿ v¬f.

   F(x) = P(X < x)

= 
i
Σ   p(x

i
)  ,   i -¬ v±yh k½¥òfS¡F« x

i
 < x vd

mikíkhW T£L¤bjhif fz¡»l¥gL»wJ/ vÅ± rh®ò
F(x) -ia/ X -¬ FÉ¥ò¥ gut± rh®ò vd miH¡»nwh«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò :  P(a <  X  < b) = F(b) − F(a)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

X v¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®ò
¾¬tUkhW.¾¬tUkhW.¾¬tUkhW.¾¬tUkhW.¾¬tUkhW.

X ¬ k½¥ò¬ k½¥ò¬ k½¥ò¬ k½¥ò¬ k½¥ò,  x : −−−−−2    −−−−−1 0 1 2 3

                   p(x)  : 0.1  k 0.2 2k 0.3 k

(i)  k -¬ k½¥ig¡ fh©f-¬ k½¥ig¡ fh©f-¬ k½¥ig¡ fh©f-¬ k½¥ig¡ fh©f-¬ k½¥ig¡ fh©f

(ii) X -¬ FÉ¥ò¥ gut± rh®ig¡ fz¡»Lf.-¬ FÉ¥ò¥ gut± rh®ig¡ fz¡»Lf.-¬ FÉ¥ò¥ gut± rh®ig¡ fz¡»Lf.-¬ FÉ¥ò¥ gut± rh®ig¡ fz¡»Lf.-¬ FÉ¥ò¥ gut± rh®ig¡ fz¡»Lf.

Ô®î :

(i)
i
Σ p(x

i
) = 1 Mifah±

p(−2) + p(−1) + p(0) + p(1) + p(2) + p(3) = 1

0.1 + k + 0.2 + 2k + 0.3 + k = 1  ⇒ k = 0.1

vdnt bfhL¡f¥g£L´s Ãf³jfî rh®ò ¾¬tUkhW
khW»wJ.
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x : −2 −1  0  1  2  3

p(x) : 0.1 0.1 0.2 0.2 0.3 0.1

(ii) FÉ¥ò¥ gut± rh®ò F(x) = P(X < x)

x F(x) = P(X < x )

−2 F(−2) = P(X < −2 ) = 0.1

−1 F(−1) = P(X < −1 ) = P(X = −2) + P(X = −1)

=  0.1 + 0.1 = 0.2

0 F(0)   = P(X < 0 ) = P(X=−2) + P(X=−1)+ P(X = 0)

=  0.1 + 0.1 + 0.2  = 0.4

1 F(1)  = P(X < 1 ) = 0.6

2 F(2)  = P(X < 2 ) =  0.9

3 F(3)  = P(X < 3 )    =  1

  vdnt F(x) =  0 ,  x < −2  vÅ±

           = 0.1 ,  −2 < x < −1  vÅ±

           = 0.2 ,  −1 < x < 0  vÅ±

           = 0.4 ,  0 < x < 1  vÅ±

           = 0.6 ,  1 < x < 2  vÅ±

           = 0.9 ,  2 < x < 3  vÅ±

           =  1 ,   x > 3  vÅ±.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

X v¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®òv¬»w rkth­¥ò kh¿Æ¬ Ãf³jfî rh®ò
¾¬tUkhW.¾¬tUkhW.¾¬tUkhW.¾¬tUkhW.¾¬tUkhW.

 X :  0  1   2  3

p(x)  :
6
1

2
1

10
3

30
1

(i) P(X < 1) (ii) P(X < 2) (iii) P(0< X < 2)

,t¦iw¡ fh©f.,t¦iw¡ fh©f.,t¦iw¡ fh©f.,t¦iw¡ fh©f.,t¦iw¡ fh©f.
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Ô®î :

(i) P(X < 1)=  P(X = 0) + P(X = 1) = p(0) + p(1)

= 
6

1
 +

2

1
 =  

3

2

(ii) P(X < 2)= P(X = 0) + P(X = 1) + P(X = 2)

= 
6

1
 +

2

1
 + 

10

3
 = 

30

29

¾ÇbjhU Kiw

P(X < 2)= 1 − P(X > 2)

= 1 − P(X = 3)  = 1 − 
30

1
 = 

30

29

(iii)   P(0 < X < 2) = P(X = 1) =
2

1

8.1.4  bjhl® rkth­¥ò kh¿bjhl® rkth­¥ò kh¿bjhl® rkth­¥ò kh¿bjhl® rkth­¥ò kh¿bjhl® rkth­¥ò kh¿

bjhl®¢¼ahd (continuous) k½¥òfis V¦F«/ mjhtJ
tiuaW¡f¥g£l X® ,ilbtËÆY´s v±yh k½¥òfisí«
bgwt±y  rkth­¥ò kh¿na/ bjhl® rkth­¥ò kh¿ vd¥gL«.

cjhuzkhf,

(i) kiHehË± bghÊí« kiHÆ¬ msî

(ii) jÅeg®fË¬ cau§f´  (iii) jÅeg®fË¬ vilf´

8.1.5  Ãf³jfî ml®¤½¢ rh®òÃf³jfî ml®¤½¢ rh®òÃf³jfî ml®¤½¢ rh®òÃf³jfî ml®¤½¢ rh®òÃf³jfî ml®¤½¢ rh®ò  (Probability density

function)

rh®ò  f  MdJ X v¬»w bjhl® rkth­¥ò kh¿Æ¬
Ãf³jfî rh®ò m±yJ Ãf³jfî ml®¤½¢ rh®ghf (p.d.f)

,U¡fnt©Lkhdh± Ñ³f©l Ãgªjidfis Ãiwî
br­ant©L«.

(i) f(x) > 0  (x -¬ v±yh k½¥òfS¡F«)

 (ii) ∫
∞

∞−

)(xf dx = 1
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò :

(i) rkth­¥ò kh¿ X, (a, b) v¬w ,ilbtËÆ± ,U¥gj¦fhd

Ãf³jfî   P(a < X < b) = ∫
b

a

xf )( dx.

(ii) P(X = a) = ∫
a

a

xf )( dx = 0

(iii)    P(a < X < b) = P(a < X < b) = P(a < X < b) = P(a < X < b)

8.1.6 bjhl® gut± rh®òbjhl® gut± rh®òbjhl® gut± rh®òbjhl® gut± rh®òbjhl® gut± rh®ò

X v¬gJ/ f(x) v¬»w Ãf³jfî ml®¤½ rh®ig cila
xU bjhl® rkth­¥ò kh¿ vÅ±  F

X
(x)  = P(X < x)

     = ∫
∞−

x

tf )(  dt

v¬w rh®ò X -¬ gut± rh®ò m±yJ FÉ¥ò¥ gut± rh®ò vd
miH¡f¥gL»wJ.

g©òf´g©òf´g©òf´g©òf´g©òf´ :

FÉ¥ò gut± rh®ò Ñ³f©l g©òfis bg¦W´sJ.

(i)
−∞→x
tL F(x) = 0 mjhtJ F(−∞) = 0

(ii)
∞→x
tL F(x) = 1 mjhtJ  F(∞) = 1

(iii) bjhl® rkth­¥ò kh¿ X -¬ FÉ¥ò¥ gut± rh®ò F k¦W«
Ãf³jfî rh®ò f  vÅ± F tifÆl¤j¡f ò´ËfË±

f(x) = 
dx
d

F(x)

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

bjhl® rkth­¥ò kh¿ bjhl® rkth­¥ò kh¿ bjhl® rkth­¥ò kh¿ bjhl® rkth­¥ò kh¿ bjhl® rkth­¥ò kh¿ X -¬ Ãf³jfî ml®¤½¬ Ãf³jfî ml®¤½¬ Ãf³jfî ml®¤½¬ Ãf³jfî ml®¤½¬ Ãf³jfî ml®¤½
rh®òrh®òrh®òrh®òrh®ò

f(x) = 



 <<−

k¦wgok¦wgok¦wgok¦wgo

vÅ±vÅ±vÅ±vÅ±

      ;        0

 2    0  ;    )(2 xxk

vÅ±vÅ±vÅ±vÅ±vÅ±     k -¬ k½¥ig fh©f.-¬ k½¥ig fh©f.-¬ k½¥ig fh©f.-¬ k½¥ig fh©f.-¬ k½¥ig fh©f.
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9.1  TbwL¤j± k¦W« ¾iHfË¬ tiff´TbwL¤j± k¦W« ¾iHfË¬ tiff´TbwL¤j± k¦W« ¾iHfË¬ tiff´TbwL¤j± k¦W« ¾iHfË¬ tiff´TbwL¤j± k¦W« ¾iHfË¬ tiff´
(Sampling and types of errors)

TbwL¤j± e« m¬whl th³É± ga¬gL¤j¥gL»wJ.
rik¡F« bghGJ xU ¼y nrh¦iw gj« gh®¤J mitf´ e¬whf
rik¡f¥g£L´sdth vd xUt® nrh½¥gJ« k¦W« jhÅa
tif x¬¿id th§f ÉU«ò« ÉahghÇ xUt®/ ¼W msÉ±
jhÅa¤ij nrh½¥gJ« TbwL¤jY¡fhd cjhuz§fshF«.
ekJ bgU«gh¬ikahd Koîf´ xU ¼y cUgofis
nrh½¤j¿ªJ vL¡f¥gL»¬wd.

FG x¬¿id¢ rh®ªj cW¥ò¡fË¬ x¬W m±yJ mj¦F
nk¦g£l ¼w¥¾a±òfË¬ khWgh£ilnah/ mitfË¬ msit
k½¥¾LjÈnyh jh¬ ò´ËÆa± M­î x¬¿¬ ika¡ fU¤jhf
c´sJ.  ò´ËÆa± M­É¦F c£gL¤j¥gL« ,¤jifa
cW¥ò¡fË¬ m±yJ myFfË¬ (units) bjhF½ia KGik¤
bjhF½ (Population) v¬ngh«.  vdnt Muh­jY¡FÇa ,¤jifa
cW¥ò¡fË¬ nr®¥ò m±yJ bjhF¥¾id ò´ËÆaÈ± KGik¤
bjhF½ vd¥gL»wJ.  KGik¤ bjhF½ MdJ KoîW m±yJ
Koîwh bjhF½ahf ,U¡fyh«.

9.1.1 TbwL¤j± k¦W« TWf´TbwL¤j± k¦W« TWf´TbwL¤j± k¦W« TWf´TbwL¤j± k¦W« TWf´TbwL¤j± k¦W« TWf´

ò´ËÆaÈ± M­î¡fhd KGik¤bjhF½ÆÈUªJ xU
F¿¥¾£l v©Â¡ifÆ± myFfis (cjhuzkhf FL«g§f´/
Ef®nth®/ ÃWtd§f´ ngh¬wt¦iw) Muh­tj¦F
vL¤J¡bfh´S« KiwahdJ TbwL¥ò (sampling) KiwahF«.
ò´ËÆa± Kiwik (statistical regularity) ia¥ ¾¬g¦¿na
TbwL¥ò Kiwf´ ifahs¥gL»¬wd.  ,ªj bfh´ifÆ¬go
xU bgÇa bjhF½ÆÈUªJ vL¡f¥gL« njitahd
v©Â¡ifÆ± mikªj xU T¿Y´s cW¥òf´/ ruhrÇahf
mªj bjhF½ÆY´s cW¥òfË¬ ¼w¥¾a±òfis¥ bg¦¿U¥gJ
mnefkhf cW½ MF«.

TbwL¥ò c¤âfŸ k‰W«
òŸËÆaš cŒ¤Jz®jš 9
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KGik¤bjhF½Æ¬ ¾Ç¡f ,ayhj Äf¢¼¿a¥ gF½ia
myF m±yJ cW¥ò (unit) v¬»nwh«.  cW¥ig rÇahfî«
bjËthfî« tiuaW¡f¥gl± nt©L«.  cjhuzkhf FL«g«
v¬w cW¥ig tiuaW¡F« bghGJ/xU eg® ,U FL«g§fis¢
nr®ªjtuhf ,U¤j± TlhJ.  nkY« xU FL«g¤½± c´s vªj
egU« ÉLglhkÈU¡f nt©L«.

xU KGik¤ bjhF½Æ¬ KoîW cgfz¤ij TW
(sample) vdî«/ T¿Y´s cW¥ò¡fË¬ v©Â¡ifia T¿¬
msî (sample size) vdî« tiuaW¥ngh«.

T¿ÈUªJ bgw¥g£l Égu§fis gF¤j¿ªJ mj¬_y«
eh« KGik¤ bjhF½ia¥ g¦¿ m¿ªJ bfh´syh«.

9.1.2 KGik¤bjhF½ msit k¦W« TW msitKGik¤bjhF½ msit k¦W« TW msitKGik¤bjhF½ msit k¦W« TW msitKGik¤bjhF½ msit k¦W« TW msitKGik¤bjhF½ msit k¦W« TW msit
(Parameter and Statistic)

KGik¤bjhF½Æ¬ ò´ËÆa± kh¿fshd ruhrÇ (µ),

gut¦go (σ2
),  É»j rk« (proportion) (P) v¬gd

KGik¤bjhF½Æ¬ msitfshF«.  TbwL¤jÈ± ,UªJ

»il¡f¥gL« ò´ËÆa± msîfshd ruhrÇ ( X ), gut¦go (s2
),

É»j rk« (p) v¬gd TW msitf´ vd¥gL«.

TbwL¥ò Kiwf´ KGik¤bjhF½Æ¬ msitfis¥
g¦¿ m¿ªJ bfh´s cjî« fUÉahf c´sd.  KGik¤bjhF½
msitfis¥ g¦¿ ca¤Jzu/ TbwL¥ò Étu§f´
mo¥gilÆ± k½¥¾Ltnj TW msitahF«.

9.1.3  TbwL¤jÈ¬ mt¼a«TbwL¤jÈ¬ mt¼a«TbwL¤jÈ¬ mt¼a«TbwL¤jÈ¬ mt¼a«TbwL¤jÈ¬ mt¼a« (Need for sampling)

xU f«bgÅÆ¬ f¢rh bghU£f´ JiwahdJ cUgofis
m½f msÉ± jUÉ¤J mij j¬ c¦g¤½ Jiw¡F v¥bghGJ
njitnah m¥bghGJ jU»wJ v¬f.  mªj cUgofis
vL¤J¡ bfh´tj¦F K¬ M­î¤ JiwahdJ mjid M­î
m±yJ nrhjid br­J j§fSila njit¡nf¦w ju«
bfh©L´sitfshf c´sdth vd nrh½¡»wJ. m¥bghGJ

(i) jUÉ¡f¥g£l v±yh cUgofisí« nrh½¡fyh« m±yJ

(ii) m½ÈUªJ TW x¬iw vL¤J/ m½Y´s FiwghL
fSila cUgofis M­î br­J f©l¿t½¬ _y«/
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KGik¤bjhF½Æ± FiwghLf´ c´s cUgofË¬
v©Â¡ifia njhuhakhf fz¡»lyh«.

Kj± tifahdJ KG¡ fz¡»l±  Kiw (census)

vd¥gL«.  ,ªj KiwÆ± c´s ,u©L FiwghLfshtd :

   (i)  neu« åzhFj±     (ii)   bryîf´ m½fkhj±

,u©lhtJ TbwL¥ò KiwÆ± ,u©L e¬ikf´
c´sd. (i) Fiwªj bryî (ii) Fiwthd V¦òila neu¤½±
e±y Koîf´.

njitÆ±yhjitfis xJ¡f nt©oa rka¤½±
TbwL¥ò Kiw Äfî« ga¬gl¡ Toajhf c´sJ.  e¬F
tiuaW¡f¥g£l ò´ËÆa± TbwL¥ò KiwÆÈUªJ/ Fiwªj
neu¤½±/ Fiwªj bryÉ±/ Äf J±Èakhd Koîfis¥
bgwyh«.  Mfnt e±y Koîfis v½®gh®¡F« ,l§fË±
Äf¢¼wªj fUÉahf TbwL¥ò Kiw c´sJ vÅ± mJ
ÄifahfhJ.

9.1.4 TbwL¥ò Kiw ½£l¤½± c´s gof´TbwL¥ò Kiw ½£l¤½± c´s gof´TbwL¥ò Kiw ½£l¤½± c´s gof´TbwL¥ò Kiw ½£l¤½± c´s gof´TbwL¥ò Kiw ½£l¤½± c´s gof´
(Elements of sampling plan)

TbwL¤jiy ½£lÄLt½Y« mij Ãiw nt¦Wt½Y«
c´s K¡»akhd gof´ ¾¬tUkhW:

(i) neh¡f§f´neh¡f§f´neh¡f§f´neh¡f§f´neh¡f§f´ (Objectives)

ò´ËÆa± fz¡bfL¥¾¦fhd mo¥gil neh¡f§fis
½£lt£lkhfî« bjËthfî« KjÈ± Koî br­a nt©L«.
m²thW rÇahf tiuaW¡f¥ glÉ±iy vÅ±/ ò´ËÆa±
M­É¬ neh¡f« åzh»ÉL«.  cjhuzkhf/ nj¼a
kakh¡f¥g£l t§» x¬W/ j¬Ål« nrÄ¥ò¡ fz¡F
it¤J´s tho¡ifahs®fS¡F Xuh©L fhy¤½± mJ
tH§»a nritÆ¬ ju¤ij m¿a ÉU«ò»wJ vd¡ bfh´f.
tho¡ifahs®fËlÄUªJ/ j¬Dila nritÆ¬ ju¤ij
m¿ªJ Muh­j± v¬gijna TbwL¤jÈ¬ neh¡fkhf¡
bfh´s nt©L«.
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(ii) fU¤½± bfh´s nt©oa KGik¤ bjhF½fU¤½± bfh´s nt©oa KGik¤ bjhF½fU¤½± bfh´s nt©oa KGik¤ bjhF½fU¤½± bfh´s nt©oa KGik¤ bjhF½fU¤½± bfh´s nt©oa KGik¤ bjhF½
(Population to be covered)

ò´ËÆa± fz¡bfL¥¾¬ mo¥gil neh¡f§fis¥
bghW¤J/ KGik¤ bjhF½ e¬whf tiuaiw br­a¥ggl
nt©L«.  nrh½¡f¥gL« KGik¤ bjhF½Æ¬ ¼w¥¾a±ò
fisí« bjËthf tiuaW¤j± nt©L«.  cjhuzkhf/ j¬
nritÆ¬ ju¤ij¥ g¦¿ nrh½¡f/ xU t§» j¬ nrÄ¥ò¡
fz¡F tho¡ifahs®fË¬ fU¤Jz®îfis Muhí«bghGJ/
m²t§»ÆY´s v±yh nrÄ¥ò¡ fz¡F tho¡ifahs®fisí«
fU¤½±. bfh´s nt©L«.  t§»ÆY´s nrÄ¥ò¡ fz¡F
tho¡ifahs®f´ midtiuí« nrh½¡f¥gl¡Toa KGik¤
bjhF½ahf (population) fUj nt©L«.

(iii) TbwL¥¾¬ tot«TbwL¥¾¬ tot«TbwL¥¾¬ tot«TbwL¥¾¬ tot«TbwL¥¾¬ tot« (Sampling frame)

Ô®khÅ¤j KGik¤ bjhF½ia¥ bgWtj¦F
tÊfh£Ljyhf g£oa±/ gl« m±yJ eh« V¦f¤ j¡f toÉ±
VnjD« x¬W ,U¤j± mt¼a«.  ,¤jifa g£oa± m±yJ gl«
ngh¬wt¦iwna eh« TbwL¥¾¬ tot« (frame) v¬»nwh«.
g£oa± m±yJ gl« MdJ Koªj tiuÆ± Fiwfs¦wjhf
,U¤j± nt©L«.  ,ªj tot«/ ek¡F T¿¬ cW¥ò¡fis¤
bjÇî br­a cjî«. xU t§» jh¬ tH§»a nritia¥ g¦¿
nrÄ¥ò¡ fz¡F tho¡ifahs®fË¬ fU¤J¡fis m¿í«
nrhjidÆ±/ mid¤J tho¡ifahs®fË¬ nrÄ¥ò¡ fz¡F
v©fis TbwL¥ò totkhf¡ bfh´nth«.

(iv) TbwL¤jÈ¬ X® myF m±yJ cW¥òTbwL¤jÈ¬ X® myF m±yJ cW¥òTbwL¤jÈ¬ X® myF m±yJ cW¥òTbwL¤jÈ¬ X® myF m±yJ cW¥òTbwL¤jÈ¬ X® myF m±yJ cW¥ò
(Sampling unit)

TW x¬¿id bjÇî br­tj¦F VJthf KGik¤
bjhF½ia mYFfshf¥ ¾Ç¡f nt©L«.  ,¤jifa ¾Ç¥ò
bjËthf ,U¤j± mt¼a«.  KGik¤ bjhF½Æ¬ x²bthU
cW¥ò« VnjD« xnubahU T¿±jh¬ ,U¡f nt©L«.  xU
t§»ÆY´s mid¤J nrÄ¥ò¡ fz¡F tho¡ifahs®fisí«
bfh©l KGik¤ bjhF½ÆÈUªJ TbwL¤jh±/ m¡TW´s
x²bthU nrÄ¥ò¡ fz¡F tho¡ifahsU« X® cW¥ò m±yJ
myF vd miH¡f¥gLt®.
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(v) TW nj®î br­j± TW nj®î br­j± TW nj®î br­j± TW nj®î br­j± TW nj®î br­j± (Sampling selection)

ò´ËÆa± nrhjid¡fhd mo¥gil neh¡f§fis¡
fU¤½¦bfh©nl/ xU T¿¬ cW¥ò¡fË¬ v©Â¡ifiaí«
k¦W« cW¥ò¡fis¤ nj®î br­í« Kiwiaí« Koî br­j±
nt©L«.  k½¥ÕL br­a c´s KGik¤ bjhF½Æ¬ msit¥
bghW¤nj T¿id¤ nj®ªbjL¡f nt©L«.

(vi) Étu§fis¢ nrfÇ¤j±Étu§fis¢ nrfÇ¤j±Étu§fis¢ nrfÇ¤j±Étu§fis¢ nrfÇ¤j±Étu§fis¢ nrfÇ¤j± (Collection of data)

bryÉd§fis¡ fU¤½± bfh©L«/ v½®gh®¡F«
k½¥Õ£o¬ J±Èa¤ij¥ bghW¤J«/ Étu§fis nrfÇ¡F«
Kiwia Ô®khÅ¤j± nt©L«.  Étu§fis neÇilahf¡
f©l¿j±/ ÉilaË¥gtÇl« ne®fhz± k¦W« m¨r± _y«
Étu§fis¢ nrfÇ¤j± ngh¬w ¼y KiwfË± Étu§fis
nrfÇ¡fyh«.

(vii) Étu§fis gF¤jh­j± Étu§fis gF¤jh­j± Étu§fis gF¤jh­j± Étu§fis gF¤jh­j± Étu§fis gF¤jh­j± (Analysis of data)

nrfÇ¡f¥g£l Étu§fis Kiwahf tif¥gL¤½a
¾¬d®/ cfªj M­î Kiw¡F c£gL¤j nt©L«.  gF¤jh­É¬
Koîfis¥ bghW¤nj/ KGik¤ bjhF½Æ¬ msit¥ g¦¿
,W½ Koî fhz nt©L«.

9.1.5 TbwL¤jÈ¬ tiff´TbwL¤jÈ¬ tiff´TbwL¤jÈ¬ tiff´TbwL¤jÈ¬ tiff´TbwL¤jÈ¬ tiff´

TbwL¤jÈ¬

tiff´

Ãf³jfî rh®ªj
TbwL¥ò m±yJ

rkth­¥ò TbwL¥ò

vËa
rkth­¥ò
TbwL¥ò

gLif
TbwL¥ò

Kiw¥
gL¤½a

TbwL¥ò

½u´

TbwL¥ò

xJ¡Ñ£L
TbwL¥ò

Ãòz®
fU¤J¢
rh®ªj

TbwL¥ò

tr½ahd

TbwL¥ò

Ãf³jfî rhuh TbwL¥ò
m±yJ

rkth­¥ò rhuh TbwL¥ò
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Étu§fË¬ j¬ik k¦W« ÉrhuizÆ¬ tif
M»adt¦iw¥ bghW¤nj/ KGik¤ bjhF½ÆÈUªJ/ TW
x¬¿id¤ nj®ªbjL¡F« Kiw mikí«. TbwL¤jiy
¾¬tUkhW ,u©L jiy¥òfË± tif¥gL¤jyh«.

   (i) Ãf³jfî rh®ªj TbwL¥ò m±yJ rkth­¥ò¡ TbwL¥ò

   (ii) Ãf³jfî rh®ª½uhj TbwL¥ò m±yJ rkth­¥ò rh®ª½uhj
TbwL¥ò.

(i) Ãf³jfî rh®ªj TbwL¥òÃf³jfî rh®ªj TbwL¥òÃf³jfî rh®ªj TbwL¥òÃf³jfî rh®ªj TbwL¥òÃf³jfî rh®ªj TbwL¥ò     (Probability sampling)

Ãf³jfî rh®ªj TbwL¥ò KiwÆ± KGik¤
bjhF½ÆY´s x²bthU cW¥ò« xU TW¡F´
nr®¡f¥gLtj¦fhd Ãf³jfî ó¢¼ak¦wjhf (non-zero

chance) ,U¡f nt©L«.

Ãf³jfî rh®ªj TbwL¥¾¬ tiff´ :

(a) vËa rkth ­¥ò TbwL¥òvËa rkth ­¥ò TbwL¥òvËa rkth ­¥ò TbwL¥òvËa rkth ­¥ò TbwL¥òvËa rkth ­¥ò TbwL¥ò     (Simple Random

Sampling)

Ãj³jfî rh®ªj TbwL¥¾¬ mo¥gil vËa th­¥ò¡
TbwL¥ghF«.  vËa rkth­¥ò¡ TbwL¥ghdJ Ãf³jfî

rh®ªj TbwL¥¾¬ tiffË± mo¥ilahdjhF«.  vËa
rkth­¥ò TbwL¥ò KiwÆ±/ KGik¤ bjhF½ÆY´s

x²bthU cW¥ò« TW x¬¿± nr®¡f¥gLtj¦fhd Ãf³jfî
rkkhf ,U¡F«.  ,«KiwÆ± KGik¤ bjhF½ÆY´s

njit¥gL« v©Â¡ifÆ± cW¥òfË¬ nr®¥ò¡fis
TbwL¤jY¡F¥ ga¬gL¤j¡ Toa th­¥ò rk msÉ±

,U¡F«. cW¥ò¡fis/ KGik¤ bjhF½Æ± Ûs ,l±
(replacement) m±yJ Ûs ,lh½U¤j± (without replacement) vD«

tifÆ± TbwL¥¾id Ãf³¤jyh«.  TbwL¥ghdJ/ Ûs ,l±
KiwÆ± ,U¥¾¬/ xU cW¥¾id¤ nj®î br­j ¾¬d®/ mªj

cW¥¾id ntbwhU cW¥¾id¤ nj®î br­tj¦F K¬ghfnt
Û©L« KGik¤ bjhF½Æ± nr®¡f¥gLj± nt©L«.  vdnt

TbwL¥ò Ûs ,l± KiwÆ±/ KGik¤ bjhF½ÆY´s
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cW¥ò¡fË¬ v©Â¡if xU kh¿Èahf ,U¡F«.  mjhtJ

KGik¤ bjhF½Æ¬ msî khwh½U¡F«.

N cW¥òfis¡ bfh©l KGik¤ bjhF½ÆÈUªJ n

cW¥òfis Ûs ,lh½U¤j± KiwÆ± bjÇî br­a xUt®

ÉU«ò»wh® vÅ± x²bthU bjÇî br­a¥g£l n cW¥òf

shyhd TW¡F« rkkhd Ãj³ffî ,Uªjhf nt©L«.  Mfnt

N TWf´ bfh©l KGik¤ bjhF½ÆÈUªJ n cW¥ò¡f´

bfh©L T¿id vL¡f Nc
n
 tÊf´ c´sd.  n cW¥ò¡fis¡

bfh©l TW x¬W N msî´s KGik¤ bjhF½ÆÈUªJ

bjÇî br­a¥gLtj¦fhd Ãf³jfî 

nc
N

1

 MF«.

vL¤J¡fh£lhf/ xU t§»ahdJ Xuh©L fhy¤½± jh¬
tH§»a nritÆ¬ ju« g¦¿a fU¤½id nrÄ¥ò¡ fz¡F
tho¡ifahs®fËlÄUªJ m¿a ÉU«ò»wJ vd¡bfh´nth«.
nrÄ¥ò¡ fz¡F tho¡ifahs®f´ g£oaÈY´s eg®fË¬
v©Â¡if 500 v¬f.   ,ªj 500 ÈUªJ 50 eg®fis¡ bfh©l
TW x¬¿id bjÇî br­J/ ne®fhziy el¤Jtj¦F gy
tÊKiwf´ c´sd.  mitfË± bghJthd ,u©L tÊf´
¾¬tUkhW :

(1) FY¡f± KiwFY¡f± KiwFY¡f± KiwFY¡f± KiwFY¡f± Kiw     (Lottery method) :

nrÄ¥ò¡ fz¡F it¤½U¥gt®fË¬ fz¡F g½î
v©fis x²bth¬whf 500 J©L fh»j¤½± vG½ mij
xU bg£oÆ± ,£L e¬whf FY¡» m½ÈUªJ 50 J©L
Ó£L¡fis¤ bjÇªbjL¡fyh«.  KGik¤bjhF½Æ±
c´s cW¥òfË¬ v©Â¡if Fiwthfî« mij
vL¤jhs nghJkhdjhfî« ,Uªjh± k£Lnk ,ªj
Kiwia¥ ¾¬gL¤jyh«.

(2) rk th­¥ò v©f´ Kiwrk th­¥ò v©f´ Kiwrk th­¥ò v©f´ Kiwrk th­¥ò v©f´ Kiwrk th­¥ò v©f´ Kiw (Random numbers

method):

KGik¤ bjhF½Æ¬ msî bgÇajhf ,Uªjh±/
Äf¢¼¡fdkhf eilKiw¥ gL¤j¡ Toa Kiw th­¥ò
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v©f´ Kiw MF«.  th­¥ò m£ltizia ,ªj Kiw¡F
eh« ga¬gL¤½ TW x¬¿id¤ bjÇî br­ayh«.

(b) gLif TbwL¥ògLif TbwL¥ògLif TbwL¥ògLif TbwL¥ògLif TbwL¥ò     (Stratified Random Sampling):

,«KiwÆ±/ KGik¤bjhF½ahdJ gy ¾Çîfshf m±yJ
gLiffshf¥ (strata)  ¾Ç¡f¥gL»¬wJ.  x²bthU
gLifÆY´s cW¥òf´ xnu go¤jhditahf (homogeneous)

,U¡F« (heterogeneous). bt²ntW gLiffËY´s cW¥òf´
gy go¤jhditfshf ,U¡F«. ,j¦F mL¤jgoahf x²bthU
gLifÆÈUªJ« njitahd msî bfh©l vËa rkth­¥ò
TbwL¥ig bjÇªbjL¡f nt©L«.  x²bthU
gLifÆÈUªJ« TW vL¡F«bghGJ m¡T¿Y´s
cW¥òfË¬ v©Â¡ifia ¾¬ tU« ,u©L tÊfË± Koî
br­ayh«  (i) mid¤J¡ TWfS« rk msî
v©Â¡ifÆÈU¤j± (ii) gLifÆY´s cW¥òfË¬
v©Â¡if¡F rk É»j¤½ÈU¤j±.

cjhuzkhf/ xU Ef®bghU´ jahÇ¡F« ÃWtd¤½¬
nkyhs®/ É¦gidia m½fÇ¡F« neh¡»±/ ]ò½a jahÇ¥ò¥
bghUis¥ g¦¿a Ef®nthÇ¬ eh£l¤½id m¿a
ÉU«ò»¬wh®.  É¦gidÆ± kh¦w¤ij V¦gL¤j¡ Toa _¬W
efu§fis/ _¬W gLiffshf¡ fUJ»¬wh®.  Ef®nth®f´
xU efu¤½± xnu kh½Çahfî«/ efuf§fS¡»ilna khWg£L«
c´sd®.  x²bthU efu¤½ÈUªJ« Ef®nth®fis¤ bjÇî
br­J/ mt®fis¡ bfh©L xnu rkth­¥ò¡ TbwL¤J M­î
br­ayh«.  TbwL¤jÈ¬ Koîfis¡ bfh©L KGik¤
bjhF½ahd mid¤J Ef®nth®fË¬ eh£l¤ij¤
Ô®khÅ¡fyh«.

(c) Kiw¥gL¤½a TbwL¥ò:Kiw¥gL¤½a TbwL¥ò:Kiw¥gL¤½a TbwL¥ò:Kiw¥gL¤½a TbwL¥ò:Kiw¥gL¤½a TbwL¥ò:

Kiw¥gL¤½a TbwL¤j± MdJ TW x¬¿id bjÇî
br­tj¦F VJthd Kiw MF«.  vËa rkth­¥ò
TbwL¤jYl¬ x¥¾LifÆ±/ ,«Kiw¡F MF« fhyK«/
bryî« Fiwthf ,U¡F«.
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,ªj KiwÆ± KGik¤bjhF½aÈUªJ cW¥òf´ Óuhd
,ilbtËfË± bjÇªbjL¡f¥gL»¬wd.  ,j¦F VJthf/
cW¥òfis v©f´/ mfutÇir/ ,l¨rh®ªj ngh¬w VjhtJ
xU tÇirÆ± mik¤j± nt©L«.  KGik¤bjhF½Æ¬ g£oa±
KGikahf »il¡f¥ bg¿¬ ,ªj Kiw ga¬gL¤j¥
gL»¬wJ.

N msî´s KGik¤ bjhF½ÆÈUªJ n msî´s TW
x¬¿id Kiw¥gL¤½a TbwL¤jÈ± bjÇî br­a
nt©Lkhdh±/ KjÈ± 1 < j < k  vDkhW j MtJ cW¥¾id

th­¥ò KiwÆ± vL¡fî«.  ,§F k = 
1

N

+n
 k¦W« k I KG

v©zhf kh¦w nt©L«.  j, j + k, ..., j + (n-1) k -MtJ
cW¥òf´ Kiw¥gL¤½a TW x¬¿id mik¡»¬wd.

cjhuzkhf/ 1, 2, ... , 105 v¬wthW tÇirahí´s 105

khzt®fËÈUªJ 9 khzt®fis Kiw¥gL¤½a TbwL¤jÈ±

KiwÆ± bjÇî br­tjhf¡ bfh´nth«. vdnt  k = 

10

105

 = 10.5

~ 11 MF«.  KjÈ± 1, 2, ..., 11 ¡F´ c´s xU khztid bjÇî
br­a nt©L«.  ,«khzt¬ 3 M« ,l¤½± c´sjhf¡
bfh´nth«.   3, 14, 25, 36, 47, 58, 69, 80, 91 M»a
,l§fËY´s 9  khzt®fis¡ bfh©l xU T¿id
,«KiwÆ±/ bjÇî br­ayh«.

(d) ½u´ TbwL¥ò½u´ TbwL¥ò½u´ TbwL¥ò½u´ TbwL¥ò½u´ TbwL¥ò     (Cluster sampling)

x²bthU ½uS« KGik¤ bjhF½Æ¬ ¾u½Ã½ahf
mikí« t©z«/ KGik¤ bjhF½ia gy ½u´fshf¥
¾Ç¡F«bghGJ/ ½u´Kiw¡ TbwL¤j± ga¬gL¤j¥gL»wJ.

br¬id khefu¤½± x²bthU FL«g¤½Y´s
FHªijfË¬ v©Â¡ifia¡ fhQ«bghU£L X® M­î
nk¦bfh´s¥gL»wJ v¬f. ,ªefu¤½id gy¤ ½u´fshf¥
¾Ç¤J/ mitfË± ,UªJ th­¥ò KiwÆ± xU ¼y ½u´fis¤
bjÇî br­ayh«.  ,²thW bjÇî br­a¥g£l ½u´fËY´s
x²bthU FL«gK« nr®ªJ »il¥gJ xU TwhF«.

½u´ TbwL¤jÈ¬bghGJ ¾¬tUtdt¦iw¡ fU¤½±
bfh´s nt©L«.
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i) J±Èakhd Koîfis¥ bgWtj¦F ½u´f´ ¼¿a
msîfË± ,U¤j± nt©L«.

ii) x²bthU¤ ½uËY« c´s cW¥òfË¬ v©Â¡if
Toatiu rkkhf ,U¡f nt©L«.

(ii) Ãf³jfî rhuh TbwL¥òÃf³jfî rhuh TbwL¥òÃf³jfî rhuh TbwL¥òÃf³jfî rhuh TbwL¥òÃf³jfî rhuh TbwL¥ò     (Non-Probability Sampling)

Ãf³jfî rh®ªj TbwL¥ò k¦W« Ãf³jfî rhuh
TbwL¥ò M»aitfS¡»ilna c´s Äf K¡»akhd
ntWghL/ Ãf³jfî rhuh TbwL¥¾±/ KGik¤ bjhF½ÆY´s
xU cW¥ò/ TW x¬¿± nr®¡f¥gLtj¦fhd th­¥¾id Tw
,ayhJ v¬gjhF«.  ,«KiwÆ± Ãf³jfî¡ bfh´if (principle

of probability)ia¥ ga¬gL¤jhk± TbwL¤jY¡fhf cW¥òf´
bjÇî br­a¥gL»¬wd.  Fiwªj bryî/ Éiuthf Muh­j±
brayh¡f¤½± tr½ ngh¬w Ãiwf´ Ãf³jfî rhuh¡
TbwL¤jÈ± fhz¥g£lhY«/ bjÇî br­t½Y´s
rhjf¤j¬ikah± J±Èakhd Koîfis¥ bgw ,ayhJ.
Kjyh­É± (pilot studies) Ãf³jfî rhuh¡ TbwL¤j±
ga¬gL¤j¥gL»wJ.

Ãf³jfî rhuh¡ TbwL¥¾¬ Kiwf´ :

(a) neh¡fK´s TbwL¥òneh¡fK´s TbwL¥òneh¡fK´s TbwL¥òneh¡fK´s TbwL¥òneh¡fK´s TbwL¥ò     (Purposive sampling)

,²tif TbwL¤jÈ±/ tiuaW¡f¥g£l neh¡f¤njhL
TW bjÇî br­a¥gL»wJ.  T¿Y´s cW¥òf´/ M­î
br­gtÇ¬ ÉU¥g¤½¦nf¦g mik»¬wd.

cjhuzkhf/ kJiu efu k¡fËilna th³¡if¤ ju«
ca®ªJ´sjhf j« M­É± brh±y ÉU«ò« xU M­ths®/
kJiu efÇ± ViHf´ t¼¡F« gF½ia xJ¡»É£L/ tr½
gil¤njh® thG« gF½ÆÈUªJ eg®fis¤ bjÇî br­J TW
mik¥gh®.  ,²thW TbwL¤jiy j« tr½¡nf¦g br­J
bfh´S« Ãiy/ neh¡fK´s TbwL¤j± tifÆ± V¦gL«.

(b) xJ¡Ñ£L TbwL¥òxJ¡Ñ£L TbwL¥òxJ¡Ñ£L TbwL¥òxJ¡Ñ£L TbwL¥òxJ¡Ñ£L TbwL¥ò     (Quota sampling)

neh¡fK´s TbwL¤jÈ¬ f£L¥gL¤j¥£l tif¡
TbwL¥ng/ xJ¡Ñ£L TbwL¥ghF«.  KGik¤ bjhF½ÆY´s
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gy FG¡fËÈUªJ vL¡f¥glÉU¡F« TWfS¡F xJ¡ÑL

br­j ¾¬d®/ m¡FG¡fËÈUªJ njitahd TWfis

neh¡fK´s TbwL¥ò KiwÆ± vL¡fyh«.  fU¤J¡fÂ¥ò

k¦W« rªij M­î fz¡bfL¥ò M»at¦¿± xJ¡Ñ£L

TbwL¥ò ga¬gL¤j¥gL»wJ.

(c) Ãòz® fU¤J¢ rh®ªj TbwL¥òÃòz® fU¤J¢ rh®ªj TbwL¥òÃòz® fU¤J¢ rh®ªj TbwL¥òÃòz® fU¤J¢ rh®ªj TbwL¥òÃòz® fU¤J¢ rh®ªj TbwL¥ò     (Expert opinion

sampling or expert sampling)

Koîfis nk¦bfh´tj¦F VJthf c´s Jiwia¢

rh®ªj Ãòz®fË¬ mDgt§f´ k¦W«  fU¤J¡fis¡

bfh©L TbwL¤j± mikªjh±/ mJ Ãòz® fU¤½¬ ngÇ±

V¦gL¤j¥g£l TbwL¤jyhF«.  Étu§f´ rÇtu mika¥

bgwhj rka§fË± ,«Kiw gadË¡F«.  Ãòz®f´

ghug£rkhf ,UªjhY«/ Koîfis gh½¡FkhW mt®fË¬

ÉU¥ò btW¥ò¡f´ mikªjhY« ,²tif TbwL¤jÈ±

Fiw V¦gL«.

9.1.6 TbwL¥ò Kiw rh®ªj k¦W« rhuh ¾iHf´TbwL¥ò Kiw rh®ªj k¦W« rhuh ¾iHf´TbwL¥ò Kiw rh®ªj k¦W« rhuh ¾iHf´TbwL¥ò Kiw rh®ªj k¦W« rhuh ¾iHf´TbwL¥ò Kiw rh®ªj k¦W« rhuh ¾iHf´
(Sampling and non-sampling errors)

Étu§fis nrfÇ¤j±/ Étu§fis Kiw¥gL¤Jj±/
Étu§fis gF¤jh­j± M»adt¦¿± V¦gL« ¾iHfis (i)

TbwL¥ò Kiw rh®ªj ¾iHf´ (sampling errors)  (ii) TbwL¥ò
Kiw rhuh ¾iHf´ (non sampling errors)  vd ,Utiffshf
¾Ç¡fyh«.

(i) TbwL¥ò Kiw rh®ªj ¾iHf´TbwL¥ò Kiw rh®ªj ¾iHf´TbwL¥ò Kiw rh®ªj ¾iHf´TbwL¥ò Kiw rh®ªj ¾iHf´TbwL¥ò Kiw rh®ªj ¾iHf´     (Sampling errors)

KGik¤ bjhF½Æ¬ msitfis k½¥ÕL br­aî«/
mitfis¥ g¦¿ M­ªj¿aî«/ KGik¤ bjhF½Æ¬ xU
gF½ia k£Lnk TbwL¤J M­î br­tjh± TbwL¥ò Kiw
rh®ªj ¾iHf´ V¦gL»¬wd.  T¿¬ msî m½fÇ¡f¥
gLkhdh±/ TbwL¥ò Kiw rh®ªj ¾iHf´ Fiwí«.

TbwL¥ò Kiwrh®ªj ¾iHf´ V¦gLtj¦fhd

fhuz§fË± ¼yt¦iw¡ fh©ngh« :
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(a) FiwghL KiwÆ± TbwL¤j±FiwghL KiwÆ± TbwL¤j±FiwghL KiwÆ± TbwL¤j±FiwghL KiwÆ± TbwL¤j±FiwghL KiwÆ± TbwL¤j±     (Faulty selection

of the sample)

FiwghL´s c¤½ia¡ ifah©L/ M­ths® xUt®
RaÉU¥¾¬ mo¥gilÆ± Tbwh¬¿id¤ bjÇî
br­í«bghGJ ¾iHf´ V¦gL«.

(b) ¾u½Æl±¾u½Æl±¾u½Æl±¾u½Æl±¾u½Æl±     (Substitution)

rkth­¥ò¡ T¿± c´s xU cW¥¾dh± ¼¡f±
V¦gL«bghGJ/ mj¦F kh¦whf KGik¤ bjhF½ÆY´s
ntbwhU rhjfkhd cW¥¾id T¿± nr®¡fyh«.  ,²thW
xU cW¥¾¦F g½yhf ntbwhU rhjf¥ ¾u½ÆLtjh±
TbwL¥ò Kiw rh®ªj ¾iH V¦gL«.

(c) TbwL¥ò cW¥òfis FiwghL KiwÆ±TbwL¥ò cW¥òfis FiwghL KiwÆ±TbwL¥ò cW¥òfis FiwghL KiwÆ±TbwL¥ò cW¥òfis FiwghL KiwÆ±TbwL¥ò cW¥òfis FiwghL KiwÆ±
¾Ç¤j±¾Ç¤j±¾Ç¤j±¾Ç¤j±¾Ç¤j±     (Faulty demarcation of sampling units)

TbwL¥ò cW¥òfis¡ FiwghLfSl¬ ¾Ç¤j±
fhuzkhf¡ F¿¥ghf Étrha¢ nrhjidfË± ¾iH V¦gl
th­¥ò´sJ

(ii) TbwL¥ò Kiw rhuh ¾iHf´TbwL¥ò Kiw rhuh ¾iHf´TbwL¥ò Kiw rhuh ¾iHf´TbwL¥ò Kiw rhuh ¾iHf´TbwL¥ò Kiw rhuh ¾iHf´     (Non-sampling

errors)

Étu§fis¡ T®ªJ neh¡Fj±/ tif¥gL¤j±/
gF¤jh­j± M»a ÃiyfË± TbwL¥ò Kiw rhuh ¾iHf´
vG»¬wd.

kh½Ç msÉl± (sample survey) m±yJ KG
fz¡bfL¥¾¬ (census) ½£lÄl± k¦W« brayh¡f«
M»at¦¿¬ x²bthU ÃiyfËY« TbwL¥ò Kiw rhuh
¾iHf´ V¦gl th­¥ò c´sJ.

TbwL¥ò Kiw rhuh ¾iHf´ V¦gLtj¦fhd fhuz§f´.

(a) FiwghLl¬ ½£lÄl± k¦W« tiuaiwfËdh±FiwghLl¬ ½£lÄl± k¦W« tiuaiwfËdh±FiwghLl¬ ½£lÄl± k¦W« tiuaiwfËdh±FiwghLl¬ ½£lÄl± k¦W« tiuaiwfËdh±FiwghLl¬ ½£lÄl± k¦W« tiuaiwfËdh±
V¦gL« ¾iHf´V¦gL« ¾iHf´V¦gL« ¾iHf´V¦gL« ¾iHf´V¦gL« ¾iHf´     (Errors due to faulty planning and

definitions)

gÆ¦¼ bg¦w M­ths®f´ Fiwªj v©Â¡ifÆÈU¤j±/
cW¥òfis msÉlÈ± c´s ¾iHf´/ cW¥òfË¬
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,l¨rh®ªj ¾iHf´/ Étu§fis rÇa¦w KiwÆ±
F¿¤j± ngh¬w fhuz§fËdh± ,¤jifa ¾iHf´
V¦gL»¬wd.

(b) nf£l¿jyh± ¾iHf´nf£l¿jyh± ¾iHf´nf£l¿jyh± ¾iHf´nf£l¿jyh± ¾iHf´nf£l¿jyh± ¾iHf´     (Response errors)

ÉilaË¥gt®f´ jU« ÉilfË¬ fhuzkhf ,²tif
¾iHf´ V¦gL»¬wd.

(c) KGik bgwh jft±fËdh± V¦gL« ¾iHf´KGik bgwh jft±fËdh± V¦gL« ¾iHf´KGik bgwh jft±fËdh± V¦gL« ¾iHf´KGik bgwh jft±fËdh± V¦gL« ¾iHf´KGik bgwh jft±fËdh± V¦gL« ¾iHf´
(Non-response bias)

TWfË¬ mid¤J cW¥òfis¥ g¦¿a jft±f´ m±yJ
Étu§f´ KGikahf ,±yh½U¥¾¬ ,¤jifa ¾iHf´
V¦gL»¬wd.

(d) ÉLgLjÈ¬ ¾iHf´ÉLgLjÈ¬ ¾iHf´ÉLgLjÈ¬ ¾iHf´ÉLgLjÈ¬ ¾iHf´ÉLgLjÈ¬ ¾iHf´     (Errors in coverage)

TWfËY´s mid¤J myFfisí« m±yJ
cW¥òfisí« fU¤½± bfh´shikah± c©lhF«
¾iHf´/ ,²tifia rh®ªjitfshF«.

(e) bjhF¤jÈ¬ ¾iHf´bjhF¤jÈ¬ ¾iHf´bjhF¤jÈ¬ ¾iHf´bjhF¤jÈ¬ ¾iHf´bjhF¤jÈ¬ ¾iHf´     (Compiling errors)

nf£L¥bgW« Étu§fis bjhF¡F«bghGJ/ ,²tif
¾iHf´ V¦gL»¬wd.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  9.1

1) TbwL¥ò¥ gut± k¦W« ½£l¥¾iH ,t¦iw És¡Ff.

2) KGik¤ bjhF½ msit k¦W« TW msit ,itfis

ntWgL¤Jf.

3) TbwL¥ò KiwÆ¬ ½£l¤½Y´s gofis RU¡fkhf

És¡Ff.

4) Ãf³jfî rh®ªj TbwL¤jiy ÉtÇ¡f.

5) Ãf³jfî rhuh TbwL¤jiy ÉtÇ¡f.

6) TbwL¥ò Kiw rh®ªj ¾iH k¦W« TbwL¥ò Kiw rhuh ¾iH

,itfis ntWgL¤Jf.
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9.2  TbwL¤j± gut±f´TbwL¤j± gut±f´TbwL¤j± gut±f´TbwL¤j± gut±f´TbwL¤j± gut±f´
(Sampling Distributions)

bfhL¡f¥g£l KGik¤ bjhF½ (population) x¬¿ÈUªJ
vL¡f¡Toa msî (size) n c´s mid¤J TW (samples)

fisí« fUJf. ruhrÇ/ ½£lÉy¡f« ngh¬w TW msitia
(sample statistic) x²bthU TW¡F« eh« fhz Koí«.  m¤jifa
TW msitfË¬ bjhF¥¾id xU Ãf³bt© gutyhf
(frequency distribution) tif¥gL¤jyh«. ,ªj¥ gut±/
r«kªj¥g£l TW msit¡fhd TbwL¤j± gut± vd¥gL«.
vdnt/ xU TW msit bgW« mid¤J k½¥òfË¬ Ãf³jfî
gutiy/ mªj TW msitÆ¬ TbwL¤j± gut± v¬»nwh«.
TW ruhrÇ (sample mean) k¦W« TW É»j msî (sample

proportion) M»ait TW msitfS¡F vL¤J¡fh£LfshF«.

jÄ³eh£o± c´s FL«g§fË±  (50000 FL«g§f´
vdyh«) m¬whl« ga¬gL« bghU£fS¡fhd M©L
bryÉid k½¥¾l xU rªij M­î ÃWtd« ÉU«òtjhf¡
bfh´nth«.  x²bth¬¿Y« 50 FL«g§f´ c´s 50 TWfis
mªÃWtd« bjÇî br­ayh«.  m¬whl« ga¬gL« tr½¥
bghU£fS¡fhd M©L ruhrÇ¢ bryit x²bthU TW¡F«
¾¬tU« m£ltidÆ± c´sthW fhzyh«.

     TW v©TW v©TW v©TW v©TW v© 50     FL«g§fS¡fhdFL«g§fS¡fhdFL«g§fS¡fhdFL«g§fS¡fhdFL«g§fS¡fhd    ruhrÇ  ruhrÇ  ruhrÇ  ruhrÇ  ruhrÇ
    bkh¤j bryî %bkh¤j bryî %bkh¤j bryî %bkh¤j bryî %bkh¤j bryî %            %.%.%.%.%.

1 100000 2000

2 300000 6000

3 200000 4000

4 150000 3000

. . .

. . .

. . .

49 600000 12000

50 400000 8000

 TW ruhrÇfË¬ gut±/ ruhrÇfË¬ TbwL¥ò¥ gut±
vd¥gL«.  %. 2000, 6000 ... 8000 v¬gd ruhrÇfË¬ TbwL¤j
gut± MF«.
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,²thnw TW gut¦go (sample variance) k¦W« TW É»j
msî M»at¦¿¬ TbwL¤j± gut±fis¥ bgwyh«.

xU T¿± c´s n cW¥òfË± n
1
 cW¥òf´ tif-I Mfî«/

n-n
1
 cW¥òf´ tif-II Mfî« ,U¥¾¬ p = 

n

n
1  v¬gJ tif-

I ,¬ TW msî É»j« vd tiuaW¡f¥gL«. q = (1-p)=

n

nn
1

−
 v¬gJ tif -II ,¬ TW msî É»jkhF«.  ,J ngh¬W

k tiffis vL¤J¡ bfh©L  p
1
, p

2
, ... , p

k 
 v¬w TW msî

É»j§fS¡F ,ij ÉÇth¡f« br­ayh«.

eh«/ É»j msÉ¬ TbwL¤j± gutiyí« bgw Koí«.
vL¤j¡fh£lhf/ xU bjhÊ¦rhiyÆ± jahuhd MÂfËÈUªJ
x²bth¬W« 1000 MÂfis¡ bfh©l 15 bt²ntW TWfis
vL¤J¡ bfh©L x²bthW T¿Y« c´s FiwghLila
MÂfË¬ v©Â¡ifia fz¡»lyh«. FiwghLila
MÂfË¬ É»j msÉ¬ Ãf³jfî gutiy¥ bgwyh«

9.2.1 ,a±Ãiy KGik¤ bjhF½ÆÈUªJ,a±Ãiy KGik¤ bjhF½ÆÈUªJ,a±Ãiy KGik¤ bjhF½ÆÈUªJ,a±Ãiy KGik¤ bjhF½ÆÈUªJ,a±Ãiy KGik¤ bjhF½ÆÈUªJ
bgw¥gL« ruhrÇÆ¬ TbwL¤j gut±bgw¥gL« ruhrÇÆ¬ TbwL¤j gut±bgw¥gL« ruhrÇÆ¬ TbwL¤j gut±bgw¥gL« ruhrÇÆ¬ TbwL¤j gut±bgw¥gL« ruhrÇÆ¬ TbwL¤j gut±

X
1
, X

2
, ..., X

n
 v¬gd ruhrÇ  µ  k¦W« ½£l Éy¡f« σ

c´s ,a±Ãiy KGik¤bjhF½ÆÈUªJ bgw¥g£l n  rhuh

rkth­¥ò TWf´ vÅ± TbwL¤j± gutÈ¬ ruhrÇ 

X

 (TW

ruhrÇ) MdJ ruhrÇ µ k¦W« ½£lÉy¡f« 

n

σ

 c´s x®

,a±Ãiy¥ gutiy¥ bg¦¿U¡F«.

¾¬tUtdt¦iw¡ fU¤½± bfh´f:

(i) TW ruhrÇ 

X

= 

n
iXΣ

 = 

n
nX...XX

21
+++

mjhtJ n cW¥òfis¡ bfh©l ò½a TWfis vL¡F«

nghbj±yh« 

X

 bt²ntwhf khWgL«. vdnt 

X

 MdJ xU

rkth­¥ò kh¿ahF«.

(ii) KGik¤bjhF½Æ¬ ruhrÇÆ¬ (µ) ¾w³¢¼a¦w

k½¥Õ£lsit (unbiased estimator) 

X

 MF«.

i.e. E(

X

) = µ,  ,ij µ

X

 

= µ v¬W vGjyh«.
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(iii) TW ruhrÇ 

X

 ¬ ½£l Éy¡f«  σ

X

 

 = 

n

σ

 MF«.

vL¤J¡fh£lhf/ 10000 ¼Wt®f´ c´s xU ,a±Ãiy
KGik¤ bjhF½ÆÈUªJ Ûs ,l± KiwÆ± bgw¥gL« eh¬F
¼Wt®fË¬ vilfis¡ bfhzl xU T¿id vL¤J¡
bfh´nth«. mªj eh¬F ¼Wt®fË¬ ruhrÇ vilia¡
fhzyh«.  Û©L« mnj KGik¤ bjhF½ÆÈUªJ eh¬F
¼Wt®fis¡ bfh©l k¦bwhU ò½a T¿id vL¤J ruhrÇ
vilia¡ fhzyh«.  ,«Kiwia v©z¦w jlitf´ Û©L«
Û©L« br­nthkhdh± »il¡f¥bgW« v©z¦w TW
ruhrÇf´/  ruhrÇÆ¬ TbwL¥ò gutiy mik¡F«.

9.2.2  ika v±iy¤ nj¦w«ika v±iy¤ nj¦w«ika v±iy¤ nj¦w«ika v±iy¤ nj¦w«ika v±iy¤ nj¦w« (Central limit theorem)

ruhrÇ µ k¦w« ½£lÉy¡f« σ c´s ,a±Ãiy KGik¤
bjhF½ÆÈUªJ vL¡f¥gL« TWfË¬ ruhrÇfË¬

TbwL¤j± gutY«/ ruhrÇ  µ

X

 

= µ k¦W« ½£lÉy¡f« σ

X

 
 =

n

σ

 c´s ,a±Ãiy gut± MF«.   vÅD« KGik¤bjhF½

,a±Ãiy¤ bjhF½ahf ,±yhkÈU¡F«nghJ bgw¥gL«
ruhrÇÆ¬ TbwL¥ò¥ gutY« mnjasî K¡»akhdjhF«.
ika v±iy¤ nj¦w¤½¬ go/ ruhrÇ µ k¦W« ½£lÉy¡f« σ
vd¡ bfh©l vªj xU KGik¤ bjhF½ÆÈUªJ« n msî
bfh©l TWfis vL¤jh±/ ruhrÇÆ¬ TbwL¥ò gutyhdJ/
T¿¬ msî m½fÇ¤J bgU§TwhF«bghGJ/ ruhrÇ µ k¦W«

½£lÉy¡f« 

n

σ

 vd¡ bfh©l ,a± Ãiy¥ gutiy mQF«.

eilKiwÆ±/ TW msî 30 m±yJ mj¦F nk± ,U¥¾¬
mªj¡TW bgU§TW (large sample) vd bfh´s¥gL«.

ò´ËÆa± c­¤Jz®jÈ± ika v±iy¤nj¦w« Äf
K¡»akhdjhF«.  ,a±Ãiy¥ gutiy¡ bfh©ouhj KGik¤
bjhF½ÆÈUªJ« rkth­¥ò¡ TWfis vL¤J
mitfËÈUªJ bgw¥g£l Koîfis¡ bfh©L KGik¤
bjhF½Æ¬ msit¥ g¦¿ m¿ªJ bfh´s ika v±iy¤ nj¦w«
tÊ tF¡»¬wJ.
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9.2.3 É»j msîfË¬ TbwL¤j gut±É»j msîfË¬ TbwL¤j gut±É»j msîfË¬ TbwL¤j gut±É»j msîfË¬ TbwL¤j gut±É»j msîfË¬ TbwL¤j gut±
(Sampling distribution of proportions)

xU KGik¤ bjhF½ KoÉÈahfî« xU Ãf³É¬
Ãf³jfî P v¬W« bfh´f.  ,½± P v¬gJ Ãf³É¬
bt¦¿¡fhd Ãf³jfî vdyh«.  Q = 1 − P v¬gJ mªj Ãf³É¬
njh±É¡fhd Ãf³jfî MF«.

x²bthU TW¡F« bt¦¿Æ¬ É»j msî  p  I¡
fhzyh«.  TW msî n bgÇajhf ,U¥¾¬ ika v±iy¤
nj¦w¥go/ T¿ÈUªJ bgw¥g£l É»j msî p MdJ ruhrÇ

µ
p
 = P k¦W« S.D.  σ

p
 =

n

PQ

 vd¡ bfh©l ,a±Ãiy¥

gutiy¥ bgW«.

9.2.4 ½£l¥ ¾iH½£l¥ ¾iH½£l¥ ¾iH½£l¥ ¾iH½£l¥ ¾iH (Standard error)

xU TW msitÆ¬ TbwL¥ò¥ gutÈ¬ ½£lÉy¡f«
mªj¡ TW msitÆ¬ ½£l¥ ¾iH  v¬wiH¡f¥gL»wJ.  TW
ruhrÇfË¬ gutÈ¬ ½£l Éy¡f«/ ruhrÇÆ¬ ½£l¥ ¾iH
MF«.  mnjngh± TW É»j msîfË¬ gutÈ¬ ½£lÉy¡f«/
É»j msÉ¬ ½£l¥¾iH MF«.

½£l¥¾iHia bgU«ghY« TbwL¤j± ¾iH v¬»nwh«.
TbwL¤j± ¾iH v¬gJ k½¥¾lÈ¬ J±Èa¤ j¬ikia
¾u½gÈ¥gjhf ,U¡F«.  ½£l¥ ¾iH MdJ TW msÉ¦F v½®
É»j¤½± ,U¡F«. mjhtJ TW msî m½fkhdh±
½£l¥¾iH Fiwí«.  bfhL¡f¥g£l KGik¤ bjhF½ÆÈUªJ
vL¡f¥gL« xnu msî bfh©l TWfË¬ ½£l¥¾iHahdJ
r«gªj¥g£l TW msit¥bgW« k½¥ò¡fË¬ ¼jw±
msitia msÉL»wJ.  K¡»a¤Jt¢ nrhjid m±yJ ¼w¥ò
Ãiy nrhjidfË± (Tests of significance), KGik¤bjhF½Æ¬
msitfS¡fhd e«¾¡if v±iyfis¡ (confidence limits)

fhz ½£l¥¾iH ga¬gL«.  TW ruhrÇ X  k¦W« TW É»j
msî M»aitfË¬ ½£l¥¾iHf´/ KGik¤ bjhF½Æ¬
ruhrÇ µ k¦W« KGik¤bjhF½ É»j msî P M»at¦¿¦fhd
e«¾¡if v±iyfis¡ fhz ga¬gL»¬wd.
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   TW msit TW msit TW msit TW msit TW msit   ½£l¥¾iH½£l¥¾iH½£l¥¾iH½£l¥¾iH½£l¥¾iH  F¿¥ò F¿¥ò F¿¥ò F¿¥ò F¿¥ò

  TW ruhrÇ

         

X

  TW É»j

    msî p

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

xU KGik¤bjhF½ xU KGik¤bjhF½ xU KGik¤bjhF½ xU KGik¤bjhF½ xU KGik¤bjhF½ 2, 3, 6, 8, 11 v¬w IªJv¬w IªJv¬w IªJv¬w IªJv¬w IªJ
v©fis¡ bfh©L´sJ.  ,½ÈUªJ Ûs ,l±v©fis¡ bfh©L´sJ.  ,½ÈUªJ Ûs ,l±v©fis¡ bfh©L´sJ.  ,½ÈUªJ Ûs ,l±v©fis¡ bfh©L´sJ.  ,½ÈUªJ Ûs ,l±v©fis¡ bfh©L´sJ.  ,½ÈUªJ Ûs ,l±
KiwÆ± vL¡f¡ Toa/ msî KiwÆ± vL¡f¡ Toa/ msî KiwÆ± vL¡f¡ Toa/ msî KiwÆ± vL¡f¡ Toa/ msî KiwÆ± vL¡f¡ Toa/ msî 2 c´s mid¤Jc´s mid¤Jc´s mid¤Jc´s mid¤Jc´s mid¤J
TWfisí« fUJf. TWfisí« fUJf. TWfisí« fUJf. TWfisí« fUJf. TWfisí« fUJf. (i) KGik¤ bjhF½Æ¬ ruhrÇKGik¤ bjhF½Æ¬ ruhrÇKGik¤ bjhF½Æ¬ ruhrÇKGik¤ bjhF½Æ¬ ruhrÇKGik¤ bjhF½Æ¬ ruhrÇ
(ii) KGik¤ bjhF½Æ¬ ½£l Éy¡f«KGik¤ bjhF½Æ¬ ½£l Éy¡f«KGik¤ bjhF½Æ¬ ½£l Éy¡f«KGik¤ bjhF½Æ¬ ½£l Éy¡f«KGik¤ bjhF½Æ¬ ½£l Éy¡f«(iii) ruhrÇfË¬ruhrÇfË¬ruhrÇfË¬ruhrÇfË¬ruhrÇfË¬
TbwL¤j± gutÈ¬ ruhrÇTbwL¤j± gutÈ¬ ruhrÇTbwL¤j± gutÈ¬ ruhrÇTbwL¤j± gutÈ¬ ruhrÇTbwL¤j± gutÈ¬ ruhrÇ  (iv) ru hrÇfË¬ruhrÇfË¬ruhrÇfË¬ruhrÇfË¬ruhrÇfË¬
½£l¥¾iH M»at¦iw¡ fh©f.½£l¥¾iH M»at¦iw¡ fh©f.½£l¥¾iH M»at¦iw¡ fh©f.½£l¥¾iH M»at¦iw¡ fh©f.½£l¥¾iH M»at¦iw¡ fh©f.

n

σ

   

n

σ

1N

N

−
− n

n

PQ

  Q = 1 - P

    
n

PQ

1N

N

−
− n

KGik¤bjhF½ msî
Kot¦wjhf ,U¡F«
bghGJ (m) Ûs,l±
KiwÆ± TW
vL¡f¥gL«bghGJ.

KGik¤bjhF½Æ¬
msî N Mf ,U¡F«
bghGJ (m) Ûs ,lhj
KiwÆ± TWf´
vL¡f¥gL« bghGJ.

KGik¤bjhF½ msî
Kot¦wjhf ,U¡F«
bghGJ (m) Ûs,l±
KiwÆ± TW
vL¡f¥gL«bghGJ.

KGik¤bjhF½Æ¬
msî N Mf ,U¡F«
bghGJ (m) Ûs ,lhj
KiwÆ± TWf´
vL¡f¥gL« bghGJ.
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Ô®î :

(i) KGik¤ bjhF½Æ¬ ruhrÇ µ=
N

xΣ
 =

5

118632 ++++

 = 6

(ii) KGik¤ bjhF½Æ¬ gut¦go σ2
 = 

N

1

Σ(x - µ)
2

= 
5

1
{(2-6)

2
 + (3-6)

2
 + (6-6)

2
 + (8-6)

2
 + (11-6)

2
}

= 10.8

∴  KGik¤ bjhF½Æ¬ ½£lÉy¡f« σ = 3.29

(iii) Ûs ,l± KiwÆ± (with replacement) bgw¥gL« msî 2
c´s 25 TWfis ¾¬tUkhW fhzyh« :

(2, 2) (2, 3) (2, 6) (2, 8) (2, 11)

(3, 2) (3, 3) (3, 6) (3, 8) (3, 11)

(6, 2) (6, 3) (6, 6) (6, 8) (6, 11)

(8, 2) (8, 3) (8, 6) (8, 8) (8, 11)

(11, 2) (11, 3) (11, 6) (11, 8) (11, 11)

nkny bfhL¡f¥g£L´sitfS¡F Ãfuhd TW ruhrÇf´:

2.0 2.5 4.0 5.0 6.5

2.5 3.0 4.5 5.5 7.0

4.0 4.5 6.0 7.0 8.5

5.0 5.5 7.0 8.0 9.5

6.5 7.0 8.5 9.5 11.0

ruhrÇfË¬ TbwL¥ò gutÈ¬ ruhrÇ

µ
X

 = 

25

± TLj¬ ruhrÇfËTW

 = 
25

150
 = 6.0

(iv) ruhrÇfË¬ TbwL¥ò¥ gut¦go σ2

X

 I ¾¬tUkhW
bgwyh«:

 

2

X
σ

=
25

1
{2−6)

2
 + (2.5 − 6)

2
 + ... + (6.5−6)

2
 + ...

+ (9.5−6)
2
 +(11−6)

2
}
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=
25

135
= 5.4

∴ ruhrÇfË¬ ½£l¥¾iH σ
X

 =

4.5

= 2.32

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

bjhÊ¦rhiy x¬¿± gÂah¦W« bjhÊ¦rhiy x¬¿± gÂah¦W« bjhÊ¦rhiy x¬¿± gÂah¦W« bjhÊ¦rhiy x¬¿± gÂah¦W« bjhÊ¦rhiy x¬¿± gÂah¦W« 1000

bjhÊyhs®fË¬ khjhª½u nrÄ¥ghdJ/ ruhrÇbjhÊyhs®fË¬ khjhª½u nrÄ¥ghdJ/ ruhrÇbjhÊyhs®fË¬ khjhª½u nrÄ¥ghdJ/ ruhrÇbjhÊyhs®fË¬ khjhª½u nrÄ¥ghdJ/ ruhrÇbjhÊyhs®fË¬ khjhª½u nrÄ¥ghdJ/ ruhrÇ
%.%.%.%.%.2000 k¦W« ½£l Éy¡f« %.k¦W« ½£l Éy¡f« %.k¦W« ½£l Éy¡f« %.k¦W« ½£l Éy¡f« %.k¦W« ½£l Éy¡f« %. 50 vd¡ bfh©lvd¡ bfh©lvd¡ bfh©lvd¡ bfh©lvd¡ bfh©l
xU ,a± Ãiy¥ gutyhf c´sJ v¬f.  x²bthUxU ,a± Ãiy¥ gutyhf c´sJ v¬f.  x²bthUxU ,a± Ãiy¥ gutyhf c´sJ v¬f.  x²bthUxU ,a± Ãiy¥ gutyhf c´sJ v¬f.  x²bthUxU ,a± Ãiy¥ gutyhf c´sJ v¬f.  x²bthU
T¿Y« T¿Y« T¿Y« T¿Y« T¿Y« 4 bjhÊyhs®fis¡ bfh©L bjhÊyhs®fis¡ bfh©L bjhÊyhs®fis¡ bfh©L bjhÊyhs®fis¡ bfh©L bjhÊyhs®fis¡ bfh©L 25 TWf´TWf´TWf´TWf´TWf´
vL¥gjh± bgw¥gL« ruhrÇfË¬ TbwL¥ò¥vL¥gjh± bgw¥gL« ruhrÇfË¬ TbwL¥ò¥vL¥gjh± bgw¥gL« ruhrÇfË¬ TbwL¥ò¥vL¥gjh± bgw¥gL« ruhrÇfË¬ TbwL¥ò¥vL¥gjh± bgw¥gL« ruhrÇfË¬ TbwL¥ò¥
gutÈ¬ ruhrÇ k¦W« ½£l Éy¡f« M»adt¦iwgutÈ¬ ruhrÇ k¦W« ½£l Éy¡f« M»adt¦iwgutÈ¬ ruhrÇ k¦W« ½£l Éy¡f« M»adt¦iwgutÈ¬ ruhrÇ k¦W« ½£l Éy¡f« M»adt¦iwgutÈ¬ ruhrÇ k¦W« ½£l Éy¡f« M»adt¦iw
(i)Ûs ,l±Ûs ,l±Ûs ,l±Ûs ,l±Ûs ,l±  (ii) Ûs ,lhj KiwfË± fh©f.Ûs ,lhj KiwfË± fh©f.Ûs ,lhj KiwfË± fh©f.Ûs ,lhj KiwfË± fh©f.Ûs ,lhj KiwfË± fh©f.

Ô®î :

N = 1000,  µ = 2000,   σ = 50,   n = 4 vd ju¥g£L´sJ

(i) Ûs ,l± KiwÆ± (with replacement) TbwL¤j±

µ
X

= µ =  2000

σ X
 = 

n

σ= 

4

50=  25

(ii) Ûs ,lhj KiwÆ± (without replacement) TbwL¤j±

ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ruhrÇ

µ
X

 = µ = 2000

ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ½£l Éy¡f«

  σ

X

 = 

1N

N

−
−σ n

n

= 
11000

4100

4

50

−
−

= (25) 
999

996
 = 25 ( )996.

= (25) (0.9984) = 24.96
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

41 cW¥ò¡fis¡ (myFf´) bfh©l xUcW¥ò¡fis¡ (myFf´) bfh©l xUcW¥ò¡fis¡ (myFf´) bfh©l xUcW¥ò¡fis¡ (myFf´) bfh©l xUcW¥ò¡fis¡ (myFf´) bfh©l xU
KoîW KGik¤ bjhF½ÆÈUªJ cW¥ò¡fis ÛsKoîW KGik¤ bjhF½ÆÈUªJ cW¥ò¡fis ÛsKoîW KGik¤ bjhF½ÆÈUªJ cW¥ò¡fis ÛsKoîW KGik¤ bjhF½ÆÈUªJ cW¥ò¡fis ÛsKoîW KGik¤ bjhF½ÆÈUªJ cW¥ò¡fis Ûs
,lhj KiwÆ± ,lhj KiwÆ± ,lhj KiwÆ± ,lhj KiwÆ± ,lhj KiwÆ± 5 cW¥ò¡fis¡ bfh©L TW x¬WcW¥ò¡fis¡ bfh©L TW x¬WcW¥ò¡fis¡ bfh©L TW x¬WcW¥ò¡fis¡ bfh©L TW x¬WcW¥ò¡fis¡ bfh©L TW x¬W
vL¡f¥gL»wJ. KGik¤ bjhF½Æ¬ vL¡f¥gL»wJ. KGik¤ bjhF½Æ¬ vL¡f¥gL»wJ. KGik¤ bjhF½Æ¬ vL¡f¥gL»wJ. KGik¤ bjhF½Æ¬ vL¡f¥gL»wJ. KGik¤ bjhF½Æ¬ S.D,   6.25 vÅ±vÅ±vÅ±vÅ±vÅ±
TW ruhrÇÆ¬ ½£l¥ ¾iH TW ruhrÇÆ¬ ½£l¥ ¾iH TW ruhrÇÆ¬ ½£l¥ ¾iH TW ruhrÇÆ¬ ½£l¥ ¾iH TW ruhrÇÆ¬ ½£l¥ ¾iH (S.E) fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

KGik¤ bjhF½Æ¬ msî N = 41

T¿¬ msî n = 5

KGik¤ bjhF½Æ¬ ½£l Éy¡f« σ = 6.25

TW ruhrÇÆ¬ ½£l¥¾iH  = 
n

σ

1N

N

−
− n

(N, xU KoîW v©)

= 
5

25.6

141

541

−
−

 = 
102  5

6  25.6 x
 = 

25

25.6  3 x
 =2.65

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

nj®î x¬¿± khzt®f´ bg¦w k½¥bg©f´nj®î x¬¿± khzt®f´ bg¦w k½¥bg©f´nj®î x¬¿± khzt®f´ bg¦w k½¥bg©f´nj®î x¬¿± khzt®f´ bg¦w k½¥bg©f´nj®î x¬¿± khzt®f´ bg¦w k½¥bg©f´
MdJMdJMdJMdJMdJ/ ruhrÇ/ ruhrÇ/ ruhrÇ/ ruhrÇ/ ruhrÇ 60 k¦W«k¦W«k¦W«k¦W«k¦W« 30 vd¡bfh©l ,a±Ãiy¥vd¡bfh©l ,a±Ãiy¥vd¡bfh©l ,a±Ãiy¥vd¡bfh©l ,a±Ãiy¥vd¡bfh©l ,a±Ãiy¥
gutyhf mik»wJ. ,ªj KGik¤ bjhF½ÆÈUªJgutyhf mik»wJ. ,ªj KGik¤ bjhF½ÆÈUªJgutyhf mik»wJ. ,ªj KGik¤ bjhF½ÆÈUªJgutyhf mik»wJ. ,ªj KGik¤ bjhF½ÆÈUªJgutyhf mik»wJ. ,ªj KGik¤ bjhF½ÆÈUªJ
36 khzt®fis¡ bfh©l xU rkth­¥ò¡ T¿idkhzt®fis¡ bfh©l xU rkth­¥ò¡ T¿idkhzt®fis¡ bfh©l xU rkth­¥ò¡ T¿idkhzt®fis¡ bfh©l xU rkth­¥ò¡ T¿idkhzt®fis¡ bfh©l xU rkth­¥ò¡ T¿id
vL¤jh±/vL¤jh±/vL¤jh±/vL¤jh±/vL¤jh±/

(i) TbwL¥ò ruhrÇÆ¬ ½£l¥¾iHia¡ fh©f.TbwL¥ò ruhrÇÆ¬ ½£l¥¾iHia¡ fh©f.TbwL¥ò ruhrÇÆ¬ ½£l¥¾iHia¡ fh©f.TbwL¥ò ruhrÇÆ¬ ½£l¥¾iHia¡ fh©f.TbwL¥ò ruhrÇÆ¬ ½£l¥¾iHia¡ fh©f.

(ii)  16 khzt®fis¡ bfh©l ntbwhU T¿¬khzt®fis¡ bfh©l ntbwhU T¿¬khzt®fis¡ bfh©l ntbwhU T¿¬khzt®fis¡ bfh©l ntbwhU T¿¬khzt®fis¡ bfh©l ntbwhU T¿¬
ruhrÇruhrÇruhrÇruhrÇruhrÇ  50 I Él Fiwthfî« m±yJI Él Fiwthfî« m±yJI Él Fiwthfî« m±yJI Él Fiwthfî« m±yJI Él Fiwthfî« m±yJ  80

k½¥bg©fis Él m½fkhfî«k½¥bg©fis Él m½fkhfî«k½¥bg©fis Él m½fkhfî«k½¥bg©fis Él m½fkhfî«k½¥bg©fis Él m½fkhfî«
miktj¦fhd Ãf³jfit¡ fh©fmiktj¦fhd Ãf³jfit¡ fh©fmiktj¦fhd Ãf³jfit¡ fh©fmiktj¦fhd Ãf³jfit¡ fh©fmiktj¦fhd Ãf³jfit¡ fh©f?

[ P (0 < Z < 4) = 0.4999 ;  P(0 < Z < 2) = 0.4772 ]

Ô®î :

(i) TW ruhrÇ X  -¬ ½£l¥¾iH

σ

X

 = 

n

σ

= 

36

30

 = 5 (N ju¥glÉ±iy)
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(ii) rkth­¥ò X  MdJ ruhrÇ µ

X

 k¦W« ½£lÉy¡f« 

n

σ

vd¡ bfh©L xU ,a±Ãiy¥ gutyhf mikí«.

P(

X

<50 or 

X

>80) I ¾¬tUkhW fh©ngh«.

P(

X

<50 m±yJ 

X

>80) = P(

X

<50) + P(

X

>80)

= P 








 −<
σ

µ−

5

6050X

X

X

 +  P 






 −>
σ

µ−

5

6080X

X

X

= P (Z < −2) + P(Z > 4)

= [0.5 − P(0 < Z < 2)] + [0.5 − P(0 < Z < 4)]

= (0.5 − 0.4772) + (0.5 − 0.4999)

∴ njitahd Ãf³jfî = .02283

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

xU ,aª½u« jahÇ¤j ½UfhÂfË± xU ,aª½u« jahÇ¤j ½UfhÂfË± xU ,aª½u« jahÇ¤j ½UfhÂfË± xU ,aª½u« jahÇ¤j ½UfhÂfË± xU ,aª½u« jahÇ¤j ½UfhÂfË± 2%

FiwghLilad. m¤jifa FiwghLilad. m¤jifa FiwghLilad. m¤jifa FiwghLilad. m¤jifa FiwghLilad. m¤jifa 400 ½UfhÂfis¡½UfhÂfis¡½UfhÂfis¡½UfhÂfis¡½UfhÂfis¡
bfh©l bjhF¥¾± bfh©l bjhF¥¾± bfh©l bjhF¥¾± bfh©l bjhF¥¾± bfh©l bjhF¥¾± 3% m±yJ mj¦Fnk±m±yJ mj¦Fnk±m±yJ mj¦Fnk±m±yJ mj¦Fnk±m±yJ mj¦Fnk±
FiwghL c´sitahf ,U¡f Ãf³jfî fh©.FiwghL c´sitahf ,U¡f Ãf³jfî fh©.FiwghL c´sitahf ,U¡f Ãf³jfî fh©.FiwghL c´sitahf ,U¡f Ãf³jfî fh©.FiwghL c´sitahf ,U¡f Ãf³jfî fh©.

Ô®î :

,§F N bfhL¡f¥glÉ±iy/ Mdh±  n = 400.

KGik¤ bjhF½Æ¬ É»j msî P = 2% = 0.02

∴   Q = 1 − P = 0.98

,§F bfhL¡f¥g£L´sJ xU bgU§TwhF«.
vdnt T¿¬ É»j msî p MdJ

µ
p
 = 0.02 k¦W« S.D = 

n

PQ
 = 

400

98.0  02.0 x
 = 0.007

vd¡ bfh©L ,a±Ãiy gutyhf mikí«.

TW É»j msÉ¬ Ãf³jfî  p > 0.03

= {Z = 1.43 ¬ ty¥òw¤½± mikªj ½£l ,a±Ãiy
gutY¡fhd gu¥ò}

(Z = 
S.D

P−p
 =

007.0

02.0  03.0 −
 = 1.43)

∴      njitahd Ãf³jfî  = 0.5 − (Z = 0 ÉÈUªJ Z = 1.43

  tiuÆyhd gu¥ò)
= 0.5 − 0.4236 = 0.0764
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.2

1) 3, 7, 11 k¦W« 15 M»a eh¬F v©fis¡ bfh©l xU

KGik¤ bjhF½ia¡ fUJnth«.  msî 2 c´s/ Ûs ,l±

(with replacement) KiwÆ± vL¡f¥gL« mid¤J

TWfisí« fUJf.

(i) KGik¤ bjhF½Æ¬ ruhrÇ

(ii) KGik¤ bjhF½Æ¬ ½£l Éy¡f«

(iii) ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ruhrÇ

(iv) ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ½£l Éy¡f«

M»adt¦iw¡ fh©f.

2) 3, 7, 11 k¦W« 15 M»a eh¬F v©fis¡ bfh©l xU

KGik¤ bjhF½ia¡ fUJnth«.  msî 2 c´s Ûs ,lhj

(without replacement) KiwÆ± vL¡f¥gL« mid¤J

TWfisí« fUJf.

(i) KGik¤ bjhF½Æ¬ ruhrÇ

(ii) KGik¤ bjhF½Æ¬ ½£l Éy¡f«

(iii) ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ruhrÇ

(iv) ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ½£l Éy¡f«

M»adt¦iw¡ fh©f.

3) 1500 ,U«ò¡ f«¾fË¬ vilf´ MdJ ruhrÇ vil 22.4

».»uh« k¦W« ½£lÉy¡f« 0.048 ».»uh« vd¡ bfh©l xU

,a±Ãiy¥ gutyhf c´sJ.  36 msî´s/ 300 rkth­¥ò¡

TWf´ ,ªj KGik¤ bjhF½ÆÈUªJ vL¡f¥gL»¬wd.

ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ ruhrÇ k¦W« ½£l Éy¡f«

M»adt¦iw (i) Ûs ,l± (ii) Ûs ,lhj KiwfË± fh©f.

4) X® g´ËÆ± +2 Ko¤j khzt®fË± 1% ng®f´/

br¬idÆY´s ,ª½a bjhÊ±E£g fHf¤½± nrU»¬wd®.

m¥g´Ë khzt®fË± 500 ng®fis¡ bfh©l xU FGÉ±

2% m±yJ mj¦F m½fkhf/ ,nj bjhÊ±E£g fHf¤½±

nrUtj¦fhd Ãf³jfÉid¡ fh©f.
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9.3  k½¥¾Lj±k½¥¾Lj±k½¥¾Lj±k½¥¾Lj±k½¥¾Lj± (Estimation)

ò´ËÆaÈ¬ K¡»a ¾ÇîfË± x¬whd ò´ËÆa±

c­¤Jzu± (statistical inference) _ykhf TWfË¬ Koîfis

KGik¤ bjhF½¡F bghJik¥gL¤J« E£g« »il¡»¬wJ.

ò´ËÆa± c­¤JzuÈaÈ±/ (i) k½¥¾Lj± (estimation) (ii)

vLnfh´ nrhjid (testing of hypothesis) M»a ,u©L

K¡»akhd ¾Çîf´ ,l«bg¦W´sd.

ò´ËÆaÈ± k½¥¾Lj± v¬gJ TWf´ thÆyhf¥ bgW«

Étu§fËÈUªJ KGik¤ bjhF½Æ¬ msitf´ g¦¿

c­¤Jz®j± MF«.  Koîf´ vL¡F« Kiwik¡F msit

k½¥¾Lj± Äfî« mt¼akh»wJ.

KGik¤ bjhF½Æ¬ ruhrÇ/ gut¦go k¦W« É»j msî

M»adt¦iw mitfS¡F TWfË¬ cÇa msitfËÈUªJ

k½¥¾Lj± ò´ËÆa± c­¤JzUjÈ¬ K¡»a g§F MF«.

9.3.1  k½¥Õ£L msitk½¥Õ£L msitk½¥Õ£L msitk½¥Õ£L msitk½¥Õ£L msit     (Estimator)

KGik¤bjhF½Æ¬ msit x¬iw k½¥¾l ga¬gL«

TW msitÆid (statistic) k½¥Õ£lsit vd¥gL«.

KGik¤ bjhF½ msitÆ¬ c©ik k½¥¾¦F  Äf

mU»± mikí« k½¥Õ£L msitÆid/ ¼wªj k½¥Õ£lsit

(good estimator) v¬ngh«.  ¼wªj k½¥Õ£L msit¡FÇa

g©òfshtd :

(i) ¾w³¢¼a¦w j¬ik¾w³¢¼a¦w j¬ik¾w³¢¼a¦w j¬ik¾w³¢¼a¦w j¬ik¾w³¢¼a¦w j¬ik     (Unbiasedness)

X® msitÆ¬ v½®gh®¤j± k½¥ò (expected value),

KGik¤ bjhF½Æ¬ msit¡F rkbkÅ± mªj msitÆid

¾w³¢¼a¦w j¬ikíila msit v¬ngh«.

cjhuzkhf 

X

 = 

n
1

ΣX MdJ KGik¤ bjhF½ ruhrÇ µ

¡F ¾w³¢¼a¦w k½¥Õ£lsit MF«.
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N msî´s KGik¤ bjhF½ÆÈUªJ n msîbfh©l

TW x¬¿id vL¤jh±/  s2  = 
1

1
−n

 ΣΣΣΣΣ(x−−−−−

x

)2 MdJ KGik¤

bjhF½ gut¦goÆ¬ ¾w³¢¼a¦w k½¥Õ£lsitahF«.  vdnt

jh¬ k½¥ÕlÈY« k¦W« vLnfh´ nrhjidÆY« s2 I

ga¬gL¤J»¬nwh«.

(ii) x¥òik¤ j¬ikx¥òik¤ j¬ikx¥òik¤ j¬ikx¥òik¤ j¬ikx¥òik¤ j¬ik     (Consistency)

X® msitÆ¬ k½¥ghdJ/ TWfË¬ msî

m½fÇ¡F«bghGJ KGik¤ bjhF½Æ¬ msitÆ¬ k½¥¾¦F

beU§FkhÆ¬/ mªj msit x¥òik¤ j¬ik cilaJ v¬ngh«.

(iii) ½w¬ j¬ik ½w¬ j¬ik ½w¬ j¬ik ½w¬ j¬ik ½w¬ j¬ik (Efficiency)

KGik¤ bjhF½ msit x¬¿¦FÇa ,U ¾w³¢¼a¦w

k½¥Õ£L msitfis¡ fUJnth«.  Kj± k½¥Õ£L msitÆ¬

½£l¥¾iHahdJ ,u©lh« k½¥Õ£L msitÆ¬

½£l¥¾iHia Él¡ Fiwthf ,U¥¾¬ Kj± k½¥Õ£lsit/

,u©lhtijÉl ½w¬ Ä¡fJ v¬ngh«.

(iv) nghJkhd j¬ik nghJkhd j¬ik nghJkhd j¬ik nghJkhd j¬ik nghJkhd j¬ik (Sufficiency)

KGik¤ bjhF½ msit¥ g¦¿a mid¤J Étu§fisí«

k½¥Õ£lsit x¬W j¬df¤nj bfh©oU¥¾¬/ mjid xU

nghJkhd j¬ikíila k½¥Õ£lsit vd¡ TWnth«.

9.3.2 ò´Ë k½¥ÕLò´Ë k½¥ÕLò´Ë k½¥ÕLò´Ë k½¥ÕLò´Ë k½¥ÕL k¦W« ,ilbtË k½¥ÕLk¦W« ,ilbtË k½¥ÕLk¦W« ,ilbtË k½¥ÕLk¦W« ,ilbtË k½¥ÕLk¦W« ,ilbtË k½¥ÕL
KGik¤ bjhF½ msit¡F ,UÉjkhd k½¥ÕLfis¡

fhzyh«.  mit ò´Ë k½¥ÕL k¦W« ,ilbtË k½¥ÕL MF«.

ò´Ë k½¥ÕLò´Ë k½¥ÕLò´Ë k½¥ÕLò´Ë k½¥ÕLò´Ë k½¥ÕL     (Point estimate)

KGik¤ bjhF½Æ¬ msit¡FÇa k½¥¾liy X®
v©zh± F¿¤jh±/ mjid KGik¤ bjhF½ msitÆ¬ ò´Ë

k½¥ÕL v¬ngh«.  ruhrÇ (

x

) k¦W« TW gut¦go  [s2  = 

1

1

−n

Σ(x−

x

)
2
] v¬gd ò´Ë k½¥ÕLfS¡F cjhuz§fhsF«.

ò´Ë k½¥ÕL MdJ KGik¤ bjhF½ msitÆ¬

c©ik k½¥¾¦F rkkhf¥ bghUªJtJ Äfî« mÇJ.
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,ilbtË k½¥ÕL,ilbtË k½¥ÕL,ilbtË k½¥ÕL,ilbtË k½¥ÕL,ilbtË k½¥ÕL     (Interval Estimate)

,u©L v©fS¡F ,ilÆ± KGik¤ bjhF½

msitÆ¬ k½¥ò mikayh« vd v½®gh®¤J/ KGik¤ bjhF½

msitÆ¬ k½¥Õlhf m²ÉU v©fis¤ ju¥gLtij

,ilbtË k½¥ÕL v¬ngh«.

,ilbtË k½¥ÕlhdJ/ k½¥ÕlÈ¬ J±Èa¤j¬ikia¡

F¿¡»wJ/ vdntjh¬ ò´Ë k½¥Õliy Él ,ilbtË

k½¥Õl± ÉU«g¥gL»wJ.

cjhuzkhf/ xU bjhiyî 5.28 Ä.Û vd ms¡f¥go¬/ eh«

bfhL¥gJ ò´Ë k½¥ÕlhF«.  khwhf 5.28 + 0.03 Ä. Û. vd

bjhiyî¤ ju¥g£lh±/ mjhtJ bjhiythdJ 5.25 k¦W« 5.31

Ä.Û.¡F ,ilnaí´sJ vd¤ ju¥g£lh±/ bjhiythdJ

,ilbtË k½¥ÕlÈ± bfhL¡f¥g£L´sJ v¬ngh«.

9.3.3 KGik¤bjhF½Æ¬ ruhrÇ k¦W« É»jKGik¤bjhF½Æ¬ ruhrÇ k¦W« É»jKGik¤bjhF½Æ¬ ruhrÇ k¦W« É»jKGik¤bjhF½Æ¬ ruhrÇ k¦W« É»jKGik¤bjhF½Æ¬ ruhrÇ k¦W« É»j
msÉ¦fhd e«¾¡if ,ilbtËmsÉ¦fhd e«¾¡if ,ilbtËmsÉ¦fhd e«¾¡if ,ilbtËmsÉ¦fhd e«¾¡if ,ilbtËmsÉ¦fhd e«¾¡if ,ilbtË
(Confidence Interval for population mean and proportion)

KGik¤bjhF½Æ¬ msitÆ¬ k½¥ò vªj

,ilbtË¡F´ mikíbkd v½®gh®¡fyhnkh mªj ,ilbtË/

e«¾¡if ,ilbtË MF«.  ,²thW Ô®khÅ¡f¥gL« v±iyf´
e«¾¡if v±iyf´ v¬wiH¡f¥gL«.

KGik¤bjhF½Æ¬ msit F¿¥¾£l å¢¼±

miktj¦fhd Ãf³jfit/ e«¾¡if ,ilbtËf´ vL¤J¡

fh£L«.

e«¾¡if ,ilbtËia fhQj±e«¾¡if ,ilbtËia fhQj±e«¾¡if ,ilbtËia fhQj±e«¾¡if ,ilbtËia fhQj±e«¾¡if ,ilbtËia fhQj±  (Computation of

confidence interval)

e«¾¡if ,ilbtËia¡ fhz ek¡F njitahdit.

(i) F¿¥¾£l TW msit

(ii) F¿¥¾£l TW msitÆ¬ TbwL¥ò¥ gutÈ¬ ½£l¥¾iH

(S.E) k¦W«
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(iii) njit¥gL« J±Èa¤j¬ikÆ¬ msî

TW msî bgÇajhf ,U¡Fkhdh± TbwL¥ò¥ gut±
Vw¡Fiwa ,a±Ãiy gutyhf mikí«. vdnt ½£l¥¾iHÆ¬
k½¥Õ£il¡ fhz/ KGik¤bjhF½ k½¥¾¦F g½yhf TW msî
k½¥igna ga¬gL¤jyh«.  bgU§ TWfis¡ ifahS«nghJ/
e«¾¡if v±iyfis¡ fhz Z-gut± ga¬gL¤j¥gL»wJ.

e«¾¡if v±iyf´ ¼yt¦¿¦F cÇa Z k½¥òfshtd :

e«gf k£l«
99% 98% 96% 95% 80% 50%

(confidence level)

Z k½¥òf´/ Z
c

2.58 2.33 2.05 1.96 1.28    0.674

(i) ruhrÇ¡fhd e«¾¡if ,ilbtËruhrÇ¡fhd e«¾¡if ,ilbtËruhrÇ¡fhd e«¾¡if ,ilbtËruhrÇ¡fhd e«¾¡if ,ilbtËruhrÇ¡fhd e«¾¡if ,ilbtË
(Confidence interval for means)

µ k¦W« σ v¬gd KGik¤bjhF½Æ¬ ruhrÇ k¦W«

½£lÉy¡f« v¬f.  

X

 k¦W«  s v¬gd TW ruhrÇ k¦W«

TbwL¥ò¥ gutÈ¬ ½£l Éy¡f« v¬f.

Z
c 
v¬gJ e«¾¡if msîfS¡F cÇa Z k½¥ò v¬f.

µµµµµ ¡fhd e«¾¡if v±iyf´

KGik¤bjhF½Æ¬   TW msî  µ -¬ e«¾¡if v±iyf´

         msî

Koîwh v©                 n           

X

 + (Z
C
)

n

s

 , z
c
 MdJ

    e«¾¡if k£l¤½±

          Z ¬ k½¥ò

KoîW v© N                n
X  + (Z

C
)

n

s

 1N

N

−
− n

(ii) É»j msÉ¬ e«¾¡if v±iyf´ É»j msÉ¬ e«¾¡if v±iyf´ É»j msÉ¬ e«¾¡if v±iyf´ É»j msÉ¬ e«¾¡if v±iyf´ É»j msÉ¬ e«¾¡if v±iyf´ (Confidence

intervals for proportions)

bt¦¿fË¬ É»j msî P c´s KGik¤
bjhF½ÆÈUªJ vL¡f¥g£l n  msî bfh©l T¿±
bt¦¿fË¬ É»j msî p  vÅ±/ P ¡fhd e«¾¡if
,ilbtËia ¾¬tU« m£ltizÆ± fhzyh«.
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 KGik¤bjhF½Æ¬       TW msî     P -¬ e«¾¡if v±iyf´
         msî

Koîwh v©          n      p+(Z
C
) 

n

pq

KoîU v© N          n                p+(Z
C
) 

n

pq

1N

N

−
− n

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

xU njh± bghUS¡fhd njitÆ¬ ngh¡FxU njh± bghUS¡fhd njitÆ¬ ngh¡FxU njh± bghUS¡fhd njitÆ¬ ngh¡FxU njh± bghUS¡fhd njitÆ¬ ngh¡FxU njh± bghUS¡fhd njitÆ¬ ngh¡F
Fiwtij cz®ªJ Ã½nkyhs® j¬ ÃWtdFiwtij cz®ªJ Ã½nkyhs® j¬ ÃWtdFiwtij cz®ªJ Ã½nkyhs® j¬ ÃWtdFiwtij cz®ªJ Ã½nkyhs® j¬ ÃWtdFiwtij cz®ªJ Ã½nkyhs® j¬ ÃWtd
Mjhu§fis ò½anjh® bghUis c¦g¤½ br­tj¦FMjhu§fis ò½anjh® bghUis c¦g¤½ br­tj¦FMjhu§fis ò½anjh® bghUis c¦g¤½ br­tj¦FMjhu§fis ò½anjh® bghUis c¦g¤½ br­tj¦FMjhu§fis ò½anjh® bghUis c¦g¤½ br­tj¦F
ga¬gL¤jyhkh vd¡ fUJ»wh®.  mt® njh±ga¬gL¤jyhkh vd¡ fUJ»wh®.  mt® njh±ga¬gL¤jyhkh vd¡ fUJ»wh®.  mt® njh±ga¬gL¤jyhkh vd¡ fUJ»wh®.  mt® njh±ga¬gL¤jyhkh vd¡ fUJ»wh®.  mt® njh±
bjhÊ± ÃWtd§f´ bjhÊ± ÃWtd§f´ bjhÊ± ÃWtd§f´ bjhÊ± ÃWtd§f´ bjhÊ± ÃWtd§f´ 10 bfh©l TW x¬iw¤ bfh©l TW x¬iw¤ bfh©l TW x¬iw¤ bfh©l TW x¬iw¤ bfh©l TW x¬iw¤
bjÇî br­J/ mitfË¬ Kjä£L¡fhd rjåjbjÇî br­J/ mitfË¬ Kjä£L¡fhd rjåjbjÇî br­J/ mitfË¬ Kjä£L¡fhd rjåjbjÇî br­J/ mitfË¬ Kjä£L¡fhd rjåjbjÇî br­J/ mitfË¬ Kjä£L¡fhd rjåj
tUth­fis¡ fh©»wh®.tUth­fis¡ fh©»wh®.tUth­fis¡ fh©»wh®.tUth­fis¡ fh©»wh®.tUth­fis¡ fh©»wh®.

¾¬tU« Étu§fËÈUªJ mªj KGik¤¾¬tU« Étu§fËÈUªJ mªj KGik¤¾¬tU« Étu§fËÈUªJ mªj KGik¤¾¬tU« Étu§fËÈUªJ mªj KGik¤¾¬tU« Étu§fËÈUªJ mªj KGik¤
bjhF½Æ¬ ruhrÇ k¦W« gut¦go ,t¦¿¬ ò´ËbjhF½Æ¬ ruhrÇ k¦W« gut¦go ,t¦¿¬ ò´ËbjhF½Æ¬ ruhrÇ k¦W« gut¦go ,t¦¿¬ ò´ËbjhF½Æ¬ ruhrÇ k¦W« gut¦go ,t¦¿¬ ò´ËbjhF½Æ¬ ruhrÇ k¦W« gut¦go ,t¦¿¬ ò´Ë
k½¥Õ£il¡ fh©f.k½¥Õ£il¡ fh©f.k½¥Õ£il¡ fh©f.k½¥Õ£il¡ fh©f.k½¥Õ£il¡ fh©f.

21.0 25.0 20.0 16.0 12.0 10.0 17.0 18.0 13.0 11.0

Ô®î :

  X X X-

X

        (X-

X

)2

21.0 16.3 4.7 22.09

25.0 16.3 8.7 75.69

20.0 16.3 3.7 13.69

16.0 16.3 -0.3 0.09

12.0 16.3 -4.3 18.49

10.0 16.3 -6.3 39.69

17.0 16.3 0.7 0.49

18.0 16.3 1.7 2.89

13.0 16.3 -3.3 10.89

11.0 16.3 -5.3 28.09

163.0 212.10
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TW ruhrÇ  

X

 = 

10

163X =Σ
n

 = 16.3

   TW gut¦go  s2 =

1

1

−n

Σ(X-

X

)2

=

1

10.212

−n

 = 23.5     (¼W§TW v¬gjh±)

TW ½£lÉy¡f« = 

5.23

 = 4.85

vdnt 16.3 k¦W«  23.5 v¬gd Kiwna KGik¤
bjhF½Æ¬ ruhrÇ k¦W« gut¦go ,itfS¡fhd ò´Ë
k½¥ÕLfshF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

xU g´ËÆ¬xU g´ËÆ¬xU g´ËÆ¬xU g´ËÆ¬xU g´ËÆ¬  khzt®fËÈUªJ khzt®fËÈUªJ khzt®fËÈUªJ khzt®fËÈUªJ khzt®fËÈUªJ 100

khzt®fis¡ bfh©l xU TW vL¡f¥gL»wJ.khzt®fis¡ bfh©l xU TW vL¡f¥gL»wJ.khzt®fis¡ bfh©l xU TW vL¡f¥gL»wJ.khzt®fis¡ bfh©l xU TW vL¡f¥gL»wJ.khzt®fis¡ bfh©l xU TW vL¡f¥gL»wJ.
T¿¬ ruhrÇ vil k¦W« gut¦go Kiwna T¿¬ ruhrÇ vil k¦W« gut¦go Kiwna T¿¬ ruhrÇ vil k¦W« gut¦go Kiwna T¿¬ ruhrÇ vil k¦W« gut¦go Kiwna T¿¬ ruhrÇ vil k¦W« gut¦go Kiwna 67.45

».». k¦W«».». k¦W«».». k¦W«».». k¦W«».». k¦W« 9 ».». MF«».». MF«».». MF«».». MF«».». MF«. m¥g´Ë khzt®fË¬ m¥g´Ë khzt®fË¬ m¥g´Ë khzt®fË¬ m¥g´Ë khzt®fË¬ m¥g´Ë khzt®fË¬
ruhrÇ vilÆ¬ k½¥Õ£oidruhrÇ vilÆ¬ k½¥Õ£oidruhrÇ vilÆ¬ k½¥Õ£oidruhrÇ vilÆ¬ k½¥Õ£oidruhrÇ vilÆ¬ k½¥Õ£oid (i) 95%  (ii) 99%

ÃiyfË± e«¾¡if v±iyfis¡ fh©f.ÃiyfË± e«¾¡if v±iyfis¡ fh©f.ÃiyfË± e«¾¡if v±iyfis¡ fh©f.ÃiyfË± e«¾¡if v±iyfis¡ fh©f.ÃiyfË± e«¾¡if v±iyfis¡ fh©f.

Ô®î :

     TW msî n = 100

   TW ruhrÇ X = 67.45

  TW gut¦go s2 = 9

TW ½£lÉy¡f«   s = 3

µ  v¬gJ KGik¤ bjhF½Æ¬ ruhrÇ

(i) µ ¡fhd 95% e«¾¡if v±iyf´

X

 + (Z
c
) 

n

s

⇒    67.45 + (1.96) 
100

3
(95% e«¾¡if k£l¤½±

Z
c
 = 1.96)

⇒ 67.45 + 0.588

      vdnt µ ¡fhd 95% e«¾¡if ,ilbtË  (66.86,  68.04)
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(ii) µ ¡fhd 99% e«¾¡if v±iyf´

X  + (Z
c
) 

n

s

⇒   67.45 + (2.58) 
100

3
   (99% e«¾¡if k£l¤½±

z
c
 = 2.58)

⇒ 67.45 + 0.774

      vdnt µ ¡fhd 99% e«¾¡if ,ilbtË  (66.67,  68.22)

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 8

X® ,a±Ãiy KGik¤ bjhF½ÆÈUªJX® ,a±Ãiy KGik¤ bjhF½ÆÈUªJX® ,a±Ãiy KGik¤ bjhF½ÆÈUªJX® ,a±Ãiy KGik¤ bjhF½ÆÈUªJX® ,a±Ãiy KGik¤ bjhF½ÆÈUªJ
vL¡f¥g£l msîvL¡f¥g£l msîvL¡f¥g£l msîvL¡f¥g£l msîvL¡f¥g£l msî 50 bfh©l TW x¬¿¬ ruhrÇbfh©l TW x¬¿¬ ruhrÇbfh©l TW x¬¿¬ ruhrÇbfh©l TW x¬¿¬ ruhrÇbfh©l TW x¬¿¬ ruhrÇ

67.9 MF«.  TW ruhrÇÆ¬ ½£l¥¾iH  MF«.  TW ruhrÇÆ¬ ½£l¥¾iH  MF«.  TW ruhrÇÆ¬ ½£l¥¾iH  MF«.  TW ruhrÇÆ¬ ½£l¥¾iH  MF«.  TW ruhrÇÆ¬ ½£l¥¾iH 0.7  vd¤vd¤vd¤vd¤vd¤
bjÇatªjh±/ KGik¤ bjhF½Æ¬ ruhrÇ¡fhd bjÇatªjh±/ KGik¤ bjhF½Æ¬ ruhrÇ¡fhd bjÇatªjh±/ KGik¤ bjhF½Æ¬ ruhrÇ¡fhd bjÇatªjh±/ KGik¤ bjhF½Æ¬ ruhrÇ¡fhd bjÇatªjh±/ KGik¤ bjhF½Æ¬ ruhrÇ¡fhd 95%

e«¾¡if ,ilbtËia¡ fh©f.e«¾¡if ,ilbtËia¡ fh©f.e«¾¡if ,ilbtËia¡ fh©f.e«¾¡if ,ilbtËia¡ fh©f.e«¾¡if ,ilbtËia¡ fh©f.

Ô®î :

n = 50, TW ruhrÇ X  = 67.9

KGik¤ bjhF½Æ¬ ruhrÇ µ ¡fhd 95% e«¾¡if

v±iyf´ : X

 + (Z
c
){S.E(

X

)}

⇒ 67.9 + (1.96) (

7.0

)

⇒ 67.9 + 1.64

       vdnt µ I k½¥ÕL br­tj¦FÇa 95% e«¾¡if v±iyf´

(66.2,  69.54) MF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 9

M¥¾´ FÉaÈÈUªJM¥¾´ FÉaÈÈUªJM¥¾´ FÉaÈÈUªJM¥¾´ FÉaÈÈUªJM¥¾´ FÉaÈÈUªJ  500 M¥¾´fis¡M¥¾´fis¡M¥¾´fis¡M¥¾´fis¡M¥¾´fis¡
bfh©l xU rkth­¥ò TW vL¤j½±bfh©l xU rkth­¥ò TW vL¤j½±bfh©l xU rkth­¥ò TW vL¤j½±bfh©l xU rkth­¥ò TW vL¤j½±bfh©l xU rkth­¥ò TW vL¤j½± 45 M¥¾´f´M¥¾´f´M¥¾´f´M¥¾´f´M¥¾´f´
mG»ÆUªjd. KGik¤ bjhF½ÆY´s mG»amG»ÆUªjd. KGik¤ bjhF½ÆY´s mG»amG»ÆUªjd. KGik¤ bjhF½ÆY´s mG»amG»ÆUªjd. KGik¤ bjhF½ÆY´s mG»amG»ÆUªjd. KGik¤ bjhF½ÆY´s mG»a
M¥¾´fS¡FÇa v±iyfis M¥¾´fS¡FÇa v±iyfis M¥¾´fS¡FÇa v±iyfis M¥¾´fS¡FÇa v±iyfis M¥¾´fS¡FÇa v±iyfis 99% e«¾¡ife«¾¡ife«¾¡ife«¾¡ife«¾¡if
k£l¤½± fh©f.k£l¤½± fh©f.k£l¤½± fh©f.k£l¤½± fh©f.k£l¤½± fh©f.
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Ô®î :

mG»a M¥¾´fË¬ É»j msÉ¦FÇa e«¾¡if
v±iyfis¡ fh©ngh«.

TW msî  n = 500

T¿Y´s mG»a M¥¾´fË¬ É»j msî = 
500

45
 = 0.09

p = 0.09

∴ T¿Y´s mGfhj (e±y ÃiyÆY´s) M¥¾´fË¬
É»j msî  q = 1 − p = 0.91.

KGik¤ bjhF½ÆY´s mG»a M¥¾´fË¬ É»j

msî P ¬ e«¾¡if v±iyf´

p + (Z
c
) 











n

pq

⇒  0.09 + (2.58) 
500

91.0)(09(.
 ⇒   0.09 + 0.033

(0.057, 0.123) ,Jnt njitahd ,ilbtË MF«.

vdnt bkh¤j¡ FÉaÈ± mG»a M¥¾´fË¬ rjÉj«
5.7% ÈUªJ  12.3% tiuÆ± ,U¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

bjhiy¡fh£¼ Ãf³¢¼fis¥ gh®¥ngh®fË±bjhiy¡fh£¼ Ãf³¢¼fis¥ gh®¥ngh®fË±bjhiy¡fh£¼ Ãf³¢¼fis¥ gh®¥ngh®fË±bjhiy¡fh£¼ Ãf³¢¼fis¥ gh®¥ngh®fË±bjhiy¡fh£¼ Ãf³¢¼fis¥ gh®¥ngh®fË±
1000 ngÇ±/ ngÇ±/ ngÇ±/ ngÇ±/ ngÇ±/ 320 ng®f´ xU F¿¥¾£l Ãf³¢¼ia¥ng®f´ xU F¿¥¾£l Ãf³¢¼ia¥ng®f´ xU F¿¥¾£l Ãf³¢¼ia¥ng®f´ xU F¿¥¾£l Ãf³¢¼ia¥ng®f´ xU F¿¥¾£l Ãf³¢¼ia¥
gh®¤jd®.  bjhiy¡fh£¼ fh©ngh® midtiuí«gh®¤jd®.  bjhiy¡fh£¼ fh©ngh® midtiuí«gh®¤jd®.  bjhiy¡fh£¼ fh©ngh® midtiuí«gh®¤jd®.  bjhiy¡fh£¼ fh©ngh® midtiuí«gh®¤jd®.  bjhiy¡fh£¼ fh©ngh® midtiuí«
bfh©l KGik¤ bjhF½ÆÈUªJ mªj Ãf³¢¼ia¥bfh©l KGik¤ bjhF½ÆÈUªJ mªj Ãf³¢¼ia¥bfh©l KGik¤ bjhF½ÆÈUªJ mªj Ãf³¢¼ia¥bfh©l KGik¤ bjhF½ÆÈUªJ mªj Ãf³¢¼ia¥bfh©l KGik¤ bjhF½ÆÈUªJ mªj Ãf³¢¼ia¥
gh®¤jt®fË¬ v©Â¡if¡fhd gh®¤jt®fË¬ v©Â¡if¡fhd gh®¤jt®fË¬ v©Â¡if¡fhd gh®¤jt®fË¬ v©Â¡if¡fhd gh®¤jt®fË¬ v©Â¡if¡fhd 95% e«¾¡if e«¾¡if e«¾¡if e«¾¡if e«¾¡if
v±iyfis¡ fh©f.v±iyfis¡ fh©f.v±iyfis¡ fh©f.v±iyfis¡ fh©f.v±iyfis¡ fh©f.

Ô®î :

TW msî  n = 1000

TW É»j msî  p = 
n
x

 = 
1000

320

= 0.32
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∴         q = 1 − p  = 0.68

S.E     (p) = 
n

pq

= 0.0147

KGik¤ bjhF½Æ¬ É»j msî P ¡fhd 95% e«¾¡if
v±iyf´:

p + (1.96)  S.E  (p) = 0.32 + 0.028

⇒ 0.292  k¦W«   0.348

∴ ,¡F¿¥¾£l Ãf³¢¼ia¥ gh®¤jt®fË¬ rjåj«
29.2% ÈUªJ  34.8% tiu MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

g´Ë khzt®f´ g´Ë khzt®f´ g´Ë khzt®f´ g´Ë khzt®f´ g´Ë khzt®f´ 1500 ng®fËÈUªJ ng®fËÈUªJ ng®fËÈUªJ ng®fËÈUªJ ng®fËÈUªJ 150 ng®ng®ng®ng®ng®
bfh©l TW x¬¿id¤ nj®ªbjL¤J tÂf¡bfh©l TW x¬¿id¤ nj®ªbjL¤J tÂf¡bfh©l TW x¬¿id¤ nj®ªbjL¤J tÂf¡bfh©l TW x¬¿id¤ nj®ªbjL¤J tÂf¡bfh©l TW x¬¿id¤ nj®ªbjL¤J tÂf¡
fÂj¤½Y´s fz¡F x¬¿¦F¤ Ô®î fhQ« ½w¬fÂj¤½Y´s fz¡F x¬¿¦F¤ Ô®î fhQ« ½w¬fÂj¤½Y´s fz¡F x¬¿¦F¤ Ô®î fhQ« ½w¬fÂj¤½Y´s fz¡F x¬¿¦F¤ Ô®î fhQ« ½w¬fÂj¤½Y´s fz¡F x¬¿¦F¤ Ô®î fhQ« ½w¬
m¿a nr hjid br ­ j½± m¿a nr hjid br ­ j½± m¿a nr hjid br ­ j½± m¿a nr hjid br ­ j½± m¿a nr hjid br ­ j½± 10 khzt®f´khzt®f´khzt®f´khzt®f´khzt®f´
jt¿iH¤jd®.  KGik¤ bjhF½ÆY´s jt¿iH¤jd®.  KGik¤ bjhF½ÆY´s jt¿iH¤jd®.  KGik¤ bjhF½ÆY´s jt¿iH¤jd®.  KGik¤ bjhF½ÆY´s jt¿iH¤jd®.  KGik¤ bjhF½ÆY´s 1500

khzt®fË± jt¿iH¥nghÇ¬ v©Â¡if¡fhdkhzt®fË± jt¿iH¥nghÇ¬ v©Â¡if¡fhdkhzt®fË± jt¿iH¥nghÇ¬ v©Â¡if¡fhdkhzt®fË± jt¿iH¥nghÇ¬ v©Â¡if¡fhdkhzt®fË± jt¿iH¥nghÇ¬ v©Â¡if¡fhd     99%

ÃiyÆ± e«¾¡if v±iyfis¡ fh©f.ÃiyÆ± e«¾¡if v±iyfis¡ fh©f.ÃiyÆ± e«¾¡if v±iyfis¡ fh©f.ÃiyÆ± e«¾¡if v±iyfis¡ fh©f.ÃiyÆ± e«¾¡if v±iyfis¡ fh©f.

Ô®î :

   KGik¤ bjhF½ , N = 1500

        TW msî, n  = 150

TW É»j«   p = 
150

10
 = 0.07

  ∴ q = 1−p  = 0.93

 p ¬ ½£l¥¾iH  SE (p) = 
n

pq
 = 0.02

KGik¤ bjhF½ É»j« P ¬ 99% e«¾¡if v±iyf´

p + (Z
c
) 

n

pq
  

1N

N

−
− n

⇒ 0.07 + (2.58) (0.02) 
11500

1501500

−
−

⇒ 0.07 + 0.048
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∴   P ¬ e«¾¡if ,ilbtË  (0.022 ,  0.118) MF«.

∴  1500 khzt®fË± jtwhf fz¡»id¢
br­jt®fË¬ v©Â¡ifahdJ 0.022 x 1500 = 33 k¦W«
0.118 x 1500 = 177 ,it ,u©o¦FÄilna mikí«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  9.3

1) nfhs« x¬¿¬ É£l¤½id É¨"hÅÆ¬ xUtuh±
msÉl¥g£L g½î br­a¥gL»wJ. 6.33, 6.37, 6.36, 6.32

k¦W« 6.37 Ä.Û. v¬w 5 g½îfis¡ bfh©l¡ TW x¬¿¬
(i) ruhrÇ,  (ii) gut¦go ,itfS¡fhd ò´Ë k½¥Õliy¡
fh©f.

2) ,aª½u« x¬¿dh± xU thu¤½± jahÇ¡f¥g£l ,U«ò
cU©ilfËÈUªJ 200 cU©ilfis¡ bfh©l xU TW
vL¡f¥gL»wJ.  m¡T¿Y´s cU©ilfË¬ ruhrÇ vil
0.824 Ãô£l¬ k¦W« ½£lÉy¡f« 0.042 Ãô£l¬f´ vÅ±
(i) 95%  (ii) 99% M»a ÃiyfË± cU©ilfË¬ ruhrÇ
vil¡F e«¾¡if v±iyfis¡ fh©f.

3) X® kht£l¤½Y´s 200 ghuj µnl£ t§»¡»isfË± 50

t§»¡»isfis xU rkth­¥ò Twhf¤ nj®ªbjL¤J M­î
br­j½±/ tUlhª½u ruhrÇ ,yhg« %.75 ,y£r« k¦W«
½£lÉy¡f« % .10 ,y£r« vd m¿a¥g£lJ.  200

»isfS¡Fkhd ruhrÇ ,yhg« mikí« e«¾¡if
v±iyfis 95% ÃiyÆ± fh©f.

4) 200 khzt®f´ fÂj ghl¤½± bg¦w k½¥bg©fËÈUªJ
50 khzt®f´ bg¦w k½¥bg©fis/ xU rkth­¥ò¡ Twhf¤
bjÇî br­j½±/ ruhrÇ k½¥bg©f´ 75 k¦W« ½£lÉy¡f«
10 vd m¿a¥g£lJ.  KGik¤ bjhF½Æ¬ ruhrÇ¡F
e«¾¡if v±iyfis  95% ÃiyÆ± fh©f.

5) 10000 tho¡ifahs®fË¬ fz¡F¥ g½ntLfË± c´s tuî
bryî g½îfis rÇ gh®¡F« bghU£L. 200

tho¡ifahs®fË¬ fz¡F¥ g½ntLfis¡ bfh©l xU
T¿id nrhjid br­j½±/ 35 g½îf´ jtwhdit vd¡
f©l¿a¥g£lJ. bkh¤j¥ g½ntLfËY´s jtwhd
g½îfË¬ v©Â¡if mikí« e«¾¡if ,ilbtËia 95%

ÃiyÆ± fh©f.
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6) X® kht£l¤½Y´s mid¤J th¡fhs®fËÈUªJ 100

th¡fhs®fis¡ bfh©l xU T¿id rkth­¥ò KiwÆ±

bjÇî br­J nrhjid nk¦bfh©l½±/ 55% ng®f´ xU

F¿¥¾£l nt£ghsiu MjÇ¤jJ bjÇa tªjJ.  mid¤J

th¡fhs®fË± m¡F¿¥¾£l nt£ghsiu MjÇ¥nghÇ¬ É»j

v©Â¡if mikí« e«¾¡if v±iyfis (i) 95% ,  (ii) 99%

M»a ÃiyfË± fh©f.

9.4  vLnfh´ nrhjidvLnfh´ nrhjidvLnfh´ nrhjidvLnfh´ nrhjidvLnfh´ nrhjid     (Hypothesis Testing)

X® KGik¤ bjhF½Æ¬ msitia k½¥Õl± br­tnjhL
k£LÄ¬¿ msitia¥ g¦¿a¡ T¦W c©ikahdjh vd
nrh½¥gJ« mt¼akh»wJ.  mjhtJ msitia¥ g¦¿a
vLnfhis nrh½¡f nt©oí´sJ.

nrh½¤j¿ªj ¾¬d® Koîfis vL¡f cjî«
fU¤J¡fis És¡F« tifÆ± X® cjhuz¤½id¡
fh©ngh«.

Ä¬ És¡Ffis jahÇ¡F« xUt®/ mt® jahÇ¡F«
g±òfË¬ ruhrÇ xËU« fhy msî (life time) 200 kÂ neu«
vd¡TW»¬wh®.  Ef®nth® ghJfh¥ò k¬w« x¬W mtÇ¬
T¦¿id nrhjid br­a ÉU«ò»¬wJ.  ruhrÇ xËU« fhy
msî 180 kÂ neu¤½¦F FiwthfÉU¥¾¬ jahÇ¥ghsÇ¬
T¦¿id V¦g½±iy vdî«/ m²th¿¬¿ ruhrÇ xËU« fhy
msî m½fkhdh±/ mtÇ¬ T¦¿id V¦gJ vdî«
Ô®khÅ¡»wJ. rkth­¥ò KiwÆ± bjÇî br­a¥g£l 50 Ä¬
És¡FfË¬ xËU« fhy msit bjhl®¢¼ahf nrhjid
br­a¥g£lJ.  ,ªj cjhuz¤½±/ xËU« fhy msî 200 kÂ
neu« v¬w T¦¿id nrhjid¡fhd vLnfhshf¡ bfh´nth«.

vdnt vLnfh´  (Hypothesis) v¬gJ X® KGik¤
bjhF½Æ¬ msitia¥ g¦¿a¡ T¦W MF«.  XU KGik¤
bjhF½ÆÈUªJ TW x¬¿id¢ rkth­¥ò KiwÆ± bjÇî
br­J/ T¿¬ msit¡ fz¡»LjÈ¬ _y«
KGik¤bjhifÆ¬ msitia¥ g¦¿a vLnfh´
c©ikahdjh vd m¿ayh«.
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9.4.1  kW¡f¤j¡f vLnfh´ k¦W« kh¦W vLnfh´kW¡f¤j¡f vLnfh´ k¦W« kh¦W vLnfh´kW¡f¤j¡f vLnfh´ k¦W« kh¦W vLnfh´kW¡f¤j¡f vLnfh´ k¦W« kh¦W vLnfh´kW¡f¤j¡f vLnfh´ k¦W« kh¦W vLnfh´
(Null Hypothesis and Alternative Hypothesis)

vLnfh´ nrhjida¿jÈ±/ vLnfhS¡FÇa T¦W m±yJ
KGik¤ bjhF½ msitÆ¬ njhuha k½¥¾id (assumed value)

TbwL¤jY¡F K¬ng F¿¥¾l± nt©L«.

TW ò´ËÉtu§fis¡ bfh©L nrhjid mo¥gilÆ±
bgw¥gL« Koit¡ bfh©L/ ÃuhfÇ¡f VJthf¡
TbwL¤jY¡F K¬ghfnt ô»¡f¥gL«  KGik¤ bjhF½
msitia¥ g¦¿a ò´ËÆa± rh®ªj T¦¿id kW¡f¤j¡f
vLnfh´ (null hypothesis) v¬ngh«.

TW msit¡F«/ KGik¤bjhF½Æ¬ msit¡F«
ntWgho±iy v¬gijí«/ m²th¿¬¿ ntWghoU¥¾¬ mJ
TbwL¤jÈ¬ ¾iHÆdh± jh¬ v¬gijí« kW¡f¤j¡f
vLnfh´ cz®¤J»¬wJ.

kW¡f¤j¡f vLnfhS¡F kh¦whd vLnfhis kh¦W
vLnfh´ (alternative hypothesis) v¬ngh«.

mjhtJ kh¦W vLnfhshdJ kW¡f¤j¡f vLnfhS¡F
Ãu¥ò (complementary) MF«.

kW¡f¤j¡f vLnfhis H
0
 vdî«  kh¦W vLnfhis H

1

vdî« F¿¥ngh«.

cjhuzkhf/ ,uhQt  åu®fË¬ ruhrÇ cau« 173 br.Û.
vD« kW¡f¤j¡f vLnfhis¢ nrh½¡f nt©Lkhdh±/

H
0
 : µ = 173 = µ

0

H
1
 : µ ≠ 173 ≠ µ

0
  vd¡F¿¥ngh«.

9.4.2 ¾iHfË¬ tiff´¾iHfË¬ tiff´¾iHfË¬ tiff´¾iHfË¬ tiff´¾iHfË¬ tiff´ (Types of errors)

xU vLnfhis¢ nrh½¡f KGik¤ bjhF½ÆÈUªJ TW
x¬¿id¡ fUJnth«.  m½ÈUªJ bgw¥gL« KoÉ¦nf¦g/ mªj
vLnfhis V¦fnth m±yJ ÃuhfÇ¡fnth br­nth«.
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m¥bghGJ ,U tifahd ¾iHf´ ÃfHyh«. kW¡f¤j¡f
vLnfh´ c©ikahf ,U¡F« bghGJ mJ ÃuhfÇ¡fglyh«.
,¤jifa ¾iHia/ Kj±tif¥¾iH (Type I error) v¬ngh«.
Kj±tif ¾iH V¦gLtj¦fhd Ãf³jfÉid  α
vd¡F¿¥ngh«.

khwhf/ kW¡f¤j¡f vLnfh´ c©ika¦wjhf (false)

,U¡F«bghGJ/ mjid c©ik vd V¦W¡ bfh´tjh± ¾iH
ÃfHyh«.  ,¥¾iHia ,u©lh« tif¥ (Type II error) ¾iH
v¬ngh«.  ,u©lh« tif¥ ¾iH V¦gLtj¦fhd Ãf³jfÉid
β vd¡F¿¥ngh«.

¾iHf´ V¦gLjiy ¾¬tU« m£ltidÆ± És¡fyh«.

c©ikahd TbwL¤jyh±       ¾iHf´ k¦W«
»il¡F« Koî mitfË¬

Ãf³jfîf´

H
0
 MdJ c©ik H

0
 I ÃuhfÇ¤j± Kj±tif ¾iH ;

α = P{H
1
 / H

0
}

H
0
 MdJ jtW          H

0
 I     ,u©lh« tif ¾iH ;

V¦W¡bfh´Sj± β = P{H
0
 / H

1
}

9.4.3 ÃuhfÇ¥ò¥ gF½ m±yJ Ô®î fh£L« gF½ÃuhfÇ¥ò¥ gF½ m±yJ Ô®î fh£L« gF½ÃuhfÇ¥ò¥ gF½ m±yJ Ô®î fh£L« gF½ÃuhfÇ¥ò¥ gF½ m±yJ Ô®î fh£L« gF½ÃuhfÇ¥ò¥ gF½ m±yJ Ô®î fh£L« gF½
(Critical region) k¦W« K¡»a¤Jt k£l« k¦W« K¡»a¤Jt k£l« k¦W« K¡»a¤Jt k£l« k¦W« K¡»a¤Jt k£l« k¦W« K¡»a¤Jt k£l«     (level

of significance)

TWbtËÆ± v¥gF½Æ± kW¡f¤j¡f vLnfh´
ÃuhfÇ¡f¥gL»¬wnjh/ m¥gF½ia ÃuhfÇ¥ò¥ gF½ (critical

region) v¬ngh«.

KGik¤ bjhF½Æ¬ msitia¥ g¦¿a kW¡f¤j¡f
k¦W« kh¦W vLnfh´fis mik¤j ¾wF/ KGik¤
bjhF½ÆÈUªJ TW x¬¿id vL¥ngh«.  T¿¬ msitÆ¬
k½¥¾id¡ fz¡»£L m«k½¥¾id/ fU¤½± bfh´s¥g£l
KGik¤ bjhF½Æ¬ msitnahL x¥¾Lnth«.
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¾¬d®/ kW¡f¤j¡f vLnfhis V¦f m±yJ ÃuhfÇ¡f
nt©o/ ¼y É½fis (criteria) Ô®khÅ¡f nt©L«.  ,ªj
É½f´ k½¥òfË¬ å¢rhf (a, b) ngh¬w ,ilbtË thÆyhf
F¿¡f¥gL»¬wJ.  TW msitÆ¬ k½¥ò (a, b) vD«
,ilbtË¡F btËna mikªjh±/ kW¡f¤j¡f vLnfh´
ÃuhfÇ¡f¥gL«.

TW msitÆ¬ k½¥ghdJ ,ilbtË (a, b) ¡F c´ns
mikªjh±    H

0
  V¦f¥gL»wJ.  mjhtJ kW¡f¤j¡f vLnfh´

V¦f¥gL»wJ.  ,¤jifa f£L¥ghLfis K¡»a¤Jt
k£l¤½¦nf¦g (Level of significance) Koî br­ant©L«.

5% K¡»a¤Jt Ãiy MdJ TWfËÈUªJ bgw¥gL«
msitÆ¬ k½¥òfË± 5% k½¥òf´ (a, b) ,ilbtË¡F
btËnaí« 95% k½¥òf´ (a, b) ,ilbtË¡F c´nsí«
mik»¬wd v¬gij¡ F¿¡F«.

vdnt K¡»a¤Jt Ãiy MdJ Kj±tif¥ ¾iH¡fhd
Ãf³jfÉid¡ F¿¡F«.  tH¡fkhf 5% k¦W« 1% Ãiyfis/
K¡»a¤Jt Ãiyfshf vLnfh´ nrhjidÆ± vL¤J¡
bfh´nth«.

vLnfh´ nrhjidÆ± ca® K¡»a¤Jt Ãiyia vL¤J¡
bfh´tJ/ kW¡f¤j¡f vLnfh´ c©ikahf ,U¡F« bghGJ
ÃuhfÇ¥gj¦fhd Ãf³jfî m½fkhF« v¬gij¡ F¿¡F«.

9.4.4 K¡»a¤Jt¢ nrhjidK¡»a¤Jt¢ nrhjidK¡»a¤Jt¢ nrhjidK¡»a¤Jt¢ nrhjidK¡»a¤Jt¢ nrhjid (Test of significance)

K¡»a¤Jt¢ nrhjidfis (i) bgU§TWfS¡fhd
nrhjid (ii) ¼W§TWfS¡fhd nrhjid  vd ,U
tiffshf¥ ¾Ç¡fyh«.

T¿¬ msî bgÇajhf (n>30) ,U¡F« bghGJ/ <UW¥ò/
gh­r¬ ngh¬w gut±f´ ,a±Ãiy gutY¡F¤
njhuhakh¡f¥gL»¬wd.  vdnt ,a±Ãiy¥ gutiy vLnfh´
nrhjid¡F¥ ga¬gL¤j ,aY«.

½£l ,a±Ãiy¥ gut± kh¿ Z ¬ 5% ÃiyÆ± ÃuhfÇ¥ò
gF½  | Z | > 1.96 k¦W« V¦ò¥gF½  | Z | < 1.96 MF«.  nkY« Z
¡F 1% ÃiyÆ± ÃuhfÇ¥ò¥gF½  | Z | > 2.58 k¦W« V¦ò¥ gF½
| Z | < 2.58 MF«.
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vLnfh´ nrhjid¡F nk¦bfh´s nt©oa 5 gof´ :

(i) kW¡f¤j¡f vLnfh´ k¦W« kh¦W vLnfhis mik¤j±

(ii) V¦òila K¡»a¤Jt Ãiy (level of significance) mik¤j±

(iii) ò´ËÆa± nrhjid¡fhd f£L¥ghLfis¡ bfh©L
nrhjid msitia (testing statistic) Ô®khÅ¤j±

(iv) kW¡f¤j¡f vLnfhS¡FÇa ÃuhfÇ¥ò¥ gF½ia
mik¤j±

(v) Koî fhz±

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 12

bjhÊ¦rhiy x¬¿dh± jahÇ¡f¥g£lbjhÊ¦rhiy x¬¿dh± jahÇ¡f¥g£lbjhÊ¦rhiy x¬¿dh± jahÇ¡f¥g£lbjhÊ¦rhiy x¬¿dh± jahÇ¡f¥g£lbjhÊ¦rhiy x¬¿dh± jahÇ¡f¥g£l 50 Ä¬Ä¬Ä¬Ä¬Ä¬
És¡FfË¬ ruhrÇ xËU« fhy msîÉs¡FfË¬ ruhrÇ xËU« fhy msîÉs¡FfË¬ ruhrÇ xËU« fhy msîÉs¡FfË¬ ruhrÇ xËU« fhy msîÉs¡FfË¬ ruhrÇ xËU« fhy msî (life time) 825

kÂ neu« k¦W« ½£l Éy¡f« kÂ neu« k¦W« ½£l Éy¡f« kÂ neu« k¦W« ½£l Éy¡f« kÂ neu« k¦W« ½£l Éy¡f« kÂ neu« k¦W« ½£l Éy¡f« 110 kÂ neu«kÂ neu«kÂ neu«kÂ neu«kÂ neu«
vd k½¥¾l¥ gL»wJ .   bjhÊ¦rhiyÆ±vd k½¥¾l¥ gL»wJ .   bjhÊ¦rhiyÆ±vd k½¥¾l¥ gL»wJ .   bjhÊ¦rhiyÆ±vd k½¥¾l¥ gL»wJ .   bjhÊ¦rhiyÆ±vd k½¥¾l¥ gL»wJ .   bjhÊ¦rhiyÆ±
jahÇ¡f¥gL« mid¤J Ä¬ És¡FfS¡F« ruhrÇjahÇ¡f¥gL« mid¤J Ä¬ És¡FfS¡F« ruhrÇjahÇ¡f¥gL« mid¤J Ä¬ És¡FfS¡F« ruhrÇjahÇ¡f¥gL« mid¤J Ä¬ És¡FfS¡F« ruhrÇjahÇ¡f¥gL« mid¤J Ä¬ És¡FfS¡F« ruhrÇ
xËU« fhy msîxËU« fhy msîxËU« fhy msîxËU« fhy msîxËU« fhy msî µµµµµ vÅ±vÅ±vÅ±vÅ±vÅ± µµµµµ = 900 kÂ neu« v¬wkÂ neu« v¬wkÂ neu« v¬wkÂ neu« v¬wkÂ neu« v¬w
vLnfhisvLnfhisvLnfhisvLnfhisvLnfhis 5% K¡»a¤Jt k£l¤½± nrh½¡f.K¡»a¤Jt k£l¤½± nrh½¡f.K¡»a¤Jt k£l¤½± nrh½¡f.K¡»a¤Jt k£l¤½± nrh½¡f.K¡»a¤Jt k£l¤½± nrh½¡f.

Ô®î :

kW¡f¤j¡f vLnfh´ H
0
 : µ = 900

          kh¦W vLnfh´ H
1
 : µ ≠ 900

nrhjid msit  Z  MdJ ½£l ,a±Ãiy kh¿ahF«.

H
0 
-¡F  Z = 

n

σ

µ−X
 ,§F TW ruhrÇ X  MF« σ MdJ

KGik¤ bjhF½Æ¬ ½£lÉy¡f«.

        = 

n

s

µ−X

   bgW§TW¡F  σ = s vd¡ fUjyh«

        = 

50

110

900825 −
= −4.82.

∴  | Z | = 4.82

K¡»a¤Jt k£l«,  α = 0.05  m±yJ 5%
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ÃuhfÇ¥ò¥ gF½   | Z | > 1.96

V¦ò¥ gF½ | Z | < 1.96

fz¡»l¥g£l Z ¬ k½¥ò 1.96 I Él bgÇa v©zhF«.

Koî : fz¡»l¥g£l Z ¬ k½¥ò 4.82 MdJ ÃuhfÇ¥ò¥
gF½Æ± c´sJ. vdnt kW¡f¤j¡f vLnfh´
ÃuhfÇ¥gL»wJ.

∴ Mfnt KGik¤ bjhF½ÆY´s Ä¬ És¡FfË¬
ruhrÇ xËU« fhy msî 900 kÂ neu« v¬w T¦¿id V¦f
,ayhJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 13

X® ÃWtd« fh® la®fis jahÇ¤J/ É¦gidX® ÃWtd« fh® la®fis jahÇ¤J/ É¦gidX® ÃWtd« fh® la®fis jahÇ¤J/ É¦gidX® ÃWtd« fh® la®fis jahÇ¤J/ É¦gidX® ÃWtd« fh® la®fis jahÇ¤J/ É¦gid
br­»wJ. la®fË¬ Mí£fhy« ruhrÇbr­»wJ. la®fË¬ Mí£fhy« ruhrÇbr­»wJ. la®fË¬ Mí£fhy« ruhrÇbr­»wJ. la®fË¬ Mí£fhy« ruhrÇbr­»wJ. la®fË¬ Mí£fhy« ruhrÇ 50000 ».Û.».Û.».Û.».Û.».Û.
k¦W« ½£l Éy¡f«k¦W« ½£l Éy¡f«k¦W« ½£l Éy¡f«k¦W« ½£l Éy¡f«k¦W« ½£l Éy¡f«  2000 ».Û. vd¡ bfh©l».Û. vd¡ bfh©l».Û. vd¡ bfh©l».Û. vd¡ bfh©l».Û. vd¡ bfh©l
,a±Ãiy¥ gutyhf c´sJ. la®fis ò½a,a±Ãiy¥ gutyhf c´sJ. la®fis ò½a,a±Ãiy¥ gutyhf c´sJ. la®fis ò½a,a±Ãiy¥ gutyhf c´sJ. la®fis ò½a,a±Ãiy¥ gutyhf c´sJ. la®fis ò½a
KiwÆ± jahÇ¤jh± É¦gid bgUf th­¥ò´sjhfKiwÆ± jahÇ¤jh± É¦gid bgUf th­¥ò´sjhfKiwÆ± jahÇ¤jh± É¦gid bgUf th­¥ò´sjhfKiwÆ± jahÇ¤jh± É¦gid bgUf th­¥ò´sjhfKiwÆ± jahÇ¤jh± É¦gid bgUf th­¥ò´sjhf
mªÃWtd« fUJ»wJ. nrhjid KiwÆ± mªÃWtd« fUJ»wJ. nrhjid KiwÆ± mªÃWtd« fUJ»wJ. nrhjid KiwÆ± mªÃWtd« fUJ»wJ. nrhjid KiwÆ± mªÃWtd« fUJ»wJ. nrhjid KiwÆ± 64 ò½aò½aò½aò½aò½a
la®fË¬ ruhrÇ Mí£fhy«la®fË¬ ruhrÇ Mí£fhy«la®fË¬ ruhrÇ Mí£fhy«la®fË¬ ruhrÇ Mí£fhy«la®fË¬ ruhrÇ Mí£fhy«  51250 ».Û . vd¡».Û . vd¡».Û . vd¡».Û . vd¡».Û . vd¡
f©l¿a¥gL»wJ. TW ruhrÇahdJ KGik¤f©l¿a¥gL»wJ. TW ruhrÇahdJ KGik¤f©l¿a¥gL»wJ. TW ruhrÇahdJ KGik¤f©l¿a¥gL»wJ. TW ruhrÇahdJ KGik¤f©l¿a¥gL»wJ. TW ruhrÇahdJ KGik¤
bjhF½ ruhrÇÆÈUªJ F¿¥¾l¤j¡f tifÆ±bjhF½ ruhrÇÆÈUªJ F¿¥¾l¤j¡f tifÆ±bjhF½ ruhrÇÆÈUªJ F¿¥¾l¤j¡f tifÆ±bjhF½ ruhrÇÆÈUªJ F¿¥¾l¤j¡f tifÆ±bjhF½ ruhrÇÆÈUªJ F¿¥¾l¤j¡f tifÆ±
khWg£L´sjh vdkhWg£L´sjh vdkhWg£L´sjh vdkhWg£L´sjh vdkhWg£L´sjh vd  5% ÃiyÆ± nrh½¡f.ÃiyÆ± nrh½¡f.ÃiyÆ± nrh½¡f.ÃiyÆ± nrh½¡f.ÃiyÆ± nrh½¡f.

Ô®î :

TW msî,  n = 64

TW ruhrÇ  

X

= 51250

H
0
 : KGik¤ bjhF½Æ¬ ruhrÇ µ  =  50000

H
1
 :  µ ≠ 50000

H
0 
¡F nrhjid msit Z = 

n

σ

µ−X

~ N(0, 1)

Z = 

64

2000

5000051250 −
 = 5

fz¡»l¥g£l Z -¬ k½¥ò 1.96 I Él bgÇa v©zhf
,U¥gjh± Z -¬ k½¥ò K¡»akh»wJ.
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∴ H
0
 : µ = 50000   ÃuhfÇ¡f¥gL»wJ.

mjhtJ TW ruhrÇahdJ KGik¤ bjhF½Æ¬
ruhrÇÆÈUªJ F¿¥¾l¤j¡f msÉ± khWgL»wJ.

∴ ÃWtd¤½¬ T¦whd ò½a jahÇ¥òf´ j¦nghija
jahÇ¥òfisÉl ¼wªjJ v¬gij V¦W¡bfh´»nwh«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 14

400 khzt®fis¡ bfh©l T¿ÈUªJ/khzt®fis¡ bfh©l T¿ÈUªJ/khzt®fis¡ bfh©l T¿ÈUªJ/khzt®fis¡ bfh©l T¿ÈUªJ/khzt®fis¡ bfh©l T¿ÈUªJ/
mt®fË¬ ruhrÇ cau«mt®fË¬ ruhrÇ cau«mt®fË¬ ruhrÇ cau«mt®fË¬ ruhrÇ cau«mt®fË¬ ruhrÇ cau«  171.38 br .Û .  vdbr .Û .  vdbr .Û .  vdbr .Û .  vdbr .Û .  vd
m¿a¥g£lJ. ruhrÇ cau«m¿a¥g£lJ. ruhrÇ cau«m¿a¥g£lJ. ruhrÇ cau«m¿a¥g£lJ. ruhrÇ cau«m¿a¥g£lJ. ruhrÇ cau« 171.17 br.Û. k¦W« ½£lbr.Û. k¦W« ½£lbr.Û. k¦W« ½£lbr.Û. k¦W« ½£lbr.Û. k¦W« ½£l
Éy¡f«Éy¡f«Éy¡f«Éy¡f«Éy¡f«  3.3 br .Û .  vd¡ bfh©l KGik¤br .Û .  vd¡ bfh©l KGik¤br .Û .  vd¡ bfh©l KGik¤br .Û .  vd¡ bfh©l KGik¤br .Û .  vd¡ bfh©l KGik¤
bjhF½ÆÈUªJ m¡TW vL¡f¥g£ljhf¡ fUjyhkhbjhF½ÆÈUªJ m¡TW vL¡f¥g£ljhf¡ fUjyhkhbjhF½ÆÈUªJ m¡TW vL¡f¥g£ljhf¡ fUjyhkhbjhF½ÆÈUªJ m¡TW vL¡f¥g£ljhf¡ fUjyhkhbjhF½ÆÈUªJ m¡TW vL¡f¥g£ljhf¡ fUjyhkh
vd Muh­fvd Muh­fvd Muh­fvd Muh­fvd Muh­f (5% K¡»a¤Jt k£l¤½± nrh½¡fK¡»a¤Jt k£l¤½± nrh½¡fK¡»a¤Jt k£l¤½± nrh½¡fK¡»a¤Jt k£l¤½± nrh½¡fK¡»a¤Jt k£l¤½± nrh½¡f)

Ô®î :

T¿¬ msî, n = 400

        TW ruhrÇ

X

 = 171.38

KGik¤ bjhF½ ruhrÇ µ =171.17

T¿¬ ½£l Éy¡f« = s.

KGik¤ bjhF½Æ¬ ½£l Éy¡f«  σ = 3.3

H
0
 : µ = 171.38 vd¡ bfh´nth«.

nrhjid msit  Z  = 

n

σ

µ−X

~ N (0, 1)

 = 

n

σ

µ−X
  = 

400

3.3

17.17138.171 −
  = 1.273

| Z | = 1.273 < 1.96

vdnt 5% K¡»a¤Jt ÃiyÆ± kW¡f¤j¡f vLnfhis
V¦W¡bfh´»nwh«.

Mfnt ruhrÇ cau« 171.17 br.Û. cila KGik¤
bjhF½ÆÈUªJ 400 cW¥òfis¡ bfh©l bfhL¡f¥g£l¡
TW vL¡f¥g£ljhf¡ fUjyh«.
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  9.4

1) 1600 ¼Wt®fis¡ bfh©l TW x¬¿ÈUªJ mt®fË¬

ruhrÇ E©z¿î <î (I.Q) 99 MF«.  ruhrÇ E©z¿î <î
100 k¦W« ½£l Éy¡f«  15 vdî« bfh©l KGik¤

bjhF½ÆÈUªJ m¡TW vL¡f¥g£ljh vd nrh½¡fî«. (5%

K¡»a¤Jt k£l¤½±)

2) xU F¿¥¾£l »uhk¤½± c´st®fË¬ ruhrÇ tUkhd«
%.6000 k¦W« gut¦go %.32400 MF«. ruhrÇ tUkhd«

%.5950 vd¡ bfh©l 64 eg®f´ ml§»a TW x¬W mªj
KGik¤ bjhF½ÆÈUªJ bgw¥g£ljh vd 5% k¦W« 1%

K¡»a¤Jt ÃiyfË± nrh½¡fî«.

3) xU F¿¥¾£l ¾Çit¢ rh®ªj eg®fËÈUªJ 36 eg®fis¡
bfh©L rkth­¥ò¡ TW vL¡f¥g£lJ. mt®fË¬ tUl

bkh¤j tUkhd« ¾¬tUkhW:

tUkhd« (%gh­ MÆu§fË±)

6.5 10.5 12.7 13.8 13.2 11.4

5.5 8.0 9.6 9.1 9.0 8.5

4.8 7.3 8.4 8.7 7.3 7.4

5.6 6.8 6.9 6.8 6.1 6.5

4.0 6.4 6.4 8.0 6.6 6.2

4.7 7.4 8.0 8.3 7.6 6.7

T¿¬ Étu§fË¬ mo¥gilÆ± tUlhª½u ruhrÇ tUkhd«
%. 10,000 bfh©l m¥¾Çit¢ rh®ªj eg®fsl§»a KGik¤

bjhF½ÆÈUªJ ,¡TW vL¡f¥g£ljh vd 5% K¡»a¤Jt
ÃiyÆ± nrh½¡f.

4) ò½a nghdµ ½£l¤ij 60% bjhÊyhs®f´ MjÇ¡»¬wd®
v¬w Ã®thf¤½¬ T¦¿id nrh½¤j¿í« bghU£L 150

ng®fsl§»a rkth­¥ò¡ TW x¬¿id¤ bjÇî br­J/
mt®fË¬ fU¤J¡ nf£f¥g£lJ.  150 ng®fË±  55

bjhÊyhs®f´ k£Lnk ò½a nghdµ ½£l¤ij MjÇ¥gJ
bjÇa tªjJ vÅ± Ã®thf¤½¬ T¦iw 1% K¡»a¤Jt

k£l¤½± nrh½¡f.
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.5

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f

1) TW ruhrÇÆ¬ ½£l¥¾iH
(a) Kj±tif¥ ¾iH (b) ,u©lh« tif¥ ¾iH

(c) ruhrÇÆ¬ TbwL¥ò¥ gutÈ¬ ½£lÉy¡f«

(d) ruhrÇfË¬ TbwL¥ò¥ gutÈ¬ gut¦go

2) ½£lÉy¡f« 32 vd¡bfh©l KGik¤ bjhF½ÆÈUªJ 64

msî´s xU rkth­¥ò¡ TbwL¤jh±/ ruhrÇÆ¬ ½£l¥¾iH
(a) 0.5 (b) 2 (c) 4 (d) 32

3) ika v±iy¤ nj¦w¥go/ ruhrÇfË¬ TbwL¥ò¥ gut± MdJ
xU ,a±Ãiy gutiy¥ bgw ¾¬tUtdt¦¿± vJ
c©ikahf ,U¡f nt©L«.

(a) KGik¤ bjhF½Æ¬ msî m½fÇ¡F«bghGJ
(b) T¿¬ msî m½fÇ¤J bgU§Twhf khW«bghGJ
(c) TWfË¬ v©Â¡if m½fÇ¡F«bghGJ
(d) TW msî Fiwí«bghGJ

4) KGik¤ bjhF½ msitia k½¥ÕL br­í«bghGJ 95%

e«gf ,ilbtËia¥ bgw ga¬gL¤j¥gL« Z ¬ k½¥ò

(a) 1.28 (b) 1.65 (c) 1.96 (d) 2.58

5) kW¡f¤j¡f vLnfh´ c©ikahf ,UªJ/ ÃuhfÇ¡f¥gL
tj¦FÇa Ãf³jfî

(a) Kj±tif¥ ¾iH (b) ,u©lh« tif¥¾iH

(c) TbwL¥ò¥ ¾iH (d) ½£l¥ ¾iH

6) ¾¬tUtdt¦W´ vJ c©ik?

(a) ò´Ë k½¥ÕL MdJ/ gy k½¥ò¡fis¡ bfh©l xU
å¢rrhf ju¥gL»wJ.

(b) TW msitia k½¥¾lnt TbwL¤j± br­a¥gL»wJ.

(c) KGik¤ bjhF½ msitia k½¥¾l TbwL¥ò br­a¥
gL»wJ.

(d) Koîwh bjhF½Æ± TbwL¤j± ,ayhJ.

7) 10 Ef®nth®fËÈUªJ 2 Ef®nth®fis¤ bjÇî br­í«
tÊfË¬ v©Â¡if
(a) 90 (b) 60 (c) 45 (d) 50
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10.1  neÇa ½£lÄl± neÇa ½£lÄl± neÇa ½£lÄl± neÇa ½£lÄl± neÇa ½£lÄl± (Linear Programming)

bjhÊyhs®f´/ _y¥bghU´f´/ ,aª½u§f´/ _yjd«
ngh¬w X® msî¡F c£g£l ts Mjhu§fis¡ bfh©L
bghU´fË¬ c¦g¤½/ nritf´/ F¿¥¾£l ntiyf´/ ½£l
bra±ghLfS¡F mt¦¿¬ Mjha K¡»a¤Jt mo¥gilÆ±
m½f¥goahd Mjha« bgW« tifÆ± g»®ªjË¡F«
bghJthd c¤½ neÇa ½£lÄl± MF«.  ½£lÄL« fhy¤½±
Mjhu§f´ »il¥gJ mÇjhf ,U¥gij X® msî¡F c£g£l
Mjhu§f´ v¬W F¿¥¾L»nwh«.  Mjha K¡»a¤Jt mo¥gil
v¬gJ bra± M¡f«/ Kjä£o¬ gy¬/ ga¬ghL/ neu«/ öu«
ngh¬wt¦iw¡ F¿¡F«.  neÇa± v¬w brh± X® totik¥¾±
c´s ,u©L m±yJ mj¦F nk¦g£l kh¿fË¬ rÇrkåj
bjhl®ig¡ F¿¡F«. g±ntW bra±½£l§fËÈUªJ x¬iw¤
bjÇî br­í« Kiwia¤ ½£lÄl± v¬»nwh«.  nkyh©ik
bra±ghLfË± ¼wªj Ô®khd§f´ vL¡f neÇa± ½£lÄl±
bgÇJ« gaD´s c¤½ahF«.

10.1.1  neÇa ½£lÄl± fz¡»¬neÇa ½£lÄl± fz¡»¬neÇa ½£lÄl± fz¡»¬neÇa ½£lÄl± fz¡»¬neÇa ½£lÄl± fz¡»¬ (LPP) f£lik¥òf£lik¥òf£lik¥òf£lik¥òf£lik¥ò

`neÇa ½£lÄl±p v¬w totik¥ò Ñ³tU« _¬W
mo¥gil¡ TWfis bfh©L´sJ :

(i) njitahd Ô®khd kh¿f´ (Decision variables)

(ii) cfk (bgUk m±yJ ¼Wk) k½¥ò¥ bgW« F¿¡nfh´
(objective)

(iii) Ãiwî br­a¥gl nt©oa f£L¥ghLf´ (constraints)

10.1.2  neÇa ½£lÄl± fz¡if cUth¡Fj±neÇa ½£lÄl± fz¡if cUth¡Fj±neÇa ½£lÄl± fz¡if cUth¡Fj±neÇa ½£lÄl± fz¡if cUth¡Fj±neÇa ½£lÄl± fz¡if cUth¡Fj±

neÇa ½£lÄl± fz¡if xU fÂj kh½Çahf
mik¥gj¦F Ñ³tU« tÊKiwfis¡ ifahSnth«.

ga‹gh£L¥ òŸËÆaš 10
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go 1 : njitahd K¡»a Ô®khd§f´ »il¤½l
bfhL¡f¥g£l N³Ãiyia M­ªj¿a nt©L«.

go 2 : m½Y´s kh¿fis f©l¿ªJ mitfis x
j
(j = 1, 2 ...)

vd¡ F¿¤j± nt©L«.

go 3 : fz¡»a± thÆyhf V¦òila¤ Ô®îfis¡ F¿¡f/
bghJthf ,ªj kh¿fis  x

j
 > 0 (v±yh  j  ¡fS¡F«)

vd F¿¥gJ tH¡f«.

go 4 : fz¡»± c´s f£L¥ghLfS¡F V¦wh¦ngh± Ô®khd
kh¿fis¡ bfh©L mrk¬ghLfis m±yJ
rk¬ghLfis mik¡f nt©L«.

go 5 : F¿¡nfh´ rh®ig ,d« f©L mij Ô®khd kh¿fË¬
neÇa¢ rh®ghf vGj nt©L«.

10.1.3  neÇa ½£lÄlÈ¬ ga¬ghLf´neÇa ½£lÄlÈ¬ ga¬ghLf´neÇa ½£lÄlÈ¬ ga¬ghLf´neÇa ½£lÄlÈ¬ ga¬ghLf´neÇa ½£lÄlÈ¬ ga¬ghLf´
neÇa ½£lÄl± gy JiwfË± ga¬gL»wJ. mitfË±
¼yt¦iw¡ fh©ngh«.

(i) ngh¡Ftu¤J : c¦g¤½ br­a¥g£l ,l¤½ÈUªJ c¦g¤½
br­a¥g£l bghUis njitahd bt²ntW ,l§fS¡F
g»®ªJ mË¥gj¦fhf ½£l« tF¤j±

(ii) x¥gil¥ò :  m½fg£r msî ½w¬ btË¥gLkhW/
eg®fËilna ntiyia¥ g»®j±.

(iii) É¦gid¢ bryî : bkh¤j¢ bryit ¼Wkkhf ,U¡F«
tifÆ± g±ntW ,l§fS¡F br±y nt©oa
É¦gidahsU¡F Û¢¼W bjhiyî bfh©l
tÊ¤jl¤ij¡ fhz±.

(iv) KjäL : ,l®ghLfis¡ Fiw¤J Mjha¤ij m½gL¤j
_yjid¤ij bt²ntW bra±ghLfS¡F¥ g»®j±.

(v) Étrha« :  c¦g¤½Æ¬ msit bgUkkh¡f Ãy§fis
bt²ntW gF½fshf¥ ¾Ç¤J bfhL¤j±.

10.1.4 ¼y K¡»a tiuaiwf´¼y K¡»a tiuaiwf´¼y K¡»a tiuaiwf´¼y K¡»a tiuaiwf´¼y K¡»a tiuaiwf´
V¦òila Ô®î  (feasible solution) v¬gJ fz¡»±

bfhL¡f¥g£L´s v±yh f£L¥ghLfisí« Ãiwî br­í«
Ô®thF«.
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V¦òila Ô®îfis¡ bfh©l gF½na V¦òila
gF½ahF«.

F¿¡nfh´ rh®¾¬ cfk (bgUk m±yJ ¼Wk) k½¥ig¤
jU« V¦òila Ô®î cfk¤ Ô®î v¬wiH¡f¥gL«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
cfk¤ Ô®î jÅ¤ j¬ik cilaJ m±y.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 1

ku¥bghU£f´ jahÇ¡F« xU ÃWtd«ku¥bghU£f´ jahÇ¡F« xU ÃWtd«ku¥bghU£f´ jahÇ¡F« xU ÃWtd«ku¥bghU£f´ jahÇ¡F« xU ÃWtd«ku¥bghU£f´ jahÇ¡F« xU ÃWtd«
j§fËl« c´s xU tif ku¤jhyhdj§fËl« c´s xU tif ku¤jhyhdj§fËl« c´s xU tif ku¤jhyhdj§fËl« c´s xU tif ku¤jhyhdj§fËl« c´s xU tif ku¤jhyhd  400 momomomomo
gyifiaí« k¦W« gyifiaí« k¦W« gyifiaí« k¦W« gyifiaí« k¦W« gyifiaí« k¦W« 450 kÂ kÅj ciH¥òkÂ kÅj ciH¥òkÂ kÅj ciH¥òkÂ kÅj ciH¥òkÂ kÅj ciH¥ò
neu¤ijí« bfh©L eh¦fhÈf´ k¦W«neu¤ijí« bfh©L eh¦fhÈf´ k¦W«neu¤ijí« bfh©L eh¦fhÈf´ k¦W«neu¤ijí« bfh©L eh¦fhÈf´ k¦W«neu¤ijí« bfh©L eh¦fhÈf´ k¦W«
nkirfis¤ jahÇ¡f ½£lÄL»wJ. xU eh¦fhÈnkirfis¤ jahÇ¡f ½£lÄL»wJ. xU eh¦fhÈnkirfis¤ jahÇ¡f ½£lÄL»wJ. xU eh¦fhÈnkirfis¤ jahÇ¡f ½£lÄL»wJ. xU eh¦fhÈnkirfis¤ jahÇ¡f ½£lÄL»wJ. xU eh¦fhÈ
br­tj¦F br­tj¦F br­tj¦F br­tj¦F br­tj¦F 5 mo gyifí« mo gyifí« mo gyifí« mo gyifí« mo gyifí« 10 kÂ kÅj ciH¥òkÂ kÅj ciH¥òkÂ kÅj ciH¥òkÂ kÅj ciH¥òkÂ kÅj ciH¥ò
neu« njit k¦W« mj¬_y« »il¡F« ,yhg«neu« njit k¦W« mj¬_y« »il¡F« ,yhg«neu« njit k¦W« mj¬_y« »il¡F« ,yhg«neu« njit k¦W« mj¬_y« »il¡F« ,yhg«neu« njit k¦W« mj¬_y« »il¡F« ,yhg«
%%%%%.45, xU nkir br­a xU nkir br­a xU nkir br­a xU nkir br­a xU nkir br­a 20 mo gyifí« mo gyifí« mo gyifí« mo gyifí« mo gyifí« 15 kÂkÂkÂkÂkÂ
kÅj neu« njit k¦W« mj¬_y« »il¡F«kÅj neu« njit k¦W« mj¬_y« »il¡F«kÅj neu« njit k¦W« mj¬_y« »il¡F«kÅj neu« njit k¦W« mj¬_y« »il¡F«kÅj neu« njit k¦W« mj¬_y« »il¡F«
,yhg« %,yhg« %,yhg« %,yhg« %,yhg« % .80 v¬gij mªj ÃWtd« m¿»wJ.v¬gij mªj ÃWtd« m¿»wJ.v¬gij mªj ÃWtd« m¿»wJ.v¬gij mªj ÃWtd« m¿»wJ.v¬gij mªj ÃWtd« m¿»wJ.
j¬Ål« c´s ru¡if¡ bfh©L«j¬Ål« c´s ru¡if¡ bfh©L«j¬Ål« c´s ru¡if¡ bfh©L«j¬Ål« c´s ru¡if¡ bfh©L«j¬Ål« c´s ru¡if¡ bfh©L«
f£L¥ghLfis¡ bfh©L« bgUk ,yhg« »il¡ff£L¥ghLfis¡ bfh©L« bgUk ,yhg« »il¡ff£L¥ghLfis¡ bfh©L« bgUk ,yhg« »il¡ff£L¥ghLfis¡ bfh©L« bgUk ,yhg« »il¡ff£L¥ghLfis¡ bfh©L« bgUk ,yhg« »il¡f
v¤jid eh¦fhÈf´/ nkirfis c¦g¤½ br­av¤jid eh¦fhÈf´/ nkirfis c¦g¤½ br­av¤jid eh¦fhÈf´/ nkirfis c¦g¤½ br­av¤jid eh¦fhÈf´/ nkirfis c¦g¤½ br­av¤jid eh¦fhÈf´/ nkirfis c¦g¤½ br­a
nt©L«? nk¦f©litfis neÇa ½£lÄl±nt©L«? nk¦f©litfis neÇa ½£lÄl±nt©L«? nk¦f©litfis neÇa ½£lÄl±nt©L«? nk¦f©litfis neÇa ½£lÄl±nt©L«? nk¦f©litfis neÇa ½£lÄl±
KiwÆ± toth¡Ff.KiwÆ± toth¡Ff.KiwÆ± toth¡Ff.KiwÆ± toth¡Ff.KiwÆ± toth¡Ff.

Ô®î :

fÂjKiw toth¡f« :
fz¡»± bfhL¡f¥g£l Étu§f´ RU¡fkhf¡ ÑnH

bfhL¡f¥gL»¬wd.

c¦g¤½     f¢rh bghU£f´  ciH¥ò  ,yhg«
       (X® myF¡F)  (X® myF¡F)  (X® myF¡F)

eh¦fhÈ 5 10 %. 45

nkir 20 15 %. 80

bkh¤j ,U¥ò 400     450
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go 1 : eh¦fhÈfË¬ c¦g¤½ v©Â¡ifiaí« nkirÆ¬
c¦g¤½ v©Â¡ifiaí« Ô®khÅ¡f nt©L«.

go 2 : x
1
 , x

2
 Kiwna eh¦fhÈfË¬ v©Â¡ifiaí«/

nkirfË¬ v©Â¡iffiaí« F¿¡f£L«.

go 3 : Fiw v©fË± c¦g¤½ br­a KoahJ Mifah±
x

1
 > 0 ,  x

2
 > 0

go 4 : f¢rh¥ bghU£f´/ ciH¥ò ,t¦¿¦F V¦wh®ngh±
f£L¥ghLf´ X® v±iy¡F´ mikí«.  xU eh¦fhÈ¡F
5 mo ku gyifí«/ xUnkir¡F 20 mo ku gyifí«
njit¥gL»wJ.  x

1
 ,  x

2
 v¬gd eh¦fhÈ k¦W«

nkirÆ¬ msîf´ vÅ± bkh¤j f¢rh¥ bghU£fË¬
njitahdJ  5x

1
 +  20x

2
,  ,J if ,U¥ò f¢rh

bghUshd 400 mo ku¥gyif¡F m½fkhfhk± ,U¡f
nt©L«. vdnt f¢rh¥ bghUË¬ f£L¥ghlhdJ :

5x
1
 + 20x

2
 < 400

,njngh±/ ciH¥¾¬ f£L¥ghlhdhJ :

10x
1
 + 15x

2
 < 450

go 5 : F¿¡nfhshdJ/ mªj ÃWtd« eh¦fhÈ k¦W« nkir
,itfis É¦gjh± »il¡F« ,yhg¤ij bgUk
k½¥ig mila¢ br­tjhF«. ,ij neÇa rh®ghf vGj
»il¥gJ :

Z = 45x
1
 + 80x

2
.

,ªj neÇa ½£lÄl± fz¡if eh« fÂj toÉ±
mik¥ngh«.

  5x
1
 + 20x

2
 < 400

10x
1
 + 15x

2
 < 450

   x
1
 > 0,  x

2
 > 0

v¬w f£L¥ghLfS¡F ,z§f/ F¿¡nfh´ rh®ò

Z = 45x
1
 + 80x

2
 -¬ bgUk k½¥ig¡ fh©f.



162

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 2

xU ÃWtd«xU ÃWtd«xU ÃWtd«xU ÃWtd«xU ÃWtd«  A k¦W«k¦W«k¦W«k¦W«k¦W«  B  v¬w ,U msÉ±v¬w ,U msÉ±v¬w ,U msÉ±v¬w ,U msÉ±v¬w ,U msÉ±
jiytÈ kh¤½iufis jah® br­»wJjiytÈ kh¤½iufis jah® br­»wJjiytÈ kh¤½iufis jah® br­»wJjiytÈ kh¤½iufis jah® br­»wJjiytÈ kh¤½iufis jah® br­»wJ  A-,± ,± ,± ,± ,± 2

Ä±È»uh« Mµ¾ÇD« Ä±È»uh« Mµ¾ÇD« Ä±È»uh« Mµ¾ÇD« Ä±È»uh« Mµ¾ÇD« Ä±È»uh« Mµ¾ÇD« 5 Ä±È»uh« ig-fh®gnd£L« Ä±È»uh« ig-fh®gnd£L« Ä±È»uh« ig-fh®gnd£L« Ä±È»uh« ig-fh®gnd£L« Ä±È»uh« ig-fh®gnd£L«
k¦W« k¦W« k¦W« k¦W« k¦W« 1 Ä±È »uh« bfhilD« c´sJ.  Ä±È »uh« bfhilD« c´sJ.  Ä±È »uh« bfhilD« c´sJ.  Ä±È »uh« bfhilD« c´sJ.  Ä±È »uh« bfhilD« c´sJ. B-,± ,± ,± ,± ,± 1

Ä±È»uh« Mµ¾ÇD«/ Ä±È»uh« Mµ¾ÇD«/ Ä±È»uh« Mµ¾ÇD«/ Ä±È»uh« Mµ¾ÇD«/ Ä±È»uh« Mµ¾ÇD«/ 8 Ä±È»uh« ig-fh®gnd£ Ä±È»uh« ig-fh®gnd£ Ä±È»uh« ig-fh®gnd£ Ä±È»uh« ig-fh®gnd£ Ä±È»uh« ig-fh®gnd£
k¦W« k¦W« k¦W« k¦W« k¦W« 6 Ä±È»uh« bfhilD« c´sJ. cldo Ä±È»uh« bfhilD« c´sJ. cldo Ä±È»uh« bfhilD« c´sJ. cldo Ä±È»uh« bfhilD« c´sJ. cldo Ä±È»uh« bfhilD« c´sJ. cldo
tÈ Ãthuz¤½¦F tÈ Ãthuz¤½¦F tÈ Ãthuz¤½¦F tÈ Ãthuz¤½¦F tÈ Ãthuz¤½¦F Fiwªj g£r« Fiwªj g£r« Fiwªj g£r« Fiwªj g£r« Fiwªj g£r« 12 Ä±È»uh« Ä±È»uh« Ä±È»uh« Ä±È»uh« Ä±È»uh«
Mµ¾ÇD«/ Mµ¾ÇD«/ Mµ¾ÇD«/ Mµ¾ÇD«/ Mµ¾ÇD«/ 74 Ä±È»uh« igfh®gnd£L« k¦W« Ä±È»uh« igfh®gnd£L« k¦W« Ä±È»uh« igfh®gnd£L« k¦W« Ä±È»uh« igfh®gnd£L« k¦W« Ä±È»uh« igfh®gnd£L« k¦W«
24 Ä±È »uh« bfhilD« njit vd Ä±È »uh« bfhilD« njit vd Ä±È »uh« bfhilD« njit vd Ä±È »uh« bfhilD« njit vd Ä±È »uh« bfhilD« njit vd
czu¥gL»wJ. xU nehahË cldo Ãthuz« bgwczu¥gL»wJ. xU nehahË cldo Ãthuz« bgwczu¥gL»wJ. xU nehahË cldo Ãthuz« bgwczu¥gL»wJ. xU nehahË cldo Ãthuz« bgwczu¥gL»wJ. xU nehahË cldo Ãthuz« bgw
FiwªjJ v¤jid kh¤½iufis c£bfh´sFiwªjJ v¤jid kh¤½iufis c£bfh´sFiwªjJ v¤jid kh¤½iufis c£bfh´sFiwªjJ v¤jid kh¤½iufis c£bfh´sFiwªjJ v¤jid kh¤½iufis c£bfh´s
nt©L« v¬gij¤ Ô®khÅ¡f.  ,ªj fz¡ifnt©L« v¬gij¤ Ô®khÅ¡f.  ,ªj fz¡ifnt©L« v¬gij¤ Ô®khÅ¡f.  ,ªj fz¡ifnt©L« v¬gij¤ Ô®khÅ¡f.  ,ªj fz¡ifnt©L« v¬gij¤ Ô®khÅ¡f.  ,ªj fz¡if
neÇa ½£lÄl± KiwÆ± vGJf.neÇa ½£lÄl± KiwÆ± vGJf.neÇa ½£lÄl± KiwÆ± vGJf.neÇa ½£lÄl± KiwÆ± vGJf.neÇa ½£lÄl± KiwÆ± vGJf.
Ô®î :

Étu§f´ ¾¬tUkhW RU¡» vGj¥g£L»¬wJ.

 jiytÈ      xU kh¤½iu¡F
kh¤½iuf´   Mµ¾Ç¬ igfh®gnd£ bfhil¬

   A msî 2 5 1

   B msî 1 8 6

Fiwªjg£r njit 12 74 24

Ô®khd kh¿f´ :
A msî kh¤½iuÆ¬ v©Â¡if x

1

B msî kh¤½iuÆ¬ v©Â¡if x
2

neÇa ½£lÄl± fz¡fhdJ Ñ³¡f©l fÂj tot¤ij¥
bgW»wJ.

2x
1
 +  x

2
 > 12

5x
1
 + 8x

2
 > 74

  x
1
 + 6x

2
 > 24

  x
1
 > 0,    x

2
 > 0

v¬w f£L¥ghLfS¡F ,z§f/ F¿¡nfh´ rh®ò
  Z = x

1
 + x

2
 -¬ bgUk k½¥ig¡ fh©f.
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10.1.5  tiugl« _y« Ô®î fhz±tiugl« _y« Ô®î fhz±tiugl« _y« Ô®î fhz±tiugl« _y« Ô®î fhz±tiugl« _y« Ô®î fhz±
,U kh¿fis¡ bfh©l neÇa ½£lÄl± fz¡»¦F

tiugl« _y« vËjhf¤ Ô®î fhzyh«. tiugl« _y« Ô®î
fhQ« Kiw :

go 1 : bfhL¡f¥g£L´s fz¡if fÂj KiwÆ± TWj±

go 2 : fz¡»± c´s f£L¥ghLfis tiuglkh¡Fj± k¦W«
V¦òila gF½ia (Ô®î¥ gF½) bjÇªJ bfh´Sj±.
bfhL¡f¥g£L´s fz¡»¬ f£L¥ghLfis¡
F¿¡F« nfhLf´ bt£o¡ bfh´tjh± c©lhF«
bghJthd gF½ Ô®î¥ gF½ahF«.  ek¡F njitahd
Ô®î¥ gF½ Kj± fh± gF½Ænyna (x

1
 , x

2
 > 0) mikí«

vd m¿ayh«.

go 3 : Ô®î¥ gF½Æ¬ _iy¥ ò´ËfË¬ Ma¤bjhiyî
öu§fis Ã®za« br­f.

go 4 : go 3-± f©l¿ªj x²bthU _iy¥ ò´ËÆY«
F¿¡nfh´ rh®¾¬ k½¥ig¡ fh©f.

go 5 : F¿¡nfh´ rh®¾¬ ,W½¤ Ô®it (bgUk« m±yJ
¼Wk«) Ã®za« br­í« _iy¥ ò´Ëia¡ fh©f.
mªj ò´ËÆ±jh¬ V¦òila Ô®î »il¡F«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 3

xU ÃWtd« xU ÃWtd« xU ÃWtd« xU ÃWtd« xU ÃWtd« P
1
 k¦W«k¦W«k¦W«k¦W«k¦W«  P

2
 v¬w ,Uv¬w ,Uv¬w ,Uv¬w ,Uv¬w ,U

bghU£fis¤ jahÇ¡»wJ .  ,ªj ,u©LbghU£fis¤ jahÇ¡»wJ .  ,ªj ,u©LbghU£fis¤ jahÇ¡»wJ .  ,ªj ,u©LbghU£fis¤ jahÇ¡»wJ .  ,ªj ,u©LbghU£fis¤ jahÇ¡»wJ .  ,ªj ,u©L
bghU£fis jahÇ¡f mªj ÃWtd¤½l« bghU£fis jahÇ¡f mªj ÃWtd¤½l« bghU£fis jahÇ¡f mªj ÃWtd¤½l« bghU£fis jahÇ¡f mªj ÃWtd¤½l« bghU£fis jahÇ¡f mªj ÃWtd¤½l« A, B v¬wv¬wv¬wv¬wv¬w
,u©L ,aª½u§f´ c´sd.,u©L ,aª½u§f´ c´sd.,u©L ,aª½u§f´ c´sd.,u©L ,aª½u§f´ c´sd.,u©L ,aª½u§f´ c´sd.  P

1
 v¬w bghUisv¬w bghUisv¬w bghUisv¬w bghUisv¬w bghUis

jahÇ¡fjahÇ¡fjahÇ¡fjahÇ¡fjahÇ¡f A ,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« 2 kÂ neu¤ijí«kÂ neu¤ijí«kÂ neu¤ijí«kÂ neu¤ijí«kÂ neu¤ijí« B ,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« 4

kÂ neu¤ijí« vL¤J¡bfh´»wJ .kÂ neu¤ijí« vL¤J¡bfh´»wJ .kÂ neu¤ijí« vL¤J¡bfh´»wJ .kÂ neu¤ijí« vL¤J¡bfh´»wJ .kÂ neu¤ijí« vL¤J¡bfh´»wJ .  P
2
 v¬wv¬wv¬wv¬wv¬w

bghUis jahÇ¡fbghUis jahÇ¡fbghUis jahÇ¡fbghUis jahÇ¡fbghUis jahÇ¡f A ,aª½u« ,aª½u« ,aª½u« ,aª½u« ,aª½u« 5 kÂ neu¤ijí«kÂ neu¤ijí«kÂ neu¤ijí«kÂ neu¤ijí«kÂ neu¤ijí« B

,aª½u«,aª½u«,aª½u«,aª½u«,aª½u« 2 kÂ neu¤ijí« vL¤J¡bfh´»wJ.kÂ neu¤ijí« vL¤J¡bfh´»wJ.kÂ neu¤ijí« vL¤J¡bfh´»wJ.kÂ neu¤ijí« vL¤J¡bfh´»wJ.kÂ neu¤ijí« vL¤J¡bfh´»wJ. P
1

bghUis X® myF É¦gjh± ,yhg« %bghUis X® myF É¦gjh± ,yhg« %bghUis X® myF É¦gjh± ,yhg« %bghUis X® myF É¦gjh± ,yhg« %bghUis X® myF É¦gjh± ,yhg« %.3 k¦W«k¦W«k¦W«k¦W«k¦W« P
2

bghUis X®myF É¦gjh± ,yhg« %.bghUis X®myF É¦gjh± ,yhg« %.bghUis X®myF É¦gjh± ,yhg« %.bghUis X®myF É¦gjh± ,yhg« %.bghUis X®myF É¦gjh± ,yhg« %.4 »il¡F«»il¡F«»il¡F«»il¡F«»il¡F«
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vd v½®gh®¡f¥gL»wJ.vd v½®gh®¡f¥gL»wJ.vd v½®gh®¡f¥gL»wJ.vd v½®gh®¡f¥gL»wJ.vd v½®gh®¡f¥gL»wJ.   A , B ,aª½u§f´ Kiwna,aª½u§f´ Kiwna,aª½u§f´ Kiwna,aª½u§f´ Kiwna,aª½u§f´ Kiwna
24 kÂ neu« k¦W« kÂ neu« k¦W« kÂ neu« k¦W« kÂ neu« k¦W« kÂ neu« k¦W« 16 kÂneu« bra±g£lh±/kÂneu« bra±g£lh±/kÂneu« bra±g£lh±/kÂneu« bra±g£lh±/kÂneu« bra±g£lh±/
tiugl¤½¬ _y« bgUk ,yhg« »il¡f x²bthUtiugl¤½¬ _y« bgUk ,yhg« »il¡f x²bthUtiugl¤½¬ _y« bgUk ,yhg« »il¡f x²bthUtiugl¤½¬ _y« bgUk ,yhg« »il¡f x²bthUtiugl¤½¬ _y« bgUk ,yhg« »il¡f x²bthU
bghUË¬ tuhª½u c¦g¤½Æ¬ msit¡ fh©f.bghUË¬ tuhª½u c¦g¤½Æ¬ msit¡ fh©f.bghUË¬ tuhª½u c¦g¤½Æ¬ msit¡ fh©f.bghUË¬ tuhª½u c¦g¤½Æ¬ msit¡ fh©f.bghUË¬ tuhª½u c¦g¤½Æ¬ msit¡ fh©f.

Ô®î :

fz¡»± c´s Étu§f´ RU¡» ÑnH bfhL¡f¥
g£L´sd

             neu«               ,yhg«
bghU£f´ ,aª½u« A    ,aª½u« B  (X® myF¡F)

P
1

2 4 3

P
2

5 2 4

bgUk neu« / thu« 120 80

x
1
 , x

2
  Kiwna c¦g¤½ahd P

1
 k¦W« P

2
-¬ myFfË¬

v©Â¡if v¬f.

fÂjKiw toth¡fkhdJ :

2x
1
 + 5x

2
 < 120

4x
1
 + 2x

2
 < 80

 x
1
,  x

2
 > 0

v¬w f£L¥ghLfS¡F ,z§f F¿¡nfh´ rh®ò

Z = 3x
1
 + 4x

2
 -¬ bgUk k½¥ig¡ fh©f.

tiugl¤½¬ _y« Ô®îtiugl¤½¬ _y« Ô®îtiugl¤½¬ _y« Ô®îtiugl¤½¬ _y« Ô®îtiugl¤½¬ _y« Ô®î

2x
1
 + 5x

2
 = 120 k¦W«  4x

1
 + 2x

2
 = 80 v¬w

rk¬ghLfis¡ fUJf. ne®¡nfhL 2x
1
 + 5x

2
 = 120 -±   (0, 24)

k¦W« (60, 0) v¬gd ,U ò´Ëf´.  ,²ÉU ò´Ëfisí«
,iz¡f  2x

1
 + 5x

2
 = 120 v¬w nfh£oid¥ bgwyh«.

,njngh¬W  4x
1
 + 2x

2
 = 80 v¬w ne®nfh£il (20, 0) k¦W«

(0, 40) M»at¦iw ,iz¥gj¬ _y« bgwyh« (gl«. 10.1).
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123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890

O

↑

→
10 20 30 40 50 60 70 80

80

70

60

50

40

30

20

10

x
1

x
2

.

A.C

4x
1
 +

 2
x 2

= 8
0

2x
1  + 5x

2   = 120

.

.

B .M
1

(gl« 10.1)

tiugl¤½¬ _y« v±yh f£L¥ghLfS« cUtik¡f¥gL»wJ.

Ô®î gF½ v¬wiH¡f¥gL«/ f£L¥ghLf´ mid¤J«
c´sl¡»a gu¥ò tiugl¤½± (gl« 10.1) OCM

1
 B gF½ahf

ÃHÈ£L fh£l¥g£L´sJ.

F¿¡nfh´ rh®¾¬ cfk k½¥ghdJ Ô®î gF½Æ± c´s
xU _iyÆ± mik»wJ.

_iy¥ò´Ëf´ Kiwna
O = (0, 0),   C = (20, 0),    M

1
 = (10, 20),    B = (0, 24)

Z-¬ k½¥ig _iy¥ò´ËfË± fh©ngh« :

_iy¥     (x
1
, x

2
) Z = 3x

1
 + 4x

2

  ò´Ë
O (0, 0) 0

C (20, 0) 60

M
1

(10, 20) 110

B (0, 24) 96

F¿¡nfh´ rh®ò milí« bgUk k½¥ò ò´Ëna cfk Ô®î¥
ò´Ë MF«. vdnt cfk Ô®î¥ bgW« ò´Ë M

1
 MF«. mjhtJ

x
1
 = 10 k¦W« x

2
 = 20.

P
1
 k¦W« P

2
 Kiwna thu¤½¦F 10 myFf´ k¦W« 20

myFf´ c¦g¤½ br­J bgUk ,yhg« %.110 -ia bgwyh«.
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
F¿¡nfh´ rh®¾¬ _iy¥ò´Ë x¬¿ÈUªJ »il¡F«

bgUk k½¥ng/ bgUk½¥ig¡ fhz± v¬w fz¡»¬ cfk
Ô®thf mikí« F¿¡nfh´ rh®¾¬ _iy¥¥ò´Ë x¬¿ÈUªJ
»il¡F« ¼Wk k½¥ng/ ¼Wk k½¥ig¡ fhz± v¬w fz¡»¬
cfk Ô®thf mikí«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 4

tiugl« _y« Ô®¡ftiugl« _y« Ô®¡ftiugl« _y« Ô®¡ftiugl« _y« Ô®¡ftiugl« _y« Ô®¡f :

36x
1
 + 6x

2 
 > 108

  3x
1
 + 12x

2
  > 36

20x
1
 + 10x

2
 > 100

    x
1 

,   x
2
 > 0

v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/
Z = 20x

1
 + 40x

2 
¬ ¼Wk k½¥ig¡ fh©f.¬ ¼Wk k½¥ig¡ fh©f.¬ ¼Wk k½¥ig¡ fh©f.¬ ¼Wk k½¥ig¡ fh©f.¬ ¼Wk k½¥ig¡ fh©f.

Ô®î :

tiugl¤½± Ô®î¥ gF½ia¡ F¿¤j±

A(0, 18) k¦W« B(3, 0) ; C(0, 3) k¦w« D(12, 0) ; E(0, 10)

k¦W« F(5, 0) v¬gd Kiwna 36x
1
 + 6x

2
 = 108, 3x

1
 + 12x

2
 = 36

k¦W« 20x
1
 + 10x

2
 = 100 v¬w nfhLfis¤ Ô®khÅ¡»wJ. (gl«

10.2.) 123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890
123456789012345678901234567890

O

↑

→
2     4      6      8    10    12   14   16

18

16

14

12

10

8

6

4

2

x
1

x
2

A.

E

.

.

..
...

M
2

C

M
1

B F D

3
6
x

1  +
 6

x
2   =

 1
0
8

20x 1
 +

 1
0x 2

  =
 1

00

3x
1
 + 12x

2
  = 36

V¦òila¥ gF½

(gl« 10.2)
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fz¡»± bfhL¡f¥g£L´s f£L¥ghLfS¡F¡»z§f
tiuglkhdJ tiua¥g£L´sJ.  ÃHÈ£l gF½na Ô®î¥ gF½
ÃHÈ£l gF½Æ± c´s vªj xU ò´Ëí« bfhL¡f¥g£l
f£L¥ghLfis Ãiwnt¦W«. Ô®î¥ gF½Æ¬ _iy¥ ò´Ëf´
Kiwna/ A = (0, 18), M

2
 = (2, 6), M

1
 = (4, 2), D = (12, 0)

,ªj ò´ËfË± Z-¬ k½¥ig¡ fh©ngh«

   _iy¥ò´Ë      (x
1
, x

2
)        Z = 20x

1
 + 40x

2

   A      (0, 18) 720

   M
1

     (4, 2) 160

   M
2

     (2, 6) 280

   D      (12, 0) 240

F¿¡nfh´ rh®¾¬ ¼Wk k½¥ghdJ vªj ò´ËÆ±
»il¡»wnjh mªj ò´Ëna cfk¤ Ô®it¥ bg¦W jU«.  Mfnt/
M

1
 -± cfk¤ Ô®î »il¡»wJ. (m-J)  x

1
 = 4 k¦W«  x

2
 = 2

F¿¡nfh´ rh®ò  Z-¬ k½¥ò 160

∴ x
1
 = 4  k¦W«  x

2
 = 2 -± FWk k½¥ò z = 160 MF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 5

  x
1
 + x

2
 < 1

4x
1
 + 3x

2
 > 12

  x
1
, x

2
 > 0 v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/v¬w f£L¥ghLfS¡»z§f/

Z = x
1
 + x

2   
-¬ bgUk k½¥ig¡ fh©f¬ bgUk k½¥ig¡ fh©f¬ bgUk k½¥ig¡ fh©f¬ bgUk k½¥ig¡ fh©f¬ bgUk k½¥ig¡ fh©f

Ô®î :

O

↑

→
1 2 3 4 5 6

5

4

3

2

1

x
1

x
2

D.

.
. .

A

B C

x
1 +x

2 = 1

4x
1  +

 3x
2   =

 12

(gl« 10.3)
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nk¦f©l tiugl¤½± Ô®î¥ gF½ ,±iy Mjyh±/
bfhL¡f¥g£l fz¡»¦F Ô®îf´ ,±iy.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.1

1) A k¦W« B v¬w ,Utifahd bghU£fis xU ÃWtd«
c¦g¤½ br­»wJ. ,ªj ,Utifahd bghU£fË¬ _y«
,yhg« % .30/- k¦W« %.40/- x²bthU ».»uhK¡F«
»il¡»wJ.  _y¥ bghU£fË¬ Étu§fS« mj¬ ,U¥ò¤
j¬ik g¦¿í« ÑnH bfhL¡f¥g£L´sd.

          njitf´             ,U¥¾¬

           bghU´ A   bghU´ B
     msî
  khj¤½¦F

f¢rh bghU£f´ (».».) 60 120 12000

,aª½u ,a§F« neu«/myF 8 5 600

cU¥go br­j± (kÅjneu«) 3 4 500

bgUk ,yhg¤ij <£l ,ªj fz¡if neÇa ½£lÄl±
mik¥¾± vGJf.

2) xU ÃWtd« A k¦W« B v¬w ,Utif¥ bghU£fis¤ jah®
br­J/ Kiwna %.3 k¦W« %.4 vd ,yhg« <£L»wJ. M

1

k¦W« M
2
 v¬w ,aª½u§f´ ,ªj ,u©L bghU£fis¤ jah®

br­»¬wd.  A v¬w bghUis¤ jahÇ¡f M
1
 -¡F xU ÃÄlK«

k¦W« M
2 

-¡F ,u©L ÃÄl§fS« M»¬wd.  B v¬w
bghUis¤ jahÇ¡f M

1
 ¡F xU ÃÄlK« k¦W« M

2
 ¡F xU

ÃÄlK« M»¬wd. xU ntiy ehË±  M
1
 7 kÂ  30

ÃÄl§fS¡F nk± ntiy br­t½±iy. M
2
  ,aª½u« 10 kÂ

neu« jh¬ ntiy br­»wJ. bgUk ,yhg« »il¡f ,ªj
fz¡if neÇa ½£lÄl± mik¥¾± vGJf.

3) 5x
1
 + 20x

2
 < 400

10x
1
 + 15x

2
 < 450

x
1
, x

2
 > 0

v¬w f£L¥ghLfS¡»z§f  Z = 45x
1
 + 80x

2 
-¬ bgUk

k½¥ig tiugl¤½¬ _y« fh©f.
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4) 2x
1
 + x

2
 < 40

2x
1
 + 5x

2
 < 180

x
1
,  x

2
 > 0

v¬w f£L¥ghLfS¡»z§f  Z = 3x
1
 + 4x

2
 -¬ bgUk k½¥ig

tiugl¤½¬ _y« fh©f.

5) 5x
1
 + x

2
 > 10

2x
1
 + 2x

2
 > 12

x
1
 + 4x

2
 > 12

x
1
, x

2
 > 0

v¬w f£L¥ghLfS¡»z§f  Z = 3x
1
  + 2x

2 
-¬ ¼Wk k½¥ig

tiugl¤½¬ _y« fh©f.

10.2  x£Lwî k¦W« bjhl®ò¥ ngh¡Fx£Lwî k¦W« bjhl®ò¥ ngh¡Fx£Lwî k¦W« bjhl®ò¥ ngh¡Fx£Lwî k¦W« bjhl®ò¥ ngh¡Fx£Lwî k¦W« bjhl®ò¥ ngh¡F

10.2.1  x£LwÉ¬ bghU´x£LwÉ¬ bghU´x£LwÉ¬ bghU´x£LwÉ¬ bghU´x£LwÉ¬ bghU´

x£Lwî v¬gJ ,u©L m±yJ mj¦F nk¦g£l
kh¿fS¡F ,ilna c´s bjhl®¾¬ msit¡ F¿¡»¬wJ.
xU kh¿Æ¬ kh¦w« k¦w kh¿ia¥ gh½¤J mijí« kh¦¿dh±
m²ÉU kh¿fisí« x£Lwî kh¿f´ (bjhl®ò´s kh¿f´)
v¬»nwh«.  mo¥gilÆ± neÇil x£Lwî/ v½Çil x£Lwî
k¦W« rh®g¦w x£Lwî v¬W _¬W tifahd x£Lwîf´
c´sd.

neÇil x£Lwî neÇil x£Lwî neÇil x£Lwî neÇil x£Lwî neÇil x£Lwî (Positive correlation)

,U kh¿fË¬ k½¥òfS« xnu ½irÆ± khWg£lh±/
mjhtJ/ xU kh¿Æ¬ k½¥ò m½fÇ¡F«bghGJ (m±yJ Fiwí«
bghGJ) k¦w kh¿Æ¬ k½¥ò m½fÇ¤jhnyh (m±yJ
Fiwªjhnyh) m²ÉU kh¿fS¡»ilna c´s bjhl®ig
neÇil x£Lwî v¬»nwh«.

vL¤J¡fh£Lf´ :

(i) jÅ kÅj®fË¬ cau« k¦W« vil
(ii) tUth­ k¦W« bryî
(iii) mDgt« k¦W« C½a«
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v½Çil x£Lwîv½Çil x£Lwîv½Çil x£Lwîv½Çil x£Lwîv½Çil x£Lwî     (Negative Correlation)

,U kh¿fË¬ k½¥ò¡f´ v½®¤½irÆ± khWg£lh±/
mjhtJ xU kh¿Æ¬ k½¥ò m½fÇ¡F« bghGJ (m±yJ Fiwí«
bghGJ) k¦w kh¿Æ¬ k½¥ò Fiwªjhnyh (m±yJ
m½fÇ¤jhnyh)/ m²ÉU kh¿fS¡»ilna v½Çil x£Lwî
c´sJ v¬»nwh«.
vL¤J¡fh£Lf´ :

(i) Éiy k¦W« njit
(ii) ½U¥¾¢ brY¤J« fhy« k¦W« rk khj¤ jtiz

10.2.2 ¼jw± És¡f¥gl«¼jw± És¡f¥gl«¼jw± És¡f¥gl«¼jw± És¡f¥gl«¼jw± És¡f¥gl«     (Scatter Diagram)

(x
1
, y

1
),  (x

2
, y

2
) ... (x

n
, y

n
) v¬git x  k¦W« y kh¿fË¬ n

nrho k½¥òf´ v¬f.  x ¬ k½¥ò¡fis x-m¢R¤ ½irÆY«/  y
-¬ k½¥ò¡fis  y-m¢R¤ ½irÆY« F¿¡F«bghGJ
»il¡f¥bgW« tiugl« ¼jw± És¡f¥gl«  vd
miH¡f¥gL»wJ.  x k¦W« y kh¿fË¬ k½¥ò¡fS¡»ilna
c´s x£Lwit ,²És¡f¥ gl« mË¡»wJ.  ne®nfh£L
x£LwÉ¦fhd ¼jw± És¡f¥gl§f´ ÑnH bfhL¡f¥g£L´sd:

    neÇil x£Lwî             v½Çil x£Lwî

rh®g¦w x£Lwî

O

Y

X
(gl« 10.5)

XO

Y

(gl« 10.4)

O

Y

X
(gl« 10.6)
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(i) F¿¡f¥g£l ò´Ëf´ nk±neh¡»a ngh¡if fh©¾¤jh±/
kh¿fS¡»ilna neÇil x£Lwî c´sJ (gl« 10.4).

(ii) F¿¡f¥g£l ò´Ëf´ Ñ³neh¡»a ngh¡if fh©¾¤jh±/
kh¿fS¡»ilna v½Çil x£Lwî c´sJ (gl« 10.5).

(iii) F¿¡f¥g£l ò´Ëf´ v²Éj ngh¡ifí« fh©¾¡fÉ±iy
baÅ± x£Lwî ,±iy vd¡ Tw¥gL»wJ (gl« 10.6).

10.2.3 x£Lwî¡bfGx£Lwî¡bfGx£Lwî¡bfGx£Lwî¡bfGx£Lwî¡bfG (Co-efficient of Correlation)

¾Ç£l¬ eh£il¢ rh®ªj xU cÆ®E£gÉayh® fh®±
¾a®r¬ (1867-1936)  v¬gt® ,Ukh¿fS¡»ilna c´s
ne®¡nfh£L bjhl®¾¬ msit ÉtÇ¡f Toa/ ``x£Lwî¡
bfGitpp cUth¡»dh®. r(X, Y) v¬W F¿¡f¥gL«/ ,U
rkth­¥ò kh¿fS¡»ilnaahd x£Lwî¡bfG

r(X, Y) = 
SD(Y) SD(X)

Y) Cov(X,
 v¬W ju¥gL»¬wJ.

,§F/    Cov (X, Y) = )Y)(YX(X
1 −−∑ ii

in

(X k¦W« Y¡fhd cl¬ khWghL)

SD (X) = σ
x
  = 

2
)X(XΣ

1 −i
in

(X -¬ ½£l Éy¡f«)

SD (Y) = σ
y
  = 

2
)Y(YΣ

1 −i
in

(Y -¬ ½£l Éy¡f«)

vdnt/ fh®±¾a®rÅ¬ x£Lwî¡bfGit fhQ«
N¤½u«:

r(X, Y) = 
22

)Y(YΣ
1

)X(XΣ
1

)Y)(YX(XΣ
1

−−

−−

i
i

i
i

ii
i

nn

n

 = 
22

)Y(YΣ)X(XΣ

)Y)(YX(XΣ

−−

−−

i
i

i
i

ii
i

 = 
22 yx

xy

ΣΣ

Σ
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

X k¦W« Y kh¿fS¡»ilÆyhd x£Lwî¡ bfGÉid¡
fhz/ Ñ³fhQ« N¤½u§fisí« ga¬gL¤jyh« :

(i) r(X, Y) = 

2222
)Y(Y)X(XN

Y X -XYN

ΣΣΣΣ
ΣΣΣ

−− N

(ii) r(X, Y) = 
2222

)()(

 

dydyNdxdxN

dydxdxdyN

Σ−ΣΣ−Σ

ΣΣ−Σ

,§F dx = x − A  ;  dy = y − B Kiwna A k¦W« B v¬w
VnjD« ,U k½¥òfËÈUªJ bgw¥g£l Éy¡f§f´.

10.2.4  x£Lwî¡ bfGÉ¬ v±iyf´x£Lwî¡ bfGÉ¬ v±iyf´x£Lwî¡ bfGÉ¬ v±iyf´x£Lwî¡ bfGÉ¬ v±iyf´x£Lwî¡ bfGÉ¬ v±iyf´

x£Lwî¡ bfG −1 ÈUªJ  +1 ¡F ,ilna X® k½¥ig
bg¦¿U¡F«.  (m-J)  −1 < r (x, y) < 1.

(i) r(X, Y) = +1 vÅ±/ X k¦W« Y v¬w ,U kh¿fS¡»ilna
neÇil Ãiwî x£Lwî c´sJ v¬»nwh«.

(ii) r(X , Y) = −1 vÅ± X k¦W« Y v¬w ,U kh¿fS¡»ilna
v½Çil Ãiwî x£Lwî c´sJ v¬»nwh«.

(iii) r(X, Y) = 0 vÅ±/ X k¦W« Y  v¬w ,U kh¿fS¡»ilna
x£Lwî ,±iy v¬»nwh«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 6

jªija®jªija®jªija®jªija®jªija® (X) k¦W« mt®fË¬ kf¬f´  k¦W« mt®fË¬ kf¬f´  k¦W« mt®fË¬ kf¬f´  k¦W« mt®fË¬ kf¬f´  k¦W« mt®fË¬ kf¬f´ (Y)

M»nahÇ¬ cau¤½¦fhdM»nahÇ¬ cau¤½¦fhdM»nahÇ¬ cau¤½¦fhdM»nahÇ¬ cau¤½¦fhdM»nahÇ¬ cau¤½¦fhd (m§Fy§fË¬m§Fy§fË¬m§Fy§fË¬m§Fy§fË¬m§Fy§fË¬) x£Lwî¡x£Lwî¡x£Lwî¡x£Lwî¡x£Lwî¡
bfGit¡ fz¡»Lf.bfGit¡ fz¡»Lf.bfGit¡ fz¡»Lf.bfGit¡ fz¡»Lf.bfGit¡ fz¡»Lf.

X : 65 66 67 67 68 69 70 72

Y : 67 68 65 68 72 72 69 71

Ô®î :

8

544

n

X
  X =Σ=

= 68   ;  
8

552

n

Y
  Y =Σ= = 69
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 X Y  x=X−  X   y=Y−

 Y

     x2 y2 xy

65 67 -3 -2 9 4 6

66 68 -2 -1 4 1 2

67 65 -1 -4 1 16 4

67 68 -1 -1 1 1 1

68 72 0 3 0 9 0

69 72 1 3 1 9 3

70 69 2 0 4 0 0

72 71 4 2 16 4 8

544 552 0 0 36 44 24

fh®± ¾a®r¬ x£Lwî¡ bfG/

r(x, y) = 

22 yx

xy

ΣΣ

Σ

 = 

4436

24

 = 0.603

vdnt  X, Y kh¿f´ neÇil x£Lwî bfh©L´sd.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 7

¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit
fz¡»Lffz¡»Lffz¡»Lffz¡»Lffz¡»Lf:

    X : 1 2 3 4 5 6 7 8 9

    Y : 9 8 10 12 11 13 14 16 15

Ô®î :

X Y X2 Y2 XY

1 9 1 81 9

2 8 4 64 16

3 10 9 100 30

4 12 16 144 48

5 11 25 121 55

6 13 36 169 78

7 14 49 196 98

8 16 64 256 128

9 15 81 225 135

45 108 285 1356 597
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r (X,Y) = 
2222

)Y(Y)X(XN

Y X -XYN

ΣΣΣΣ
ΣΣΣ

−− N

= 
22

)108()1356(9)45()285(9

(108) (45) -(597)9

−−
 = 0.95

∴ X , Y ÄF½ahf neÇil x£Lwî bfh©L´sd.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 8

fzt®fzt®fzt®fzt®fzt®  (X) k¦W« kidÉk¦W« kidÉk¦W« kidÉk¦W« kidÉk¦W« kidÉ  (Y) M»nahÇ¬M»nahÇ¬M»nahÇ¬M»nahÇ¬M»nahÇ¬
ta½¦fhd x£Lwî¡ bfGit¡ fz¡»Lf.ta½¦fhd x£Lwî¡ bfGit¡ fz¡»Lf.ta½¦fhd x£Lwî¡ bfGit¡ fz¡»Lf.ta½¦fhd x£Lwî¡ bfGit¡ fz¡»Lf.ta½¦fhd x£Lwî¡ bfGit¡ fz¡»Lf.

X : 23 27 28 29 30 31 33      35 36 39

Y : 18 22 23 24 25 26 28      29 30 32

Ô®î :

A = 30 k¦W« vÅ± B = 26 vÅ±  dx = X− Α   dy = Y−Β

X           Y          d
x

d
y

d 2

x
d 2

y
 d

x
d

y

23 18 -7 -8 49 64 56

27 22 -3 -4 9 16 12

28 23 -2 -3 4 9 6

29 24 -1 -2 1 4 2

30 25 0 -1 0 1 0

31 26 1 0 1 0 0

33 28 3 2 9 4 6

35 29 5 3 25 9 15

36 30 6 4 36 16 24

39 32 9 6 81 36 54

11 −−−−−3 215 159 175

    r (x, y) = 2222
)()(

 

dydNdxdN

dydxdxdyN

yx Σ−ΣΣ−Σ

ΣΣ−Σ
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= 

22
)3()159(10)11()215(10

)3)(11()175(10

−−−

−−

= 

8.1790

1783

 = 0.99

∴  X k¦W« Y ÄF½ahf neÇil x£Lwî bfh©L´sd.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 9

¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¡¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¡¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¡¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¡¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¡
fz¡»Lf:fz¡»Lf:fz¡»Lf:fz¡»Lf:fz¡»Lf:

N = 25, ΣΣΣΣΣX = 125, ΣΣΣΣΣY = 100

ΣΣΣΣΣX2 = 650 ΣΣΣΣΣY2 = 436, ΣΣΣΣΣXY = 520

Ô®î :

x£Lwî¡bfG/

     r = 
2222

)Y(Y)X(XN

ΣY ΣX -XYN

Σ−ΣΣ−Σ

Σ

N

   = 
22

)100()436(25)125()650(25

(100) (125) -5(520)2

−−
 = −0.667

10.2.5  bjhl®ò¥ ngh¡Fbjhl®ò¥ ngh¡Fbjhl®ò¥ ngh¡Fbjhl®ò¥ ngh¡Fbjhl®ò¥ ngh¡F (Regression)

r® ¾uh¬Ìµ fh±l¬ (1822 - 1911) v¬w xU ¾Ç£l¬
cÆ®E£gÉayh®/ kuòtÊ¤ bjhl®»w Fzh½ra§fis
Muhí«bghGJ bjhl®ò¥ ngh¡F v¬gij tiuaiu br­jh®.
bjhl®ò¥ ngh¡F v¬gj¬ c©ikahd bghU´ ahbjÅ±
`ruhrÇia neh¡» ¾¬br±j±p v¬gjhF«.

bjhl®ò¥ ngh¡F v¬gJ ,u©L m±yJ mj¦F nk¦g£l
kh¿fS¡»ilnaí´s ruhrÇ bjhl®ig m¿í« X® fz¡»a±
msî MF«.

bjhl®ò¥ ngh¡F gF¥gh­É± rh®ò´skh¿ k¦W« rh®g¦w
kh¿ vd¥gL« ,Utif kh¿f´ c´sd.
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10.2.6 rh®ò´s kh¿rh®ò´s kh¿rh®ò´s kh¿rh®ò´s kh¿rh®ò´s kh¿ (Dependent Variable)

bfhL¡f¥g£l rh®g¦w kh¿fis¡ bfh©L k¦w xU
kh¿Æ¬ k½¥ò fz¡»l¥gl nt©LbkÅ± mªj kh¿ia
rh®ò´s kh¿ v¬W T¿ Y vd¡ F¿¡»nwh«.  vL¤J¡fh£lhf/
És«gu¢ bryî« (X) É¦gid msî« (Y) x£LwÉ± c´sd
vÅ± bfhL¡f¥g£l És«gu¢ bryÉ¦F (X) v½®gh®¡f¥gL«
É¦gidÆ¬ msit (Y) fÂ¡fyh«.  Mifah± Y rh®ò´s
kh¿ahF«.

10.2.7 rh®g¦w kh¿rh®g¦w kh¿rh®g¦w kh¿rh®g¦w kh¿rh®g¦w kh¿ (Independent Variable)

xU kh¿Æ¬ k½¥ig¡ fÂ¥gj¦ffhf ga¬gL¤j¥gL«
kh¿ rh®g¦w kh¿ v¬W miH¡f¥gL»wJ.  vL¤J¡fh£lhf/ X
k¦W« Y x£Lwî bfh©L´sJ vÅ± bfhL¡f¥g£l
É¦gidia (Y) miltj¦F njitahd bryit (X) fÂ¡f
Koí«.  ,§F Y xU rh®g¦w kh¿ MF«.  bjhl®ò¥ ngh¡»±
x¬W¡F nk¦g£l rh®g¦w kh¿f´ ,U¡fyh«.

xU kh¿Æ¬ F¿¥¾£l k½¥¾¦F k¦bwhU kh¿Æ¬ k½¥ig
Äf¢ ¼w¥ghf fÂ¤J¤ jU« ne®nfh£il bjhl®ò¥ ngh¡F
ne®¡nfhL v¬»nwh«.

,²thwhf/ bjhl®ò¥ ngh¡F ne®nfhL v¬gJ/ Äf¥
bghU¤jkhd ne®¡nfhL (line of best fit) MF«.  mJ Û¢¼W t®¡f¡
bfh´if _ykhf bgw¥gL»¬wJ (ghl« 7 g¡f§f´ 65 k¦W« 66).

10.2.8  ,U bjhl®ò¥ ngh¡F nfhLf´,U bjhl®ò¥ ngh¡F nfhLf´,U bjhl®ò¥ ngh¡F nfhLf´,U bjhl®ò¥ ngh¡F nfhLf´,U bjhl®ò¥ ngh¡F nfhLf´
rh®g¦w kh¿ X k¦W« rh®ò´s kh¿ Y M»at¦iw¡

bfh©l/ (X, Y) v¬w nrhoÆ¬ k½¥òfS¡F/

X -¬ ÛJ  X -¬ ÛJ Y -¬ bjhl®ò¥ ngh¡F nfhL

Y − − − − − Y  = b
yx

 (X −−−−−

X

)

,§F b
yx

 = X -¬ ÛJ  Y -¬ bjhl®ò¥ ngh¡F¡ bfG/

= r 

xσ

σ
y

  (r v¬gJ X, Y ¡»ilnaahd x£Lwî¡ bfG)

r, σ
y  

k¦W«  σ
x
 M»at¦iw b

yx 
-± g½äL br­jh±/

b
yx  

=
2

x

xy

Σ

Σ
                          (x = X −

X

 ;  y = Y −

Y

)
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,ij¥nghynt/ Y  rh®g¦w kh¿ahfî«/  X rh®ò´s
kh¿ahfî« vL¤J¡bfh©lh±/

Y -¬ ÛJ X -¬ bjhl®ò¥ ngh¡F nfhL :

(X −−−−−

X

) = b
xy

 (Y −−−−−

Y

)

,§F b
xy 

= r 

yσ

σ
x

  =
2

y

xy

Σ

Σ

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
xU bjhl®ò¥ ngh¡F¡ nfh£il kh¦¿ vG½ k¦bwhU

bjhl®ò ngh¡F¡ nfh£il bgw ,ayhJ.  VbdÅ± mit
bt²ntW mo¥gilfË± bgw¥gL»¬wd.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 10

¾¬tU« Étu§fS¡F¾¬tU« Étu§fS¡F¾¬tU« Étu§fS¡F¾¬tU« Étu§fS¡F¾¬tU« Étu§fS¡F  Y -¬ Ûjhd¬ Ûjhd¬ Ûjhd¬ Ûjhd¬ Ûjhd  X cl¬cl¬cl¬cl¬cl¬
bjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬gh£il¡ fh©fbjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬gh£il¡ fh©fbjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬gh£il¡ fh©fbjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬gh£il¡ fh©fbjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬gh£il¡ fh©f:

X : 10 12 13 12 16 15

Y : 40 38 43 45 37 43

Ô®î :

 X Y  x=X−

 X

  y=Y−

 Y

     x2 y2 xy

10 40 -3 -1 9 1 3

12 38 -1 -3 1 9 3

13 43 0 2 0 4 0

12 45 -1 4 1 16 -4

16 37 3 -4 9 16 -12

15 43 2 2 4 4 4

78 246 0 0 24 50 −−−−−6

X

= 

n

XΣ

 = 

6

78

 = 13 Y = 

n

YΣ

 = 

6

246

 = 41

b
xy

 =  
50

6

y

x

2

−=
Σ

Σ y
 = −0.12

∴ Y ¬ ÛJ  X ,¬ bjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬ghL/

(X − X ) = b
xy

 (Y −

Y

)

(m-J)  X − 13 = −0.12 (Y − 41) ⇒   X = 17.92 − 0.12Y
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 11

bghUËÆa± k¦W« ò´ËÆaÈ±bghUËÆa± k¦W« ò´ËÆaÈ±bghUËÆa± k¦W« ò´ËÆaÈ±bghUËÆa± k¦W« ò´ËÆaÈ±bghUËÆa± k¦W« ò´ËÆaÈ± 10 khzt®f´khzt®f´khzt®f´khzt®f´khzt®f´
bg¦w k½¥bg©f´ ÑnH bfhL¡f¥g£L´sJ.bg¦w k½¥bg©f´ ÑnH bfhL¡f¥g£L´sJ.bg¦w k½¥bg©f´ ÑnH bfhL¡f¥g£L´sJ.bg¦w k½¥bg©f´ ÑnH bfhL¡f¥g£L´sJ.bg¦w k½¥bg©f´ ÑnH bfhL¡f¥g£L´sJ.

bghUËÆa±bghUËÆa±bghUËÆa±bghUËÆa±bghUËÆa±
k½¥bg©f´ k½¥bg©f´ k½¥bg©f´ k½¥bg©f´ k½¥bg©f´ X : 25 28 35 32 31 36 29 38 34 32

ò´ËÆa±ò´ËÆa±ò´ËÆa±ò´ËÆa±ò´ËÆa±
k½¥bg©f´ k½¥bg©f´ k½¥bg©f´ k½¥bg©f´ k½¥bg©f´ Y : 43 46 49 41 36 32 31 30 33 39

(i) X -¬ Ûjhd¬ Ûjhd¬ Ûjhd¬ Ûjhd¬ Ûjhd  Y -¬ bjhl®ò¥ ngh¡F¡¬ bjhl®ò¥ ngh¡F¡¬ bjhl®ò¥ ngh¡F¡¬ bjhl®ò¥ ngh¡F¡¬ bjhl®ò¥ ngh¡F¡
nfh£o¬ rk¬gh£il¡ f©L¾o¡f.nfh£o¬ rk¬gh£il¡ f©L¾o¡f.nfh£o¬ rk¬gh£il¡ f©L¾o¡f.nfh£o¬ rk¬gh£il¡ f©L¾o¡f.nfh£o¬ rk¬gh£il¡ f©L¾o¡f.

(ii) bghUËÆaÈ±bghUËÆaÈ±bghUËÆaÈ±bghUËÆaÈ±bghUËÆaÈ± 30 k½¥bg©f´ bg¦¿Uªjh±k½¥bg©f´ bg¦¿Uªjh±k½¥bg©f´ bg¦¿Uªjh±k½¥bg©f´ bg¦¿Uªjh±k½¥bg©f´ bg¦¿Uªjh±
ò´ËÆaÈ± bgW« k½¥ig¡ fz¡»Lf.ò´ËÆaÈ± bgW« k½¥ig¡ fz¡»Lf.ò´ËÆaÈ± bgW« k½¥ig¡ fz¡»Lf.ò´ËÆaÈ± bgW« k½¥ig¡ fz¡»Lf.ò´ËÆaÈ± bgW« k½¥ig¡ fz¡»Lf.

Ô®î :

 X Y  x=X−

 X

  y=Y−

 Y

     x2 y2 xy

25 43 -7 5 49 25 -35

28 46 -4 8 16 64 -32

35 49 3 11 9 121 33

32 41 0 3 0 9 0

31 36 -1 -2 1 4 2

36 32 4 -6 16 36 -24

29 31 -3 -7 9 49 21

38 30 6 -8 36 64 -48

34 33 2 -5 4 25 -10

32 39 0 1 0 1 0

320 380 0 0 140 398  -93

X

 = 

10

320X =Σ
n

 = 32    

Y

 = 

10

380Y =Σ
n

 = 38

b
yx

 = 

140

93
2

−=
Σ

Σ

x

xy

 = −0.664

(i) X -¬ Ûjhd Y -¬ bjhl®ò¥ ngh¡F¡ nfh£L¢ rk¬ghL

 Y − Y = b
yx

 (X −

X

)

 Y − 38 = −0.664 (X − 32)

    ⇒          Y = 59.25 − 0.664X
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(ii) bfhL¡f¥g£L´s bghUËÆaÈ¬ k½¥bg©Â¦F/
ò´ËÆa± k½¥bg©f´ fhz/ X = 30 v¬gij nkY´s
rk¬gh£o± g½äL br­a/

Y = 59.25 − 0.664(30)  = 39.33 (m±yJ) 39

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 12

¾¬tU« Étu§fS¡fhd bjhl®ò¥ ngh¡F¾¬tU« Étu§fS¡fhd bjhl®ò¥ ngh¡F¾¬tU« Étu§fS¡fhd bjhl®ò¥ ngh¡F¾¬tU« Étu§fS¡fhd bjhl®ò¥ ngh¡F¾¬tU« Étu§fS¡fhd bjhl®ò¥ ngh¡F
ne®nfhLfË¬ rk¬ghLf´ ,u©ilí« fh©f.ne®nfhLfË¬ rk¬ghLf´ ,u©ilí« fh©f.ne®nfhLfË¬ rk¬ghLf´ ,u©ilí« fh©f.ne®nfhLfË¬ rk¬ghLf´ ,u©ilí« fh©f.ne®nfhLfË¬ rk¬ghLf´ ,u©ilí« fh©f.

X   : 4 5 6 8 11

Y   : 12 10 8 7 5

Ô®î :

nk¦f©l k½¥òf´ ¼¿a msîfË± ,U¥gjh± bjhl®ò
ngh¡F¡ bfG¡fis fz¡»l ¾¬tU« N¤½u¤ij¥
ga¬gL¤jyh«.

b
xy

 = 

22
)Y(Y

ΣY ΣX -XYN

Σ−Σ
Σ

N

  ;   b
yx

 = 
22

)X(X

ΣY ΣX -XYN

Σ−Σ
Σ

N

X Y X2 Y2 XY

4 12 16 144 48

5 10 25 100 50

6 8 36 64 48

8 7 64 49 56

11 5 121 25 55

34 42 262 382 257

5

34X
X =Σ=

n
= 6.8

5

42Y
Y =Σ=

n

= 8.4

 b
xy

    = 

2
)42()382(5

(34)(42) -(257)5

−

 = −0.98

b
yx

     = 
2

)34()262(5

(34)(42) -(257)5

−
= −0.93

Y ,¬ ÛJ X ,¬ bjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬ghL

(X − X ) = b
xy

 (Y −

Y

)

⇒ X − 6.8 = -0.98(Y − 8.4)

                     X = 15.03 − 0.98Y
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X  ,¬ ÛJ Y ,¬ bjhl®ò¥ ngh¡F¡ nfh£o¬ rk¬ghL

Y − 

Y

 = b
yx

 (X −

X

)

Y − 8.4 = −0.93 (X − 6.8)

⇒          Y = 14.72 − 0.93X

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.2

1) ¾¬tU« Étu§fS¡fhd x£Lwî¡ bfGit¡ fh©f.
X : 12 9 8 10 11 13 7

Y : 14 8 6 9 11 12 3

2) ¾¬tU« Étu§fS¡F x£Lwî¡ bfGit¡ fz¡»Lf.
X : 10 12 18 24 23 27

Y : 13 18 12 25 30 10

3) ¾¬tU« Étu§fËÈUªJ x£Lwî¡ bfGit¡ f©L¾o
X : 46 54 56 56 58 60 62

Y : 36 40 44 54 42 58 54

4) xU bghUË¬ Éiy (%ghÆ±) k¦W« njit (l¬Å±)¡fhd
Étu§fËÈUªJ/ x£Lwî¡ bfGit¡ fh©f.
Éiy (X)    :  22    24   26   28   30   32   34   36   38    40

njit (Y)    :   60   58   58   50   48    48   48   42   36   32

5) Ñ³¡fhQ« Étu§fS¡F x£Lwî¡ bfGit¡ fh©f.

N = 11,  ΣX = 117,    ΣY = 260,      ΣX2 = 1313

ΣY2 = 6580,     ΣXY = 2827

6) Ñ³¡ f©lt¦¿ÈUªJ ,U bjhl®ò¥ ngh¡F¡ nfhLf´
fh©f.
X : 6 2 10 4 8

Y : 9 11 5 8 7

7) Ñ³ bfhL¡f¥g£l Étu§fS¡F bjhl®ò¥ ngh¡F¡
nfh£o¬ cjÉíl¬ Y = 20 v¬»w bghGJ X ¬ k½¥ig¡
fz¡»Lf.
X : 10 12 13 17 18

Y : 5 6 7 9 13
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8) xU tUl¤½¬ 12 khj§fS¡fhd gU¤½ (X) k¦W« f«gË (Y)

M»at¦¿¦fhd Éiy¡ F¿ÞLf´ ÑnH bfhL¡f¥g£L´sd.
F¿ÞLfËilÆyhd bjhl®ò¥ ngh¡F nfhLfË¬
rk¬ghLfis¡ fh©f.

X  :  78   77   85   88   87   82   81   77   76   83   97   93

Y  :  84   82   82   85   89   90   88   92   83   89   98   99

9) Ñ³ fhQ« Étu§fS¡F bjhl®ò¥ ngh¡F¡ nfhLf´ fh©f.
X : 40 38 35 42 30

Y : 30 35 40 36 29

10.3  fhy«rh® bjhl® tÇirÆ¬ gF¥gh­îfhy«rh® bjhl® tÇirÆ¬ gF¥gh­îfhy«rh® bjhl® tÇirÆ¬ gF¥gh­îfhy«rh® bjhl® tÇirÆ¬ gF¥gh­îfhy«rh® bjhl® tÇirÆ¬ gF¥gh­î
bjhl® ,ilbtË¡ fhy§f´ m±yJ fhy¥ ò´ËfnshL

(time points) bjhl®òila ò´ËÆa± Étu§fis/ fhy«rh®
bjhl®tÇir (time series)  v¬ngh«.

fhy«rh® bjhl® tÇirÆ¬ ¼y cjhuz§f´ ZÑnH
bfhL¡f¥g£L´sd.

(i) xU F¿¥¾£l bghUË¬ fhyh©L c¦g¤½/
miuah©L c¦g¤½ k¦W« M©L c¦g¤½.

(ii) 10 tUl§fË± bghÊªj kiHÆ¬ msîf´
(iii) gyntW neu§fË± fhz¥gL»¬w xU bghUË¬ Éiy.

fhy«rh® bjhl® tÇir/ bghJthf bghUËÆa±
Étu§fis k£L« F¿¥gjhf bgÇJ« e«g¥gL»wJ.  Mdh±
fhy«rh® bjhl® tÇir/ Vida ,a¦ifahfî« k¦W« r_f
m¿ÉaÈ± vG« Étu§fS¡F« ga¬gL¤j¥gL»wJ.  ,§F
fhy«rh® bjhl®f´ Äf K¡»a g§F t»¥gnjhL k£Lk±yhk±/
mj¬ gF¥gh­É¦F ¼w¥ghd c¤½f´ njit¥gL»wJ.
fhy«rh® bjhl® gF¥gh­É¬ _y«/ flªj fhy¤ij gF¥gh­î
br­J tU§fhy¤ij¥ g¦¿ ¼w¥ghf òÇªJ bfh´sKo»wJ.

10.3.1 fhy«r h ®  bj hl®  tÇir gF¥gh ­É¬fhy«r h ®  bj hl®  tÇir gF¥gh ­É¬fhy«r h ®  bj hl®  tÇir gF¥gh ­É¬fhy«r h ®  bj hl®  tÇir gF¥gh ­É¬fhy«r h ®  bj hl®  tÇir gF¥gh ­É¬
ga¬f´ga¬f´ga¬f´ga¬f´ga¬f´
(i) flªj fhy Ãiyia¥ g¦¿ m¿aî«/ Ãf³fhy

rhjidfis k½¥ÕL br­aî«/ k¦W«
tU§fhy¤½¦fhd ½£l§fis tF¡fî« fhy«rh®
bjhl® tÇir ga¬gL»wJ.
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(ii) e«g¤jFªj K¬fÂ¥òfis (forcasts) mË¡»¬wJ.
(iii) x¥òik br­tj¦fhd tr½ia mË¡»¬wJ.

vdnt/ bghUËÆa±/ tÂf«/ Muh­¢¼ k¦W« ½£lÄl±
M»at¦¿± ju¥g£l fhy« fh®ªj Étu§fis/ rÇahd
neh¡»± Muha/ fhy«rh® bjhl® tÇir gF¥gh­î
ga¬gL»¬wJ.

10.3.2 fhy«rh® bjhl®tÇirÆ¬ TWf´fhy«rh® bjhl®tÇirÆ¬ TWf´fhy«rh® bjhl®tÇirÆ¬ TWf´fhy«rh® bjhl®tÇirÆ¬ TWf´fhy«rh® bjhl®tÇirÆ¬ TWf´
(Components of time series)

fhy«rh® bjhl® tÇir Étu§fis¡ F¿¡F« xU
tiugl«/ fhy¥ngh¡»± V¦gL»¬w kh¦w§fis
(khWghLfis) fh£L»wJ.  ,«kh¦w§f´/ fhy«rh® bjhl®
tÇirÆ¬ Kj¬ik¡ TWf´ vd tH§f¥gL»wJ.
mitfshtd/

(i)  Ú´ fhy¥ ngh¡F (Secular trend)

(ii) gUtfhy khWghLf´ (Seasonal variation)

(iii) RH± khWghLf´ (Cyclical variation)

(iv) xG§f¦w khWghLf´ (Irregular variation)

Ú´ fhy¥ ngh¡FÚ´ fhy¥ ngh¡FÚ´ fhy¥ ngh¡FÚ´ fhy¥ ngh¡FÚ´ fhy¥ ngh¡F
nghJdkhd Ú©l fhy¤½± Étu§fË¬ kh¦w§fis¡

fU¤½± bfh´S«bghGJ/ mitf´ R_fkhfî« xG§F
Kiwahfî« ,U¥gijna Ú´fhy¥ ngh¡F cz®¤J»¬wJ.
kh¦w§fË¬ ngh¡F V¦wkhfnth m±yJ ,w§FKfkhfnth
,U¡F«.  fhy¥ngh¡»± Étu§fË± V¦gL« kh¦w§f´ To¡
bfh©nlh m±yJ FiwªJ bfh©nlh ,U¡F«. cjhuzkhf/
k¡f´ bjhif/ Éiyth¼/ c¦g¤½/ f±Éa¿î M»at¦nwhL
bjhl®òila fhy«rh® bjhl® tÇir m½fÇ¡f¡Toa
ngh¡ifí«/ ¾w¥ò É»j«/ ,w¥ò É»j«/ tWik M»at¦nwhL
bjhl®òila fhy«rh® bjhl®tÇir Fiwa¡Toa ngh¡ifí«
bfh©oU¡F«.

gUtfhy khWghLgUtfhy khWghLgUtfhy khWghLgUtfhy khWghLgUtfhy khWghL
,J xU FW»a fhy khWghL MF«.  Xuh©o¦F

Fiwthf fhy msî c´sbghGJ fhy«rh® bjhl® tÇirÆ±
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c´s fhyt£l mirîfis  (periodic movement), gUtfhy
khWghL F¿¡»¬wJ. gUtfhy khWghLfS¡fhd
cjhuz§f´ ¾¬tUkhW:

(i)   xU ehË¬ 24 kÂneu¤½± V¦gL»¬w gaÂfË¬
ngh¡Ftu¤J

(ii)  xU thu¤½¬ 7 eh£fË±/ g±bghU´ m§fhoÆ±
eilbgW»¬w É¦gid.

ntWg£l gUt§fË± V¦gL« j£gbt£g khWj±f´ k¦W«
k¡fË¬ gH¡f tH¡f§f´ M»at¦wh±/ gUt fhy khWghLf´
Ãf³»¬wd.  nfhilÆ± m½fmsÉ± Iµ»ß« É¦gidahtJ«
kiH¡fhy¤½± m½f v©Â¡ifÆ± Filf´ É¦f¥gLtJ«
gUtfhy khWghLfS¡F cjhuzkhf¡ bfh´syh«.

RH± khWghLRH± khWghLRH± khWghLRH± khWghLRH± khWghL
,Jî« xU FW»a fhy khWghlhF«.  msî fhy«

Xuh©o¦F m½fkhf c´sbghGJ/ fhy«rh® bjhl®
tÇirÆY´s Cr± j¬ik bfh©l mirÉid¡ F¿¥gnj
RH¦¼ khWghlhF«.  xU KGikahd¡ fhy msnt RH±  (cycle)

vd¥gL«.  miy ngh¬W mirîfis¡ bfh©l fhy«rh®
bjhl® tÇiria tÂf¢ RH± (business cycle) v¬ngh«.
tÂf¢ RHÈ± (i) m¾ÉU¤½ (prosperity) (ii) ¾¬Åw¡f«
(recession) (iii) å³¢¼ (depression) (iv) Û£¼ (recovery)  vD« 4
f£l§fS« x¬w¬¾¬ x¬whf bjhl®ªJ eilbg¦W
tU»¬wd.

(i) m¾ÉU¤½ (i) m¾ÉU¤½

(iii) å³¢¼

(ii) ¾
¬

Å
w¡

f
« (i

v
) 
Û

£¼

,a±Ãiy

(gl« 10.7)
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Óu¦w khWghLÓu¦w khWghLÓu¦w khWghLÓu¦w khWghLÓu¦w khWghL

,²Éj khWghLf´ v²Éj xG§ifí« ¾¬g¦Wt½±iy.
,²tif khWghLf´ KGtJ« fz¡»l Koahj m±yJ
v½®ghuhj Ãf³îfshd ngh®/ bt´s¥ bgU¡F/ Ô/ ntiy
ÃW¤j« M»at¦wh± V¦gL»¬wJ.  Óu¦w khWghL (erratic

variation) MdJ v½®ghuh khWghL v¬W« miH¡f¥gL»¬wJ.

10.3.3  totik¥ò totik¥ò totik¥ò totik¥ò totik¥ò (Models)

bfhL¡f¥g£l xU fhy«rh® bjhl®tÇirÆ± mj¬
TWfshd Ú´ fhy¥ngh¡F/ gUtfhy khWghL/ RH¦¼ khWghL
k¦W« Óu¦w khWghL M»a mid¤J TWfS« m±yJ
,t¦W´ VnjD« ¼y TWfS« ,U¡F«.  fhy«rh® bjhl®
tÇirÆ± fhz¥gL»¬wd ntW¥g£l TWfis ¾Ç¥gJ
K¡»akhdJ. VbdÅ±/ e«Kila M®t« xU F¿¥¾£l T¿¬
Ûnjh m±yJ xU F¿¥¾£l T¿¬ Éisit Ú¡»a¾¬
m¤bjhliu g¦¿ m¿anth ,U¡fyh«.  gy totik¥òf´ cU¥
bg¦¿UªjhY«/ ,§F ,U kh½Çfis k£L« fU¤½±
bfh´nth«.

bgU¡f± totik¥ò bgU¡f± totik¥ò bgU¡f± totik¥ò bgU¡f± totik¥ò bgU¡f± totik¥ò (Multiplicative Model)

fhy«rh® bjhl® tÇirÆ¬ eh¬F TWfS¡FÄilna
xU bgU¡F¤ bjhl®ò mikí« totik¥ig bgU¡f±
totik¥ò v¬»nwh«.

vdnt  y
t
 = T

t
 x S

t
 x C

t
 x I

t
  MF«.

,§F y
t
 MdJ  t neu¤½± f©l¿a¥g£l Étu¤½¬ k½¥ò

m±yJ kh¿Æ¬ k½¥ò.  T
t
 MdJ Ú´fhy¥ngh¡F/ S

t
 v¬gJ

gUtfhy khWghL/ C
t
 v¬gJ RH¦¼ khWghL k¦W« I

t
 v¬gJ

Óu¦w khWghlhF«.

T£L totik¥òT£L totik¥òT£L totik¥òT£L totik¥òT£L totik¥ò     (Additive Model)

T£L totik¥¾¬go  y
t
 MdJ eh¬F TWfË¬

T£l¦gydhf mikí«
(m-J) y

t
 = T

t
 + S

t
 + C

t
 + I

t
,
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10.3.4  Ú´fhy¥ ngh¡»id msÉLj±Ú´fhy¥ ngh¡»id msÉLj±Ú´fhy¥ ngh¡»id msÉLj±Ú´fhy¥ ngh¡»id msÉLj±Ú´fhy¥ ngh¡»id msÉLj±
(Measurement secular trend)

Ú´fhy« ngh¡if k½¥ÕL br­tj¦F Ñ³f©l eh¬F
Kiwf´ c´sd.

(i) tiugl Kiw m±yJ

(ii) gF½ ruhrÇ Kiw (Method of Semi - Averages)

(iii) efU« ruhrÇ Kiw (Method of Moving Averages)

(iv) Û¢¼W t®¡f Kiw (Method of least squares.)

(i) tiugl Kiwtiugl Kiwtiugl Kiwtiugl Kiwtiugl Kiw
fhy«rh® bjhl® tÇirÆ¬ Étu§fË¬ ngh¡»id

tiugl KiwÆ¬ _y« vËjhf m¿ayh«.  neu« m±yJ
fhy¤ij¡ F¿¡f x - m¢irí« f©l¿ªj Étu§fis¡ F¿¡f
y-m¢irí« fUJnth«.  fhy« k¦W« m¥bghGJ f©l¿ªj
Étu« M»adt¦iw¡ bfh©L xUò´Ëia tiugl¤½±
F¿¡fyh«.  ,²thW bgw¥g£l mid¤J ò´ËfS¡F« Äf¥
bghU¤jkhd neh®¡nfhL x¬¿id tiuayh«.

njhuhakhf xU ½irÆ± fhz¥gL»¬w V¦w ,w¡f§f´
(fluctuations) k¦nwhU ½irÆ± fhz¥gL»¬w V¦w
,w¡f§fS¡F rkkhf ,U¡F«go ne®nfh£il F¿¡f¥g£l
ò´ËfS¡F ,ilna br±YkhW tiua nt©L« v¬gJ
F¿¥¾l¤j¡fJ.

tiugl Kiw _ykhf ngh¡F¡ nfh£il bghU¤J«
bghGJ Ñ³ tUtdt¦iw¡ ftd¤½± bfh´s nt©L«.

(i) Koªj tiuÆ± nfh£o¦F nk± c´s ò´ËfË¬
v©Â¡if/ nfh£o¦F Ñ³ c´s ò´ËfË¬
v©Â¡if¡F rkkhf ,U¡f nt©L«.

(ii) M©L Étu§fË¬ ngh¡»ÈUªJ bgw¥g£l
br§F¤J Éy¡f§fË¬ bkh¤j« ngh¡»¦F
nknyí«/ ÑnHí« rkkhf ,U¤j± nt©L«.

(iii) Étu§fË¬ ngh¡»ÈUªJ bgw¥g£l br§F¤J
Éy¡f§fSila t®¡f§fË¬ TLj± ,a¬wtiu
¼¿ajhf ,U¤j± nt©L«.



186

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

Ñ³f©l Étu§fS¡F tiugl KiwÆ±Ñ³f©l Étu§fS¡F tiugl KiwÆ±Ñ³f©l Étu§fS¡F tiugl KiwÆ±Ñ³f©l Étu§fS¡F tiugl KiwÆ±Ñ³f©l Étu§fS¡F tiugl KiwÆ±
ngh¡FnfhL bghU¤Jf.ngh¡FnfhL bghU¤Jf.ngh¡FnfhL bghU¤Jf.ngh¡FnfhL bghU¤Jf.ngh¡FnfhL bghU¤Jf.

M©LM©LM©LM©LM©L 1978 1979 1980 1981 1982

µO± c¦g¤½µO± c¦g¤½µO± c¦g¤½µO± c¦g¤½µO± c¦g¤½ 20 22 24 21 23

M©LM©LM©LM©LM©L 1983 1984 1985 1986

µO± c¦g¤½µO± c¦g¤½µO± c¦g¤½µO± c¦g¤½µO± c¦g¤½ 25 23 26 25

Ô®î :

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(i) tiugl« _y« tiua¡ Toa ngh¡F¡ nfh£oid Ú£o
v½®fhy k½¥òfis fz¡f ,aY«.  vÅD« tiugl
KiwÆ¬ _y« bghU¤j¥gL« nfhL tiugtÇ¬ mQF
Kiw¡F V¦g khWgL« j¬ik cilajh±/ bghJthf
,jid v½®fhy fÂ¥¾¦F ga¬gL¤j¥gLt½±iy.

(ii) nkY´s tiugl¤½± c©ika¦w mo¥gil nfhL (false

base line) ga¬gL¤j¥g£L´sJ.

(a) Étu§fË± c´s khWghLfis J±Èakhf
fh©¾¡fî«/

(b) tiugl¤½¬ bgU«gF½ åzhfhk± ,U¡fî«/

tiugl« _y« ngh¡F

1978  1979  1980  1981  1982  1983  1984  1985  1986

M©L

27

25

23

21

19

0

c
¦

g¤
½

Ä
±

È
a

¬
 l

¬
f

Ë
±

(gl« 10.8)
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(c) gl¤½¬ _y« bjËthf jft±fis m¿aî«

bghJthf nk¦f©l neh¡f§fS¡fhf c©ika¦w
mo¥gil nfhL ga¬gL¤j¥gL»wJ :

(ii) gF½¢ ruhrÇ KiwgF½¢ ruhrÇ KiwgF½¢ ruhrÇ KiwgF½¢ ruhrÇ KiwgF½¢ ruhrÇ Kiw

,«Kiw vËa fz¡ÑLfis bfh©ljhfî«/ vË½±
V¦W¡ bfh´s¡ Toa tifÆY« c´sJ.  ,«Kiw
ga¬gL¤j¥gL« bghGJ/ bfhL¡f¥g£L´s Étu§fis
rkkhf ,U gF½fshf ¾Ç¤J¡ bfh´s nt©L«.  cjhuzkhf
1980 M« M©oÈUªJ 1999 tiuÆyhd/ mjhtJ 20

tUl§fS¡fhd Étu§f´ bfhL¡f¥g£oUªjh±/ 1980 ÈUªJ
1989 tiuí´s Kj± 10 M©Lf´/ 1990 ÈUªJ 1999 tiu
í´s mL¤j 10 M©Lf´ M»ait ,U rk gF½fshF«.  7,

11, 13 M»a x¦iw¥gil v©Â¡ifÆ± M©Lf´
bfhL¡f¥g£lh±/ k¤½Æ± tU« M©il Ú¡»É£L ,U
gF½fshf mik¤J¡ bfh´syh«.  cjhuzkhf 1980 ÈUªJ
1986 tiuÆyhd 7 M©LfË¬ Étu§f´ bfhL¡f¥
g£oUªjh±/ 1980 ÈUªJ 1982 tiu k¦W« 1984 ÈUªJ 1986

tiu ,u©L rkgF½fshf mikí«.  k¤½a M©L 1983

Ú¡f¥g£LÉL«.

Étu§fis ,U gF½fshf¥ ¾Ç¤j¥¾wF/ x²bthU
gF½¡fhd T£L ruhrÇia fz¡»l nt©L«.  ,²thW
bgw¥gL« gF½¢ ruhrÇfËÈUªJ/ ngh¡»± V¦gL« V¦w/
,w¡f§fis¡ fz¡»lyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

gF½¢ ruhrÇ Kiw _y« Ñ³f©l Étu§fS¡FgF½¢ ruhrÇ Kiw _y« Ñ³f©l Étu§fS¡FgF½¢ ruhrÇ Kiw _y« Ñ³f©l Étu§fS¡FgF½¢ ruhrÇ Kiw _y« Ñ³f©l Étu§fS¡FgF½¢ ruhrÇ Kiw _y« Ñ³f©l Étu§fS¡F
ngh¡F k½¥òfis f©L ¾o¡fî«.ngh¡F k½¥òfis f©L ¾o¡fî«.ngh¡F k½¥òfis f©L ¾o¡fî«.ngh¡F k½¥òfis f©L ¾o¡fî«.ngh¡F k½¥òfis f©L ¾o¡fî«.

M©LM©LM©LM©LM©L 1980 1981 1982 1983 1984 1985 1986

É¦gidÉ¦gidÉ¦gidÉ¦gidÉ¦gid 102 105 114 110 108 116 112

Ô®î :

M©LfË¬ v©Â¡if x¦iw¥gil (7) v¬gjh± k¤½a
M©L 1983 ¬ Étu¤ij fU¤½± bfh´shk±/ eh« bgWtJ/
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M©L       É¦gid   gF½ bkh¤j«    gF½ ruhrÇ

1980 102

1981 105 321 107

1982 114

1983 110

1984 108

1985 116 336 112

1986 112

k¤½a fhymsîfË± c´s É¤½ahr« = 1985 − 1981 = 4

gF½ ruhrÇfË¬ É¤½ahr« = 112 − 107 = 5

ngh¡»± M©LnjhW« V¦gL« m½fÇ¥ò = 
4

5
= 1.25

M©L 1980 1981 1982 1983 1984 1985 1986

ngh¡F 105.75 107 108.25 109.50 110.75 112 113.25

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

1994 M©oÈUªJ M©oÈUªJ M©oÈUªJ M©oÈUªJ M©oÈUªJ 2001 M©L tiuÆyhd xUM©L tiuÆyhd xUM©L tiuÆyhd xUM©L tiuÆyhd xUM©L tiuÆyhd xU
F¿¥¾£l bghUË¬ É¦gid (l¬Å±) ÑnHF¿¥¾£l bghUË¬ É¦gid (l¬Å±) ÑnHF¿¥¾£l bghUË¬ É¦gid (l¬Å±) ÑnHF¿¥¾£l bghUË¬ É¦gid (l¬Å±) ÑnHF¿¥¾£l bghUË¬ É¦gid (l¬Å±) ÑnH
bfhL¡f¥g£L´sdbfhL¡f¥g£L´sdbfhL¡f¥g£L´sdbfhL¡f¥g£L´sdbfhL¡f¥g£L´sd

M©LM©LM©LM©LM©L 1994 1995 1996 1997

É¦gidÉ¦gidÉ¦gidÉ¦gidÉ¦gid 270 240 230 230

M©LM©LM©LM©LM©L 1998 1999 2000 2001

É¦gidÉ¦gidÉ¦gidÉ¦gidÉ¦gid 220 200 210 200

gF½¢ ruhrÇ Kiw _y« ngh¡F k½¥òfisgF½¢ ruhrÇ Kiw _y« ngh¡F k½¥òfisgF½¢ ruhrÇ Kiw _y« ngh¡F k½¥òfisgF½¢ ruhrÇ Kiw _y« ngh¡F k½¥òfisgF½¢ ruhrÇ Kiw _y« ngh¡F k½¥òfis
fz¡»Lf. fz¡»Lf. fz¡»Lf. fz¡»Lf. fz¡»Lf. 2005 M« M©o¦fhd É¦gid msitM« M©o¦fhd É¦gid msitM« M©o¦fhd É¦gid msitM« M©o¦fhd É¦gid msitM« M©o¦fhd É¦gid msit
k½¥¾Lf.k½¥¾Lf.k½¥¾Lf.k½¥¾Lf.k½¥¾Lf.
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Ô®î :

         M©L   É¦gid  gF½ bkh¤j«   gF½¢ ruhrÇ

1994 270

1995 240

1996 230 
−−→ 970   −−→ 242.5

1997 230

1998 220

1999 200

2000 210
−−→ 830  −−→ 207.5

2001 200

k¤½a fhymsîfË± c´s É¤½ahr« = 1999.5 - 1995.5 = 4

gF½ ruhrÇfË¬ É¤½ahr«        = 242.5 - 207.5 = 35

ngh¡»¬ M©LnjhW« V¦gL« Fiwî  = 
4

35
 =  8.75

ngh¡»¬ miuah©LnjhW« V¦gL« Fiwî    = 4.375

M©L 1994 1995 1996 1997

É¦gid ngh¡F  255.625 246.875 238.125 229.375

M©L 1998 1999 2000 2001

É¦gid ngh¡F 220.625 211.875 203.125 194.375

2005 M« M©o¦fhd ngh¡»¬ k½¥ò = 194.375 − (8.75 x 4)

      = 159.375

(iii) efU« ruhrÇf´ KiwefU« ruhrÇf´ KiwefU« ruhrÇf´ KiwefU« ruhrÇf´ KiwefU« ruhrÇf´ Kiw
,«Kiw/ ngh¡»id msÉl X® vËa k¦W« ,a¦fÂj

KiwahF«.  efU« ruhrÇ KiwahdJ V¦w ,w¡f§fis
Ú¡fî« k¦W« ngh¡F k½¥òfis J±Èakhf Twî«
ga¬gL»¬w xU vËa KiwahF«.  efU« ruhrÇ KiwÆ±
ifahs¥gL»¬w c¤½f´ (techniques) ¼y khWj±fSl¬
Toa T£L¢ ruhrÇ KiwÆ¬ mo¥gilÆ± mikªJ´sJ.
T£L¢ ruhrÇ KiwÆ±/ eh« mid¤J cW¥òfisí« T£o/
tU« k½¥ig bkh¤j cW¥òfË¬ v©Â¡ifah± tF¡F»nwh«.
Mdh± efU« ruhrÇ KiwÆ±/ vL¤J¡ bfh´s¥g£l
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M©LfË¬ v©Â¡ifia¥ bghW¤J/ g±ntW ruhrÇf´ xU
bjhlÇ± mik»¬wd.  ,«Kiwia ga¬gL¤J« bghGJ/ 3
M©LfS¡fhd efU« ruhrÇ/ 4 M©LfS¡fhd efU«
ruhrÇ v¬gij¥ ngh¬W efU« ruhrÇ¡fhd fhy msit
(period) tiuaW¡f¥gl nt©L«.

M©LfË¬ v©Â¡if x¦iw¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if x¦iw¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if x¦iw¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if x¦iw¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if x¦iw¥gilÆÈU¥¾¬
efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± (3 M©Lf´ v¬fM©Lf´ v¬fM©Lf´ v¬fM©Lf´ v¬fM©Lf´ v¬f).

3 M©L efU« ruhrÇ KiwÆ± ngh¡F k½¥òfis¡ fhz
Ñ³ f©l tÊ Kiwfis ¾¬g¦w nt©L«.
1) Kj± _¬W M©LfË¬ Étu§fis¡ T£o tU«

bjhifia/ m«_¬W M©LfË¬ ,ilÆ± fhQ«
M©o¦F mjhtJ 2 « M©o¦F v½nu vGj nt©L«.

2) Kj± M©L k½¥ig jÉ®¤J mL¤j]_¬W
M©LfS¡fhd k½¥ig mjhtJ 2 tJ M©oÈUªJ 4
tJ M©L tiuí´s k½¥ig T£o (efU« bkh¤j«) tU«
bjhifia 3tJ M©o¦F v½nu vGjnt©L«.

3) Kj± ,u©L M©LfS¡fhd k½¥ig jÉ®¤J mL¤j
_¬W M©LfS¡fhd mjhtJ 3tJ M©oÈUªJ 5tJ
M©L tiuí´s k½¥ig T£o tU« bjhifia 4tJ
M©o¦F v½nu vGj nt©L«.

4) efU« ruhrÇia fz¡»l fil¼ Étu¤ij vL¤J¡
bfh´S« tiu/ ,« Kiwia bjhl®ªJ br­Jtunt©L«.

5) x²bthU 3 M©L efU« bkh¤j¤ijí«  3 M± tF¤jh±
»il¡f¥bgWtJ efU« ruhrÇfshF«.  ,itf´ jh¬
ek¡F¤ njitahd ngh¡F k½¥òfshF«

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
5 M©Lf´/ 7 M©Lf´ k¦W« M©LfS¡FÇa efU«

ruhrÇfis¡ fz¡»l nkny¡ F¿¥¾£l 5 tÊfisí«
¾¬g¦wyh«.

M©LfË¬ v©Â¡if ,u£il¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if ,u£il¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if ,u£il¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if ,u£il¥gilÆÈU¥¾¬M©LfË¬ v©Â¡if ,u£il¥gilÆÈU¥¾¬
efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± efU« ruhrÇf´ fhz± (4 M©Lf´ v¬fM©Lf´ v¬fM©Lf´ v¬fM©Lf´ v¬fM©Lf´ v¬f).

1) Kj± eh¬F M©LfS¡fhd k½¥ig T£o tU«
bjhifia 2 k¦W« 3 M« M©o¬ ika¤½¦F (eLnt)
v½uhf vGj nt©L«.
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2) Kj± M©o¬ k½¥ig jÉ®¤J 2 M« M©oÈUªJ 5 M«
M©L tiuÆyhd k½¥òfis T£o bgW« bjhifia
(efU« bkh¤j«) 3 k¦W« 4 M« M©L k½¥òfË¬
ika½½¦F v½uhf vGjnt©L«.

3) Kj± ,u©L M©o¦fhd k½¥òfis jÉ®¤J mL¤j 4
M©LfË± mjhtJ 3 M« M©oÈUªJ 6 M« M©L
tiuÆyhd k½¥òfis T£l nt©L«.  ¾¬ò m¡TLj±
bjhifia 4 k¦W« 5 M« M©L k½¥òfË¬ ika¤½¦F
v½uhf vGj nt©L«.

4) ,«Kiwia ,W½ Étu¤ij fz¡»± vL¤J¡ bfh´S«
tiu bjhl®ªJ br­J tunt©L«.

5) Kj± ,u©L 4 M©LfS¡fhd efU« bkh¤j¤ij
(Moving total) T£o tU« bjhifia 3 tJ M©o¦F
v½uhf vGj nt©L«.

6) Kj± 4 M©LfS¡fhd efU« TLjiy jÉ®¤J mL¤j
,U 4 M©LfS¡fhd efU« bkh¤j§fis¡ T£l
nt©L«.  ,¡TLj± bjhifia 4tJ M©o¦F v½uhf
vGjnt©L«.

7) mid¤J efU« bkh¤j§fis T£o ika¥gL¤J«
(centered) tiuÆY« ,«Kiwia bjhl®ªJ br­a
nt©L«.

8) ,²thW ika¥gL¤j¥g£l  4 tUl§fS¡fhd efU«
TLjiy 8 M± tF¤J »il¡f¥bgW« <î¤bjhifia
ò½a ÃiwÆ± vGj nt©L«. ,itfns ek¡F¤
njitahd ngh¡F k½¥òfshF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
6-tUl§f´/ 8 - tUl§f´ 10 - tUl§f´ M»at¦¿¦fhd

efU« ruhrÇia¡ fhz nk¦f©l tÊ Kiwf´ ¾¬g¦w¥gl
nt©L«.
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ÑnH bfhL¡f¥g£L´s c¦g¤½ msîfS¡FÑnH bfhL¡f¥g£L´s c¦g¤½ msîfS¡FÑnH bfhL¡f¥g£L´s c¦g¤½ msîfS¡FÑnH bfhL¡f¥g£L´s c¦g¤½ msîfS¡FÑnH bfhL¡f¥g£L´s c¦g¤½ msîfS¡F
(bk£Ç¡ l¬fË±) 3 M©L fhy¤ij¡ bfh©L(bk£Ç¡ l¬fË±) 3 M©L fhy¤ij¡ bfh©L(bk£Ç¡ l¬fË±) 3 M©L fhy¤ij¡ bfh©L(bk£Ç¡ l¬fË±) 3 M©L fhy¤ij¡ bfh©L(bk£Ç¡ l¬fË±) 3 M©L fhy¤ij¡ bfh©L
erU« ruhrÇfis¡ fz¡»Lf.erU« ruhrÇfis¡ fz¡»Lf.erU« ruhrÇfis¡ fz¡»Lf.erU« ruhrÇfis¡ fz¡»Lf.erU« ruhrÇfis¡ fz¡»Lf.
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M©LM©LM©LM©LM©L 1973 1974 1975 1976 1977 1978 1979 1980

c¦g¤½c¦g¤½c¦g¤½c¦g¤½c¦g¤½ 15 21 30 36 42 46 50 56

M©LM©LM©LM©LM©L 1981 1982 1983 1984 1985 1986 1987

c¦g¤½c¦g¤½c¦g¤½c¦g¤½c¦g¤½ 63 70 74 82 90 05 102

Ô®î :

3 M©L fhy¤½¦fhd efU« ruhrÇf´

      M©L        c¦g¤½       3-M©L  3-M©L
    y         efU« bkh¤j«     efU« ruhrÇ

1973 15 --- ---

1974 21 66 22.00

1975 30 87 29.00

1976 36 108 36.00

1977 42 124 41.33

1978 46 138 46.00

1979 50 152 50.67

1980 56 169 56.33

1981 63 189 63.00

1982 70 207 69.00

1983 74 226 75.33

1984 82 246 82.00

1985 90 267 89.00

1986 95 287 95.67

1987 102  ---   ---
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4 M©L fhy¤ij bfh©l efU« ruhrÇM©L fhy¤ij bfh©l efU« ruhrÇM©L fhy¤ij bfh©l efU« ruhrÇM©L fhy¤ij bfh©l efU« ruhrÇM©L fhy¤ij bfh©l efU« ruhrÇ
Kiwia ga¬gL¤½ Ñ³ f©l Étu§fS¡fhdKiwia ga¬gL¤½ Ñ³ f©l Étu§fS¡fhdKiwia ga¬gL¤½ Ñ³ f©l Étu§fS¡fhdKiwia ga¬gL¤½ Ñ³ f©l Étu§fS¡fhdKiwia ga¬gL¤½ Ñ³ f©l Étu§fS¡fhd
ngh¡F k½¥ò¡fis fh©f.ngh¡F k½¥ò¡fis fh©f.ngh¡F k½¥ò¡fis fh©f.ngh¡F k½¥ò¡fis fh©f.ngh¡F k½¥ò¡fis fh©f.

M©LM©LM©LM©LM©L  1974 1975 1976 1977 1978 1979 1980

k½¥òk½¥òk½¥òk½¥òk½¥ò    12 25 39 54 70 37 105

M©LM©LM©LM©LM©L  1981 1982 1983 1984 1985 1986 1987

k½¥òk½¥òk½¥òk½¥òk½¥ò    100 82 65 49 34 20 7
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Ô®î :

    M©L       k½¥ò   4 M©L     4 M©L  ,U 4M©L
           efU«    efU« bkh¤j«    efU« ruhrÇ

           bkh¤j«   (ikakh¡f¥g£l     (ngh¡F
        k½¥ò)     k½¥ò)

1974 12 --- ---   ---

1975 25 →  130
---   ---

1976 39 →  188
318 39.75

1977 54 →  200
388 48.50

1978 70 →  266
466 58.25

1979 37 →  312
578 72.25

1980 105 →  324
636 79.50

1981 100 →  352
676 84.50

1982 82 →  296
648 81.00

1983 65 →  230
526 65.75

1984 49 →  168
398 49.75

1985 34 →  110
278 34.75

1986 20 ---    ---

1987 7 ---    ---

(iv)  Û¢¼W t®¡f KiwÛ¢¼W t®¡f KiwÛ¢¼W t®¡f KiwÛ¢¼W t®¡f KiwÛ¢¼W t®¡f Kiw

Û¢¼W t®¡f KiwahdJ eilKiwÆ± btFthf
ga¬gL¤j¡ ToajhF«.  Û¢¼W t®¡f Kiwia¥ ga¬gL¤½
ne®¡nfh£oid¥ bghU¤jyh«.

ne®nfh£L ngh¡F bghJthf

y
t
 = a + bx  v¬w rk¬gh£o¬ _y« bfhL¡f¥gL»¬wJ.

,§F/  y
t
 v¬gJ ngh¡F k½¥òfis F¿¡»wJ. a v¬gJ

bt£L¤J©L k¦W« b v¬gJ ne®nfh£o¬ rh­thF«.  nkY«
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XuyF neu¤½± ts®¢¼ É»j¤ij b F¿¡»¬wJ.   kh¿ x

v¬gJ fhy msÉid F¿¡»¬wJ.

a  k¦W«  b kh¿Èfis fz¡»Ltj¦F Ñ³f©l ,a±
Ãiy¢ rk¬ghLf´ (normal equations) ga¬gL»¬wd.

Σy = na + bΣx

Σxy = aΣx + bΣx2,

,½±  n  v¬gJ bfhL¡f¥g£l Étu§fË¬
v©Â¡ifia (M©Lf´/ khj§f´ k¦W« ntW VjhtJ fhy«)
F¿¡»wJ.  ,a±Ãiy¢ rk¬ghLfis tUÉ¤j± 7 tJ
ghl¤½± 65 k¦W« 66« g¡f§fË± bfhL¡f¥g£L´sJ.

,a± Ãiy¢ rk¬ghLfis Ô®¤J ngh¡F k½¥òfis
bgWtj¦F Ñ³f©l tÊKiwfis ¾¬g¦wnt©L«.

tiftiftiftiftif (i)

M©LfË¬ v©Â¡if x¦iw¥gil vÅ±M©LfË¬ v©Â¡if x¦iw¥gil vÅ±M©LfË¬ v©Â¡if x¦iw¥gil vÅ±M©LfË¬ v©Â¡if x¦iw¥gil vÅ±M©LfË¬ v©Â¡if x¦iw¥gil vÅ±

1) M©Lf´ x  v¬»w kh¿ia bfh©L« mjndhL
bjhl®ò´s k½¥òfis y v¬»w kh¿ia¡ bfh©L«
F¿¤J¡ bfh´sî«.

2) ika M©il M½ahf bfh©L mt¦¿ÈUªJ
Éy¡f§fis bgw nt©L«.  vdnt ΣX = 0.

3) ΣX
2
, ΣY  k¦W«  ΣXY M»at¦iw f©L ¾o¡fî«.

4) ΣX, ΣX
2
, ΣY k¦W« ΣXY M»at¦¿¬ k½¥òfis

nk¦f©l ,a± rk¬gh£o± ¾u½Æ£L mitfis Ô®¡f
nt©L«.

vdnt/   a = 
n
YΣ

 b = 

2
X

XY

Σ
Σ

5) a  k¦W«  b M»at¦¿¬ k½¥òfis rk¬gh£o± ¾u½Æl
nt©L«.  ¾¬ò m¢rk¬gh£il x  -¬ x²bthU
k½¥¾¦F« Ô®î br­jh± ngh¡F k½¥òfis bgwyh«.
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tiftiftiftiftif (ii)

M©LfË¬ v©Â¡if ,u£il¥ gil vÅ±M©LfË¬ v©Â¡if ,u£il¥ gil vÅ±M©LfË¬ v©Â¡if ,u£il¥ gil vÅ±M©LfË¬ v©Â¡if ,u£il¥ gil vÅ±M©LfË¬ v©Â¡if ,u£il¥ gil vÅ±
,§F

X =

.5

 ruhrÇ¬LfË© M ikaU-,x

vd vL¤J¡ bfh©L/ Vida tÊKiwfis Kj±
tifÆ± c´sJ ngh± ¾¬g¦w nt©L«
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xU r®¡fiu MiyÆ¬ c¦g¤½ Étu§f´xU r®¡fiu MiyÆ¬ c¦g¤½ Étu§f´xU r®¡fiu MiyÆ¬ c¦g¤½ Étu§f´xU r®¡fiu MiyÆ¬ c¦g¤½ Étu§f´xU r®¡fiu MiyÆ¬ c¦g¤½ Étu§f´
(MÆu« l¬fË±) ÑnH bfhL¡f¥g£L´sd.(MÆu« l¬fË±) ÑnH bfhL¡f¥g£L´sd.(MÆu« l¬fË±) ÑnH bfhL¡f¥g£L´sd.(MÆu« l¬fË±) ÑnH bfhL¡f¥g£L´sd.(MÆu« l¬fË±) ÑnH bfhL¡f¥g£L´sd.

M©LM©LM©LM©LM©L 1980 1981 1982 1983 1984 1985 1986

c¦g¤½c¦g¤½c¦g¤½c¦g¤½c¦g¤½   80   90   92   83   94   99        92

,²Étu§fS¡F bghU¤jkhd ne®¡nfh£L,²Étu§fS¡F bghU¤jkhd ne®¡nfh£L,²Étu§fS¡F bghU¤jkhd ne®¡nfh£L,²Étu§fS¡F bghU¤jkhd ne®¡nfh£L,²Étu§fS¡F bghU¤jkhd ne®¡nfh£L
ngh¡if Û¢¼W t®¡f KiwÆ± bghU¤½ ngh¡if Û¢¼W t®¡f KiwÆ± bghU¤½ ngh¡if Û¢¼W t®¡f KiwÆ± bghU¤½ ngh¡if Û¢¼W t®¡f KiwÆ± bghU¤½ ngh¡if Û¢¼W t®¡f KiwÆ± bghU¤½ 1990

M©o¦fhd c¦g¤½ia k½¥ÕL br­f.M©o¦fhd c¦g¤½ia k½¥ÕL br­f.M©o¦fhd c¦g¤½ia k½¥ÕL br­f.M©o¦fhd c¦g¤½ia k½¥ÕL br­f.M©o¦fhd c¦g¤½ia k½¥ÕL br­f.

Ô®î :

M©LfË¬ v©Â¡if   n = 7  (x¦iw¥gil v©)

     M©L     c¦g¤½
    (’000 l¬fË±)

   x           y = Y          X = x−1983      X2     XY

1980 80 -3 9 -240

1981 90 -2 4 -180

1982 92 -1 1 -92

1983 83 0 0 0

1984 94 1 1 94

1985 99 2 4 198

1986 92 3 9 276

630 0 28 56
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Y
t
 = a + bX  ne®¡nfhL ngh¡»¬ rk¬ghL.

ΣX, ΣX2, ΣXY M»at¦iw ,a±Ãiy¢ rk¬gh£o±
¾u½Æl

630 = 7a + b(0) ⇒ a = 90

56 = a(0) + b(28) ⇒ b = 2

vdnt/ ne®¡nfh£L ngh¡»¬ rk¬ghlhdJ/

Y
t
 = 90 + 2X

ngh¡F k½¥òf´

X = -3 ⇒ Y
t
 =  90 + 2(-3) = 84

X = -2 ⇒ Y
t
 =  90 + 2(-2) = 86

X = -2 ⇒ Y
t
 =  90 + 2(-1) = 88

X = 0 ⇒ Y
t
 =  90 + 2(0)  = 90

X = 1 ⇒ Y
t
 =  90 + 2(1)  = 92

X = 2 ⇒ Y
t
 =  90 + 2(2)  = 94

X = 3 ⇒ Y
t
 =  90 + 2(3)  = 96

1990 M« M©o¦fhd c¦g¤½ia k½¥¾l X = 7 I ngh¡F
rk¬gh£o± ¾u½Æl/

∴ Y
1990

 = 90 + 2(7) = 104000 l¬f´
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Ñ³f©l Étu§fS¡F Û¢¼W t®¡f KiwÆ±Ñ³f©l Étu§fS¡F Û¢¼W t®¡f KiwÆ±Ñ³f©l Étu§fS¡F Û¢¼W t®¡f KiwÆ±Ñ³f©l Étu§fS¡F Û¢¼W t®¡f KiwÆ±Ñ³f©l Étu§fS¡F Û¢¼W t®¡f KiwÆ±
ne®¡nfh£L ngh¡»id bghU¤Jf . ne®¡nfh£L ngh¡»id bghU¤Jf . ne®¡nfh£L ngh¡»id bghU¤Jf . ne®¡nfh£L ngh¡»id bghU¤Jf . ne®¡nfh£L ngh¡»id bghU¤Jf . 1988 M«M«M«M«M«
M©o¦fhd tUthia¡ fÂ¡fî«.M©o¦fhd tUthia¡ fÂ¡fî«.M©o¦fhd tUthia¡ fÂ¡fî«.M©o¦fhd tUthia¡ fÂ¡fî«.M©o¦fhd tUthia¡ fÂ¡fî«.

M©LM©LM©LM©LM©L      1979 1980 1981 1982 1983  1984 1985 1986

tUth ­tUt h ­tUt h ­tUt h ­tUt h ­   38   40   65   72   69  60   87      95

Ô®î :

M©LfË¬ v©Â¡if  n = 8  (,u£il¥gil)
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      M©L     tUth­
      (,y£r§fË±)

        x            y = Y     X = 
5.

5.1982−x
   X2       XY

1979 38 -7 49 -266

1980 40 -5 25 -200

1981 65 -3 9 -195

1982 72 -1 1 -72

1983 69 1 1 69

1984 60 3 9 180

1985 87 5 25 435

1986 95 7 49 665

526 0 168 616

ngh¡F nfh£o¬ rk¬ghL Y
t
 = a + bX

ΣX, ΣX2, ΣXY, n ,« k½¥òf´ ,a±Ãiy¢ rk¬gh£o±
¾u½Æl ek¡F »il¥gJ

526 = 8a + b(0) -----------(1)

616 = a(0) + b(168) -----------(2)

(1) k¦W« (2) M»at¦iw Ô®¡f a = 65.75  and b = 3.667

vdnt ne®¡nfh£L ngh¡»¬ rk¬ghL

Y
7
 = 65.75 + 3.667X

M©L 1979 1980 1981 1982

ngh¡F k½¥ò 40.08 47.415 54.749 62.083

M©L 1983 1984 1985 1986

ngh¡F k½¥ò 69.417 76.751 84.085 91.419

1988 M« M©o¬ tUthia k½¥ÕL br­a/ X = 11 I ¾u½Æl

 Y
t
 = 65.75 + 3.667(11) = 106.087

vdnt 1988 M« tUl¤½¬ tUth­ k½¥ò %.106.087 ,y£r«
MF«.
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gUtfhy khWgh£oid msÉLj± gUtfhy khWgh£oid msÉLj± gUtfhy khWgh£oid msÉLj± gUtfhy khWgh£oid msÉLj± gUtfhy khWgh£oid msÉLj± (Measurement of

seasonal variation)

gUtfhy khWgh£oid rhjhuz ruhrÇ (simple average)

Kiwia¡ bfh©L msÉlyh«.

rhjhuz ruhrÇ Kiwrhjhuz ruhrÇ Kiwrhjhuz ruhrÇ Kiwrhjhuz ruhrÇ Kiwrhjhuz ruhrÇ Kiw

,«Kiw/ gUtfhy F¿ÞLf´ bgWtj¦fhd xU vËa
KiwahF«.  ,«KiwÆ± Ñ³f©l tÊKiwfis ¾¬g¦¿
gUtfhy F¿Þ£bl©iz f©L¾¡fyh«.

(i) bfhL¡f¥g£l Étu§fis M©Lf´/ khj§f´
m±yJ fhyh©Lf´ M»a VjhtJ x¬¿¬
mik¤J¡ bfh´sî«.

(ii) x²bthU khj¤½¦fhd m±yJ fhyh©o¦fhd
TLjiy¡ f©L¾o¡fî«.

(iii) x²bthU TLjiyí«/ Étu§f´ bfhL¡f¥
g£oU¡F« M©LfË¬ v©Â¡ifÆ± tF¤jh±
gUtfhy (khj§f´ m±yJ fhyh©Lf´)
ruhrÇfis¥ bgwyh«.

(iv) gUtfhy ruhrÇfË¬ ruhrÇia fz¡»l nt©L«.
,J bkh¤j ruhrÇ (grand average) vd¥gL«.

(v) x²bthU gUt¤½¦fhd (khj§f´ m±yJ
fhyh©Lf´) gUtfhy F¿ÞLf´ Ñ³f©lthW
fz¡»l¥gL»wJ.

gUtfhy F¿ÞL  (S.I) = 
 ruhrÇjbkh¤

 ruhrÇgUtfhy
x 100

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(i) Étu§f´ khjªnjhW« bfhL¡f¥g£oUªjh±

gUtfhy F¿ÞL = 
 ruhrÇjbkh¤

 ruhrÇkhjhª½u
x 100

(ii) Étu§f´ fhyh©LnjhW« bfhL¡f¥g£oUªjh±

gUtfhy F¿ÞL = 
 ruhrÇjbkh¤

 ruhrÇL©fhyh
x 100
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ÑnH bfhL¡f¥g£L´s Étu§fËÈUªJÑnH bfhL¡f¥g£L´s Étu§fËÈUªJÑnH bfhL¡f¥g£L´s Étu§fËÈUªJÑnH bfhL¡f¥g£L´s Étu§fËÈUªJÑnH bfhL¡f¥g£L´s Étu§fËÈUªJ
gUtfhy F¿ÞLfis¡ fh©f.gUtfhy F¿ÞLfis¡ fh©f.gUtfhy F¿ÞLfis¡ fh©f.gUtfhy F¿ÞLfis¡ fh©f.gUtfhy F¿ÞLfis¡ fh©f.

tUl«tUl«tUl«tUl«tUl«

     fhy©Lfhy©Lfhy©Lfhy©Lfhy©L      1984  1985 1986 1987 1988

I 40 42 41 45 44

II 35 37 35 36 38

III 38 39 38 36 38

IV 40 38 40 41 42

Ô®î :

   fhyh©L

M©L I II III IV

1984 40 35 38 40

1985 42 37 39 38

1986 41 35 38 40

1987 45 36 36 41

1988 44 38 38 42

bkh¤j« 212 181 189 201

ruhrÇ 42.4 36.2 37.8 40.2

bkh¤j ruhrÇ = 
4

40.237.836.242.4 +++
 = 39.15

gUtfhy F¿ÞL  (S. I) = 

 ruhrÇjbkh¤

 ruhrÇL©fhyh

x 100

vdnt, Kj± fhyh©o¦fhd gUtfhy F¿ÞL

     = 
39.15

42.4
x 100 = 108.30

,u©lh«  fhyh©o¦fhd gUtfhy F¿ÞL

     = 
39.15

36.2
x 100 = 92.54
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_¬wh« fhyh©o¦fhd gUtfhy F¿ÞL

     = 
39.15

37.8
x 100 = 96.55

eh¬fh«  fhyh©o¦fhd gUtfhy F¿ÞL

     = 
39.15

40.2
x 100 = 102.68

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.3

1) tiugl KiwÆ¬ _y« ngh¡F¡ nfh£oid tiuf.

M©L 1995 1996 1997 1998 1999 2000 2001

c¦g¤½   20   22   25   26   25  27  30

2) tiugl KiwÆ¬ _y« ngh¡F¡ nfh£oid tiuf.

M©L 1997 1998 1999 2000 2001

c¦g¤½ 20 24 25 38 60

3) gF½¢ruhrÇ KiwÆ¬ _y« ngh¡F k½¥òfis¡ fh©f.

M©L 1987 1988 1989 1990 1991 1992 1993

c¦g¤½ 90 110 130 150 100 150 200

(l¬Å±)

4) gF½¢ruhrÇ KiwÆ¬ _y« ngh¡F k½¥òfis¡ fh©f.

M©L 1993 1994 1995 1996 1997 1998 1999 2000

Ãfuyhg« 38 39 41 43 40 39 35 25

(,y£r¤½±)

5) _¬W M©L fhy¤ij¡ bfh©l efU« ruhrÇ Kiwia
ga¬gL¤½ Ñ³tU« Étu§fS¡F ngh¡F k½¥ò¡ fh©f.

M©L 1983 1984 1985 1986 1987 1988 1989

c¦g¤½ 21 22 23 25 24 22 25

(l¬Å±)

M©L 1990 1991 1992

c¦g¤½ 26 27 26

(l¬Å±)
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6) xU r®¡fiu MiyÆ¬ c¦g¤½ (l¬fË±) ÑnH
bfhL¡f¥g£L´sd.  3 tUl fhy¤ij¡ bfh©l efU«
ruhrÇ KiwÆ¬ _y« ngh¡F k½¥òfis¡ fh©f

M©L 1980 1981 1982 1983 1984 1985 1986

c¦g¤½ 80 90 92 83 94 99 92

7) eh¬F M©L fhy¤ij¡ bfh©l efU« ruhrÇfË¬ _y«
ngh¡F k½¥òfis¡ fh©f.

M©L 1981 1982 1983 1984 1985 1986 1987

c¦g¤½ 464 515 518 467 502 540 557

M©L 1988 1989 1990

c¦g¤½ 571 586 612

8) eh¬F M©L fhy¤ij¡ bfh©l efU« ruhrÇf´ _y«
ngh¡F k½¥òfis¡ fh©f.

M©L 1978 1979 1980 1981 1982 1983 1984

c¦g¤½ 614 615 652 678 681 655 717

M©L 1985 1986 1987 1988

c¦g¤½ 719 708 779 757

9) xU r®¡fiu MiyÆ¬ c¦g¤½ ÑnH bfhL¡f¥g£L´sJ.

M©L 1989 1990 1991 1992 1993 1994 1995

c¦g¤½ 77 88 94 85 91 98 90

(l¬Å±)

,²Étu§fS¡F ne®nfh£L ngh¡»id Û¢¼W t®¡f Kiw
_y« bghU¤½ ngh¡F k½¥òfis¡ fh©f.  nkY« 2000 M«
M©o¦fhd c¦g¤½ msit k½¥ÕL br­f.

10) ne®nfh£L ngh¡»id bghU¤½ ngh¡F k½¥òfisí« 2002
M« M©o¦fhd Ãfuyhg¤ijí« k½¥ÕL br­f.

M©L 1992 1993 1994 1995 1996 1997 1998

yhg« 65 68 59 55 50 52 54

M©L 1999 2000

yhg« 50 42
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11) Ñ³f©l Étu§f´ xU bghJ¤Jiw ÃWtd« 1984 M«
M©oÈUªJ 1989 M« M©L tiu <£oa yhg¤njhL
bjhl®òilait MF«.
    M©L 1984 1985 1986 1987 1988 1989

    ,yhg« ( ’000) 10 12 15 16 18 19

Û¢¼W t®¡f Kiw _y« ngh¡F¡ nfh£oid bghU¤½/
ngh¡»¬ k½¥òfis g£oaÈLf.

12) ngh¡F nfh£oid bghU¤½ ngh¡F k½¥òfis¡ fh©f
  M©L 1992 1993 1994 1995 1996 1997 1998 1999

  ,yhg« 47 53 50 46 41 39 40 36

13) rhjhuz ruhrÇ KiwÆ¬ _y« Ñ³ f©l Étu§fS¡F
gUtfhy F¿ÞLfis fh©f.

fhyh©L
M©L I II III IV

1985 68 62 61 63

1986 65 58 66 61

1987 68 63 63 67

14) rhjhuz ruhrÇ KiwÆ¬ _y« Ñ³ f©l Étu§fS¡F
gUtfhy F¿ÞLfis fh©f.

fhyh©L
M©L I II III IV

1994 78 66 84 80

1995 76 74 82 78

1996 72 68 80 70

1997 74 70 84 74

1998 76 74 86 82

15) rhjhuz ruhrÇ KiwÆ¬ _y« Ñ³ f©l Étu§fS¡F
gUtfhy F¿ÞLfis fh©f.

fhyh©L
M©L I II III IV

1982 72 68 80 70

1983 76 70 82 74

1984 74 66 84 80

1985 76 74 84 78

1986 78 74 86 82
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10.4  F¿Þ£bl©f´F¿Þ£bl©f´F¿Þ£bl©f´F¿Þ£bl©f´F¿Þ£bl©f´ (Index numbers)

` `F¿Þ£bl© v¬gJ/ ntWg£l ,u©L fhy§f´/
,l§f´ k¦W« N³ÃiyfS¡F ,ilÆ± gy kh¿fË±
V¦gl¡Toa khWjiy ms¥gj¦F ga¬gL« xU É»j«
(bghJthf ÉG¡fhLfË±) MF«pp - Alva. M. Tuttle.

,u©L bt²ntwhd N³ÃiyfË±/ bjhl®òila
kh¿fË¬ bjhF¥¾± fhz¥gL« myFfË¬ É¤½ahr¤ij
ms¥gj¦F cfªj fUÉahf F¿Þ£bl© mik»wJ. m±yJ
,u©L bt²ntwhd N³ÃiyfË±/ bjhl®òila kh¿fË¬
bjhF¥¾± fhz¥gL« ruhrÇ khWjÈ¬ É¤½ahr¤ij
ms¥gnj F¿Þ£bl© v¬W tiuaW¡f¥gL»wJ.  cjhuzkhf
xnu ,l¤½¬ ,U ika§fË± m±yJ ,U fhy§fË± Ãyî«
g©l§fË¬ ÉiyfË± V¦gL« khWjiy msÉl F¿Þ£bl©
ga¬gL»wJ. ,U bt²ntW fhy§fË¬ m±yJ ,U bt²ntW
,l§fË¬ th³¡if ju bryit x¥ÕL br­tj¦F/ ek¡F
F¿Þ£bl©f´ njit¥gL»wJ.

10.4.1  F¿Þ£L v©fË¬ tiff´F¿Þ£L v©fË¬ tiff´F¿Þ£L v©fË¬ tiff´F¿Þ£L v©fË¬ tiff´F¿Þ£L v©fË¬ tiff´

vt¦iw msÉL»¬nwhnkh mj¦F V¦wthW F¿Þ£
bl©fis tif¥gL¤jyh«.

(i) Éiy F¿Þ£L v©  (ii) v©zsit F¿Þ£L v©
(iii) k½¥ò F¿Þ£L v©  (iv) ¼w¥ò neh¡f« bfh©l F¿Þ£L v©.

,§F eh« (i) k¦W« (ii) M»adt¦iw k£L« f¦w¿nth«.

10.4.2  F¿Þ£L v©fË¬ ga¬f´F¿Þ£L v©fË¬ ga¬f´F¿Þ£L v©fË¬ ga¬f´F¿Þ£L v©fË¬ ga¬f´F¿Þ£L v©fË¬ ga¬f´

(i) Éahghu¡ bfh´iffis cUth¡f F¿Þ£L v©f´
ga¬gL»¬wd.

(ii) bghUshjhu¤½± gzå¡f« k¦W« gz js®î ,t¦iw
msÉl F¿Þ£bl© ga¬gL»wJ.

(iii) bt²ntW ,l§f´ m±yJ tUl§fË±/ khzt®fË¬
E©z¿î¤ ½wid x¥¾Ltj¦fhf F¿Þ£bl©f´
ga¬gL»¬wd.
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(iv) bghUshjhu¤½¬ j¬ikia ms¡f cjî« fUÉahf
F¿Þ£bl©f´ c´sJ.

10.4.3  F¿Þ£L v© mik¡F« Éj«F¿Þ£L v© mik¡F« Éj«F¿Þ£L v© mik¡F« Éj«F¿Þ£L v© mik¡F« Éj«F¿Þ£L v© mik¡F« Éj«

(i) ÃiwÆlh F¿ÞL (unweighted index)

(ii) ÃiwÆ£l F¿ÞL (weighted index)

ÃiwÆ£l F¿Þ£L v©fis¥ g¦¿ eh« fhzyh«.

10.4.4  ÃiwÆ£l F¿Þ£L v©f´ÃiwÆ£l F¿Þ£L v©f´ÃiwÆ£l F¿Þ£L v©f´ÃiwÆ£l F¿Þ£L v©f´ÃiwÆ£l F¿Þ£L v©f´

ÃiwÆ£l F¿Þ£L v©fis mik¡F« Kiwf´

(a) ÃiwÆ£l bkh¤j¡ F¿Þ£bl© fhQ« Kiw

(b) rh®òfË¬ ÃiwÆ£l ruhrÇfis¡ bfh©L
F¿Þ£bl© fhz±.

ÃiwÆ£l bkh¤j¡ F¿Þ£bl©f´ÃiwÆ£l bkh¤j¡ F¿Þ£bl©f´ÃiwÆ£l bkh¤j¡ F¿Þ£bl©f´ÃiwÆ£l bkh¤j¡ F¿Þ£bl©f´ÃiwÆ£l bkh¤j¡ F¿Þ£bl©f´

p
1
 k¦W« p

0
 v¬gd Kiwna el¥ò M©o¬ Éiy k¦W«

mo¥gil M©o¬ (base year) Éiyia¡ F¿¡»¬wd.  q
1
 k¦W«

q
0
 v¬gd Kiwna el¥ò M©o¬ msî k¦W« mo¥gil

M©o¬ msit¡ F¿¡»¬wd.  F¿Þ£bl©f´
fz¡»Ltj¦F ga¬gL¤j¥gL« ¼y N¤½u§f´ tUkhW:

(i) yhµ¾aÇ¬ Éiy F¿Þ£L v© yhµ¾aÇ¬ Éiy F¿Þ£L v© yhµ¾aÇ¬ Éiy F¿Þ£L v© yhµ¾aÇ¬ Éiy F¿Þ£L v© yhµ¾aÇ¬ Éiy F¿Þ£L v© (Laspeyre’s

price index)

L

01
P  = 

00

01

qp

qp

Σ

Σ
 x  100, ,§F  w  = p

0
q

0
 v¬gJ

cU¥gofS¡FÇa Ãiwf´ k¦W«  P
01

 v¬gJ Éiy¡
F¿Þ£bl©.

(ii) gh¼Æ¬ Éiy¡ F¿Þ£L v©gh¼Æ¬ Éiy¡ F¿Þ£L v©gh¼Æ¬ Éiy¡ F¿Þ£L v©gh¼Æ¬ Éiy¡ F¿Þ£L v©gh¼Æ¬ Éiy¡ F¿Þ£L v© (Paasche’s price

index)

P

01
P

 = 
10

11

qp

qp

Σ

Σ
 x 100

w = p
0
q

1 
 v¬gJ el¥ò M©L¡FÇa msîf´.
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(iii) ¾\Ç¬ Éiy¡ F¿Þ£L v©¾\Ç¬ Éiy¡ F¿Þ£L v©¾\Ç¬ Éiy¡ F¿Þ£L v©¾\Ç¬ Éiy¡ F¿Þ£L v©¾\Ç¬ Éiy¡ F¿Þ£L v© (Fisher’s price index)

F

01
P

 = 
P

01

L

01
P  P x  = 

10

11

00

01

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x  x 100

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

yhµ¾aÇ¬ Éiy¡ F¿Þ£bl© k¦W« gh¼Æ¬ Éiy¡
F¿Þ£bl© M»at¦¿¬ bgU¡F¢ ruhrÇna (G.M) ¾\Ç¬
Éiy¡ F¿Þ£bl© MF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 21

¾¬tU« m£ltizÆÈUªJ¾¬tU« m£ltizÆÈUªJ¾¬tU« m£ltizÆÈUªJ¾¬tU« m£ltizÆÈUªJ¾¬tU« m£ltizÆÈUªJ  2000M«M«M«M«M«
M©L¡fhd M©L¡fhd M©L¡fhd M©L¡fhd M©L¡fhd (i) yhµ¾a®yhµ¾a®yhµ¾a®yhµ¾a®yhµ¾a® (ii) gh¼ k¦W«gh¼ k¦W«gh¼ k¦W«gh¼ k¦W«gh¼ k¦W«  (iii) ¾\®¾\®¾\®¾\®¾\®
M»nahÇ¬ F¿Þ£L v©fis¡ fz¡»LfM»nahÇ¬ F¿Þ£L v©fis¡ fz¡»LfM»nahÇ¬ F¿Þ£L v©fis¡ fz¡»LfM»nahÇ¬ F¿Þ£L v©fis¡ fz¡»LfM»nahÇ¬ F¿Þ£L v©fis¡ fz¡»Lf :

      bghU´bghU´bghU´bghU´bghU´             Éiy     Éiy     Éiy     Éiy     Éiy    msî   msî   msî   msî   msî
1990      2000 1990       2000

A 2 4 8 6

B 5 6 10 5

C 4 5 14 10

D 2 2 19 13

Ô®î :

  bghU´            Éiy              msî
mo¥gil el¥ò mo¥gil el¥ò
M©L M©L M©L M©L

p
0

p
1

q
0

q
1

p
0
q

0
p

1
q

0
p

0
q

1
p

1
q

1

A 2 4 8 6 16 32 12 24

B 5 6 10 5 50 60 25 30

C 4 5 14 10 56 70 40 50

D 2 2 19 13 38 38 26 26

160 200 103 130

(i) yhµ¾aÇ¬ F¿Þ£bl© :  
L

01
P = 

00

01

qp

qp

Σ

Σ
 x 100
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= 

160

200

 x 100 = 125

(ii) gh¼Æ¬ F¿Þ£bl© :  
P

01
P = 

10

11

qp

qp

Σ

Σ
 x 100

= 

103

130

 x 100 = 126.21

(iii) ¾\Ç¬ F¿Þ£bl© :     
F

01
P = 

P

01

L

01
P  P x

= 125.6

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 22

¾¬tU« Étu§fËÈUªJ¾¬tU« Étu§fËÈUªJ¾¬tU« Étu§fËÈUªJ¾¬tU« Étu§fËÈUªJ¾¬tU« Étu§fËÈUªJ (a) yhµ¾a®yhµ¾a®yhµ¾a®yhµ¾a®yhµ¾a®  (b) gh¼gh¼gh¼gh¼gh¼
k¦W«k¦W«k¦W«k¦W«k¦W«  (iii) ¾\® M»a KiwfË¬ _y« Éiy¡¾\® M»a KiwfË¬ _y« Éiy¡¾\® M»a KiwfË¬ _y« Éiy¡¾\® M»a KiwfË¬ _y« Éiy¡¾\® M»a KiwfË¬ _y« Éiy¡
F¿Þ£bl©fis¡ fz¡»Lf.F¿Þ£bl©fis¡ fz¡»Lf.F¿Þ£bl©fis¡ fz¡»Lf.F¿Þ£bl©fis¡ fz¡»Lf.F¿Þ£bl©fis¡ fz¡»Lf.

      bghU´bghU´bghU´bghU´bghU´      mo¥gil mo¥gil mo¥gil mo¥gil mo¥gil     M©L  M©L  M©L  M©L  M©L       el¥ò M©Lel¥ò M©Lel¥ò M©Lel¥ò M©Lel¥ò M©L
Éiy  msî    Éiy  msîÉiy  msî    Éiy  msîÉiy  msî    Éiy  msîÉiy  msî    Éiy  msîÉiy  msî    Éiy  msî

A 2 40 6 50

B 4 50 8 40

C 6 20 9 30

D 8 10 6 20

E 10 10 5 20

Ô®î :

 bghU´  mo¥gil M©L  el¥ò M©L
       Éiy    msî      Éiy  msî

    p
0
       q

0
         p

1
        q

1
      p

0
q

0
    p

1
q

0
  p

0
q

1
 p

1
q

1

A 2 40 6 50 80 240 100 300

B 4 50 8 40 200 400 160 320

C 6 20 9 30 120 180 180 270

D 8 10 6 20 80 60 160 120

E 10 10 5 20 100 50 200 100

580 930 800 1110
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(i) yhµ¾aÇ¬ Éiy F¿Þ£bl© :  
L

01
P   = 

00

01

qp

qp

Σ

Σ
 x 100

= 

580

930

 x 100 = 160.34

(ii) gh¼Æ¬ Éiy¡ F¿Þ£bl© : 
P

01
P  = 

10

11

qp

qp

Σ

Σ
 x 100

= 

800

1100

 x 100 = 137.50

(iii) ¾\Ç¬ Éiy¡F¿Þ£bl© :     
F

01
P = 

P

01

L

01
P  P x

= 148.48

10.4.5  F¿Þ£L v©fS¡fhd nrhjidf´F¿Þ£L v©fS¡fhd nrhjidf´F¿Þ£L v©fS¡fhd nrhjidf´F¿Þ£L v©fS¡fhd nrhjidf´F¿Þ£L v©fS¡fhd nrhjidf´

xU F¿¥¾£l fhy¤½¬ Éiyf´ msîf´ ngh¬wt¦iw
k¦bwhU fhy¤½¬ Éiyf´ k¦W« msîfSl¬ x¥¾L« nghJ/
fhz¥gL»¬w bjhl®òila kh¦w§fis m¿a F¿Þ£bl©f´
mik¡f¥gL»¬wd. F¿Þ£bl©f´ mik¥gj¦F
bfhL¡f¥g£l N³Ãiy¡nf¦w xU N¤½u¤ij bjÇî br­j±
mt¼akh»wJ. m¥bghU¤jkhd F¿Þ£bl©iz
nj®ªbjL¥gj¦FÇa nrhjidfshtd.

1) fhy kh¦W¢ nrhjid (Time reversal test)

2) fhuÂ kh¦W¢ nrhjid (Factor reversal test)

fhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjid

bfhL¡f¥g£l Kiw/ fhy¤½¬ ,U tÊfËY«
K¬Kfkhfî«/ ¾¬  Kfkhfî« ,a§F« j¬ikíilajh
v¬gij¡ f©l¿tnj fhy kh¦W¢ nrhjid MF«.  VnjD«
,u©L M©LfS¡F cÇa Étu§fis¡ bfh©L xnu
KiwÆ± Mdh± mo¥gil M©Lfis kh¦¿ bgw¥gL«
,u©L F¿Þ£bl©fË± x¬whdJ k¦bwh¬¿¬ jiyÑHhf
,U¡F«.  Mfnt mitfË¬ bgU¡f± gy¬ 1 MF«.

∴ P
01

 x P
10

 = 1 v¬gJ Ãiwî br­a¥glnt©L«.
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fhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjid

fhuÂ kh¦W¢ nrhjidÆ± Éiy¡ F¿ÞL k¦W«
msî¡ F¿ÞL M»at¦¿¬ bgU¡f± gy¬ MdJ mt¦¿¦F
V¦w k½¥ò¡ F¿Þ£L¡F¢ rkkhF«.  ,¢nrhjidÆ±
ÉiyÆ¬ kh¦w« k¦W« msÉ¬ kh¦w« M»at¦¿¬
bgU¡f± gy¬ MdJ k½¥¾¬ bkh¤j kh¦w¤½¦F¢ rkkhf
,U¡F«.

∴   P
01

 x Q
01

 = 
00

11

Σ

Σ

qp

qp
 (x²bthU F¿Þ£oY« c´s fhuÂ

100I jÉ®¡fî«)

P
01

 ÉiyfË± V¦gl¡Toa rh®ªj kh¦w¤ijí« Q
01

msîfË± V¦gl¡Toa rh®ªj kh¦w¤ijí« F¿¡»wJ.
bfhL¡f¥g£l xU M©o± bfhL¡f¥g£l g©l¤½¬ bkh¤j
k½¥ò v¬gJ xU my»¬ msî k¦W« Éiy M»at¦¿¬
bgU¡f± bjhif¡F rkkhF«.

00

11

qp

qp

Σ

Σ
 v¬gJ el¥gh©o¬ bkh¤j k½¥ò k¦W«

mo¥gil M©o¬ bkh¤j k½¥ò M»at¦¿¬ É»j«.
,²É»j« c©ik k½¥¾¬ É»j« (True value ratio) v¬W
miH¡f¥gL»wJ.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

¾\Ç¬ F¿Þ£bl©/ ,U kh¦W¢ nrhjidfisí« Ãiwî
br­tjh± mJ ÉGÄa F¿Þ£bl© (Ideal index number) v¬W
miH¡f¥gL»wJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 23

bfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©LbfhL¡f¥g£L´s Étu§fis¡ bfh©L
¾\Ç¬ ÉGÄa F¿Þ£bl©iz¡ fz¡»Lf/¾\Ç¬ ÉGÄa F¿Þ£bl©iz¡ fz¡»Lf/¾\Ç¬ ÉGÄa F¿Þ£bl©iz¡ fz¡»Lf/¾\Ç¬ ÉGÄa F¿Þ£bl©iz¡ fz¡»Lf/¾\Ç¬ ÉGÄa F¿Þ£bl©iz¡ fz¡»Lf/
nkY« ,¡ fhuÂ kh¦W¢ nrhjid M»at¦iwnkY« ,¡ fhuÂ kh¦W¢ nrhjid M»at¦iwnkY« ,¡ fhuÂ kh¦W¢ nrhjid M»at¦iwnkY« ,¡ fhuÂ kh¦W¢ nrhjid M»at¦iwnkY« ,¡ fhuÂ kh¦W¢ nrhjid M»at¦iw
Ãiwî br­tij¢ rÇgh®¡fî«.Ãiwî br­tij¢ rÇgh®¡fî«.Ãiwî br­tij¢ rÇgh®¡fî«.Ãiwî br­tij¢ rÇgh®¡fî«.Ãiwî br­tij¢ rÇgh®¡fî«.
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     bghU´bghU´bghU´bghU´bghU´             Éiy     Éiy     Éiy     Éiy     Éiy    msî   msî   msî   msî   msî
1985      1986 1985       1986

A 8 20 50 60

B 2 6 15 10

C 1 2 20 25

D 2 5 10 8

E 1 5 40 30

Ô®î :

   bghU´      1985            1986

    p
0
       q

0
        p

1
      q

1
     p

1
q

0
    p

0
q

0
   p

1
q

1
 p

0
q

1

A 8 50 20 60 1000 400 1200 480

B 2 15 6 10 90 30 60 20

C 1 20 2 25 40 20 50 25

D 2 10 5 8 50 20 40 16

E 1 40 5 30 200 40 150 30

1380 510 1500 571

¾\Ç¬ ÉGÄa F¿Þ£bl© = 

10

11

00

01

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x

 x 100

= 
571

1500

510

1380
x x 100

= 2.6661 x 100 = 266.61

fhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjid

P
01

 x P
10

 = 1 vd ÃWt nt©L«.

P
01

 = 
10

11

00

01

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x  = 

571

1500

510

1380
x
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P
10

 = 
11

00

11

10

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x  = 

1380

510

1500

571
x

P
01

 x P
10  

= 
1380

510

1500

571

571

1500

510

1380
xxx  = 1

vdnt ¾\Ç¬ ÉGÄa F¿ÞL fhykh¦W¢ nrhjidia
Ãiwî br­»¬wJ.

fhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjid

P
01

 x Q
01

= 
00

11

qp

qp

Σ

Σ
 vd ÃWt nt©L«.

      Q
01

= 

10

11

00

01

pq

pq

pq

pq

Σ

Σ

Σ

Σ
x

 = 
1380

1500

510

571
x

∴ P
01

 x Q
01

= 
1380

1500

510

571

571

1500

510

1380
xxx

= 
510

1500
 = 

00

11

qp

qp

Σ

Σ

vdnt ¾\Ç¬ ÉGÄa F¿ÞL fhuÂ kh¦W¢ nrhjidia
Ãiwî br­»¬wJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

        ¾\Ç¬ N¤½u¤ij¥ ga¬gL¤½ F¿Þ£L¾\Ç¬ N¤½u¤ij¥ ga¬gL¤½ F¿Þ£L¾\Ç¬ N¤½u¤ij¥ ga¬gL¤½ F¿Þ£L¾\Ç¬ N¤½u¤ij¥ ga¬gL¤½ F¿Þ£L¾\Ç¬ N¤½u¤ij¥ ga¬gL¤½ F¿Þ£L
v©iz¡v©iz¡v©iz¡v©iz¡v©iz¡ fz¡»Lf. ,²bt© fhykh¦W k¦W« fz¡»Lf. ,²bt© fhykh¦W k¦W« fz¡»Lf. ,²bt© fhykh¦W k¦W« fz¡»Lf. ,²bt© fhykh¦W k¦W« fz¡»Lf. ,²bt© fhykh¦W k¦W«
fhuÂkh¦W nrhjidfis Ãiwî br­»¬wJ vd¡fhuÂkh¦W nrhjidfis Ãiwî br­»¬wJ vd¡fhuÂkh¦W nrhjidfis Ãiwî br­»¬wJ vd¡fhuÂkh¦W nrhjidfis Ãiwî br­»¬wJ vd¡fhuÂkh¦W nrhjidfis Ãiwî br­»¬wJ vd¡
fh©f.fh©f.fh©f.fh©f.fh©f.

    bghU´bghU´bghU´bghU´bghU´       mo¥gil M©L   el¥ò M©L mo¥gil M©L   el¥ò M©L mo¥gil M©L   el¥ò M©L mo¥gil M©L   el¥ò M©L mo¥gil M©L   el¥ò M©L
Éiy  msî   Éiy   msîÉiy  msî   Éiy   msîÉiy  msî   Éiy   msîÉiy  msî   Éiy   msîÉiy  msî   Éiy   msî

A 10 12 12 15

B 7 15 5 20

C 5 24 9 20

D 16 5 14 5



211

Ô®î :

   bghU´   mo¥gil  el¥ò
    M©L M©L
    p

0
       q

0
        p

1
      q

1
     p

1
q

0
    p

0
q

0
   p

1
q

1
 p

0
q

1

A 10 12 12 15 144 120 180 150

B 7 15 5 20 75 105 100 140

C 5 24 9 20 216 120 180 100

D 16 5 14 5 70 80 70 80

505 425 530 470

¾\Ç¬ ÉGÄa F¿ÞL = 

10

11

00

01

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x

x 100

= 
470

530

425

505
x  x 100 = 115.75

fhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjidfhy kh¦W¢ nrhjid

 P
01

 x P
10

 = 1  vd ÃWt nt©L«.

P
01

= 
10

11

00

01

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x  = 

470

530

425

505
x

P
10

= 
01

00

11

10

qp

qp

qp

qp

Σ

Σ

Σ

Σ
x  = 

505

425

530

470
x

P
01

 x P
10  

= 
505

425

530

470

470

530

425

505
xxx  = 1

vdnt ¾ÎÇ¬ ÉGÄa F¿Þ£bl© fhy kh¦W¢
nrhjidia Ãiwî br­»wJ.

fhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjidfhuÂ kh¦W¢ nrhjid

P
01

 x Q
01

 = 
00

11

qp

qp

Σ

Σ
 vd ÃWt nt©L«.

       Q
01

= 

10

11

00

01

pq

pq

pq

pq

Σ

Σ

Σ

Σ
x

 = 
505

425

530

470
x
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P
01

 x Q
01

= 
505

530

425

470

470

530

425

505
xxx

= 
425

530
 = 

00

11

qp

qp

Σ

Σ

vdnt ¾\Ç¬ ÉGÄa F¿ÞL/ fuhÂ kh¦W¢
nrhjidia Ãiwî br­»wJ.

10.4.6  th³¡if¤ju F¿Þ£bl©th³¡if¤ju F¿Þ£bl©th³¡if¤ju F¿Þ£bl©th³¡if¤ju F¿Þ£bl©th³¡if¤ju F¿Þ£bl©
[Cost of living index (CLI)]

xU F¿¥¾£l msî g©l§f´ k¦W« nritf´
M»at¦¿¦F tho¡ifahs® brY¤J« ÉiyfË±/
fhy¥ngh¡»± V¦gL« ruhrÇ kh¦w¤½id¡ F¿¡F« tifÆ±
th³¡if¤ ju F¿Þ£bl©f´ totik¡f¥gL»¬wd.
th³¡if¤ ju F¿Þ£L v© MdJ Ef®nth® Éiy F¿Þ£bl©
(Consumer price index number) vdî« miH¡f¥gL»¬wJ.

¼±yiu ÉiyfË¬ ÃiyfË± V¦gl¡Toa kh¦w§f´/
gytif k¡fË¬ th³¡if bryit g±ntW ÃiyfË±
gh½¡»wJ  v¬gJ m¿ªj x¬whF«.  bghJthd
F¿Þ£lbl©zh± ,ij btË¥gL¤Jtbj¬gJ ,ayhjJ
MF«.  Mfnt gy¥gF½fË± t¼¡f¡Toa gy ¾Çî k¡fË¬
nk± ½Â¡f¥gL« Éiy V¦w§fsh± V¦gL« Éisîfis¡
f©l¿a th³¡if¤ ju F¿Þ£bl© mik¥gJ mt¼akh»wJ.
C½a ca®É¦fhd nfhÇ¡iff´ th³¡if¤ ju
F¿Þ£bl©iz mo¥gilahf¡ bfh©lit v¬gJ
F¿¥¾l¤j¡fjhF«.  gy ehLfË±/ C½a« k¦W« r«gs«
M»aitf´ th³¡if¤ ju F¿Þ£bl©fis fU¤½± bfh©L
kh¦w§f´ br­a¥gL»¬wd.

10.4.7  th³¡if¤ ju F¿Þ£bl©iz mik¡F«th³¡if¤ ju F¿Þ£bl©iz mik¡F«th³¡if¤ ju F¿Þ£bl©iz mik¡F«th³¡if¤ ju F¿Þ£bl©iz mik¡F«th³¡if¤ ju F¿Þ£bl©iz mik¡F«
Kiwf´Kiwf´Kiwf´Kiwf´Kiwf´

Ñ³f©l KiwfË± th³¡if¤ ju F¿Þ£bl©
mik¡f¥gL»wJ.
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(i) bkh¤j bryî Kiw m±yJ ÃiwÆ£l bkh¤j Kiw
(Aggregate expenditure method or weighted aggregative

method)

(ii) FL«g tuî bryî¤ ½£l Kiw (Family budget

method)

bkh¤j bryî Kiwbkh¤j bryî Kiwbkh¤j bryî Kiwbkh¤j bryî Kiwbkh¤j bryî Kiw

,«KiwÆ± mo¥gil M©o± xU F¿¥¾£l ¾ÇÉduh±
th§f¥gL« bghU´fË¬ msîfis Ãiwfshf
ga¬gL¤j¥gL»¬wd.  ,ªj Ãiwfis mo¥gilahf¡
bfh©L/ bkh¤j bryit mo¥gil M©L k¦W« el¥ò
M©LfS¡F fz¡»£L rjåj kh¦w§fS«
fz¡»l¥gL»¬wd.

∴  th³¡if¤ ju F¿Þ£L v©  (C.L.I) = 

00

01

qp

qp

Σ

Σ

 x 100

th³¡if¤ ju F¿Þ£bl©iz mik¥g½±/ bkh¤j bryî
Kiw midtuhY« e¬F m¿ªjjhF«.

FL«g tuî bryî¤ ½£l KiwFL«g tuî bryî¤ ½£l KiwFL«g tuî bryî¤ ½£l KiwFL«g tuî bryî¤ ½£l KiwFL«g tuî bryî¤ ½£l Kiw

,«KiwÆ± Éiyfis th§f¥gL« msîfsh± bgU¡f¡
»il¡F« k½¥òfis (mjhtJ p

0
q

0
) Ãiwfshf vL¤J¡

bfh´s¥gL»¬wd.  bjhl®ò Éiyfis Ãiw k½¥òfnshL
bgU¡f¡ »il¡F« bkh¤j¤ij/ Ãiwk½¥ò¡fË¬
bkh¤j¤jh± tF¡f »il¡F« k½¥ò/ th³¡if¤ ju
F¿Þ£bl© MF«.

∴ th³¡if¤ ju F¿Þ£bl© = 

V

PV

Σ
Σ

,§F   P = 

0

1

p

p

 x 100 MdJ bjhl®ò Éiyf´  (price

relatives) k¦W« V =  p
0
q

0  
MdJ x²bthU cU¥goÆ¬ Ãiw

k½¥ò.
,«Kiw bjhl®ò ÉiyfË¬ ÃiwruhrÇ Kiw¡F

x¥ghF«.
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10.4.8  th³¡if¤ ju F¿Þ£bl©Â¬ ga¬f´th³¡if¤ ju F¿Þ£bl©Â¬ ga¬f´th³¡if¤ ju F¿Þ£bl©Â¬ ga¬f´th³¡if¤ ju F¿Þ£bl©Â¬ ga¬f´th³¡if¤ ju F¿Þ£bl©Â¬ ga¬f´
(i) C½a Ã®za« k¦W« C½a x¥gªj« ,t¦¿¦F

th³¡if¤ ju F¿Þ£bl© K¡»akhf ga¬gL¤j¥
gL»wJ.

(ii) bjhÊyhs®fË¬ C½a¤½¦fhd mfÉiy¥goia¡
fz¡»l ,J ga¬gL»wJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

bkh¤j bryî F¿Þ£bl© Kiw _y«bkh¤j bryî F¿Þ£bl© Kiw _y«bkh¤j bryî F¿Þ£bl© Kiw _y«bkh¤j bryî F¿Þ£bl© Kiw _y«bkh¤j bryî F¿Þ£bl© Kiw _y«
th³¡if¤ ju F¿Þ£bl©iz fh©f.th³¡if¤ ju F¿Þ£bl©iz fh©f.th³¡if¤ ju F¿Þ£bl©iz fh©f.th³¡if¤ ju F¿Þ£bl©iz fh©f.th³¡if¤ ju F¿Þ£bl©iz fh©f.

     bghU´bghU´bghU´bghU´bghU´ msîmsîmsîmsîmsî Éiy (%)Éiy (%)Éiy (%)Éiy (%)Éiy (%)

   2000       2000   2003

A 100 8 12.00

B 25 6 7.50

C 10 5 5.25

D 20 48 52.00

E 65 15 16.50

F 30 19 27.00

Ô®î :

 bghU´    msî    Éiy
         2000       2000     2003

           q
0
            p

0
           p

1
            p

1
q

0
         p

0
q

0

A 100 8 12.00 1200.00 800

B 25 6 7.50 187.50 150

C 10 5 5.25 52.50 50

D 20 48 52.00 1040.00 960

E 65 15 16.50 1072.50 975

F 30 19 27.00 810.00 570

4362.50 3505
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C. L. I = 
00

01

qp

qp

Σ

Σ
 x 100  = 

3505

50.4362

 x 100 = 124.46

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

2000 M« M©il mo¥gilahf¡ bfh©LM« M©il mo¥gilahf¡ bfh©LM« M©il mo¥gilahf¡ bfh©LM« M©il mo¥gilahf¡ bfh©LM« M©il mo¥gilahf¡ bfh©L
FL«g tuî bryî ½£l KiwÆ¬ _y« Ñ³f©lFL«g tuî bryî ½£l KiwÆ¬ _y« Ñ³f©lFL«g tuî bryî ½£l KiwÆ¬ _y« Ñ³f©lFL«g tuî bryî ½£l KiwÆ¬ _y« Ñ³f©lFL«g tuî bryî ½£l KiwÆ¬ _y« Ñ³f©l
Étu§fS¡F Étu§fS¡F Étu§fS¡F Étu§fS¡F Étu§fS¡F 2003 M« M©o¦fhd th³¡if¤ juM« M©o¦fhd th³¡if¤ juM« M©o¦fhd th³¡if¤ juM« M©o¦fhd th³¡if¤ juM« M©o¦fhd th³¡if¤ ju
F¿Þ£bl©iz fz¡»Lf.F¿Þ£bl©iz fz¡»Lf.F¿Þ£bl©iz fz¡»Lf.F¿Þ£bl©iz fz¡»Lf.F¿Þ£bl©iz fz¡»Lf.

     cU¥gof´cU¥gof´cU¥gof´cU¥gof´cU¥gof´ ÉiyÉiyÉiyÉiyÉiy  Ãiw Ãiw Ãiw Ãiw Ãiw

                    2000         2003

czîczîczîczîczî 200 280 30

thlifthlifthlifthlifthlif 100 200 20

cilcilcilcilcil 150 120 20

vÇbghU´vÇbghU´vÇbghU´vÇbghU´vÇbghU´
k¦W« Ä¬rhu«k¦W« Ä¬rhu«k¦W« Ä¬rhu«k¦W« Ä¬rhu«k¦W« Ä¬rhu« 50 100 10

,ju bryîf´,ju bryîf´,ju bryîf´,ju bryîf´,ju bryîf´ 100 200 20

Ô®î :

FL«g tuî bryî¤ ½£l KiwÆ± CLI - fz¡»l± :

cU¥gof´        p
0

     p
1

       Ãiw   P=
0

1

p

p
x100    PV

V

czî 200 280 30 140 4200

thlif 100 200 20 200 4000

cil 150 120 20 80 1600

vÇbghU´
k¦W« Ä¬rhu« 50 100 10 200 2000

,ju bryîf´100 200 20 200 4000

                                   100                                             15800
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      th³¡if¤ ju F¿Þ£bl© = 
V

PV

Σ
Σ

 =

100

15800

 = 158

vdnt 2000 M« M©Ll¬ x¥¾LifÆ± 2003 M«
M©L th³¡if¢ brythdJ 58% m½fÇ¤J´sJ.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.4

1) (i) yhµ¾a®   (ii) gh¼ (iii) ¾\® M»a FÞ£L v©fis
¾¬tU« Étu§fS¡F fz¡»Lf.

  bghU´        Éiy        msî
         mo¥gil      el¥ò     mo¥gil      el¥ò

M©L      M©L      M©L      M©L

A 6 10 50 50

B 2 2 100 120

C 4 6 60 60

D 10 12 30 25

2) ¾¬tU« Étu§fS¡F Éiy¡ F¿Þ£L v©iz
(i) yhµ¾a®   (ii) gh¼ (iii) ¾\® M»a KiwfË± fz¡»Lf.

   bghU´         1999        1998

Éiy       msî          Éiy         msî

A 4 6 2 8

B 6 5 5 10

C 5 10 4 14

D 2 13 2 19

3) (i) yhµ¾a®   (ii) gh¼ (iii) ¾\® M»a FÞ£L v©fis
¾¬tU« Étu§fS¡F fz¡»Lf.
   bghU´        Éiy                         msî

 1980      1990 1980   1990

A 2 4 8 6

B 5 6 10 5

C 4 5 14 10

D 2 2 19 13

4) ¾¬tU« Étu§fS¡F Éiy¡ F¿Þ£L v©iz
(i) yhµ¾a®   (ii) gh¼ (iii) ¾\® M»a KiwfË± fz¡»Lf.
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    bghU´            mo¥gil M©L          el¥ò M©L
Éiy       msî         Éiy         msî

A 5 25 6 30

B 10 5 15 4

C 3 40 2 50

D 6 30 8 35

5) ¾¬tU« Étu§fis¡ bfh©L ¾\Ç¬ ÉGÄa
F¿Þ£bl©iz¡ fz¡»Lf.  nkY« ,J/ fhuÂ kh¦W¢
nrhjid k¦W« fhy kh¦W¢ nrhjid M»at¦iw Ãiwî
br­»wJ vd¡fh£Lf.

   bghU´       Éiy                         msî
         mo¥gil      el¥ò     mo¥gil      el¥ò

M©L      M©L      M©L      M©L

A 6 10 50 56

B 2 2 100 120

C 4 6 60 60

D 10 12 30 24

E 8 12 40 36

6) ¾¬tU« Étu§fis¡ bfh©L ¾\Ç¬ ÉGÄa
F¿Þ£bl©iz¡ fz¡»Lf.  nkY« ,J/ fhuÂ kh¦W¢
nrhjid k¦W« fhy kh¦W¢ nrhjid M»at¦iw Ãiwî
br­»wJ vd¡fh£Lf.

 bghU´  mo¥gil M©L          el¥ò M©L
        (1997)        (1998)

Éiy      msî          Éiy         msî

A 10 10 12 8

B 8 12 8 13

C 12 12 15 8

D 20 15 25 10

E 5 8 8 8

F 2 10 4 6
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7) 1999 M« M©il mo¥gilahf¡ bfh©L 2000 M«
M©o¦F ¾¬tU« Étu§fis¡ bfh©L bkh¤j¢ bryî
KiwÆ± th³¡if¤ ju F¿Þ£bl©iz¡ fh©f.

   bghU´     msî (»»)                     Éiy
         1999 1999        2000

A 6 5.75 6.00

B 1 5.00 8.00

C 6 6.00 9.00

D 4 8.00 10.00

E 2 2.00 1.80

F 1 20.00 15.00

8) FL«g tuî bryî¤ ½£l KiwÆ± th³¡if¤ ju
F¿Þ£bl©iz¡ fz¡»Lf.

bghU´ A B C D E F G H

mo¥gil M©o±
msî (myF) 20 50 50 20 40 50 60 40

mo¥gil M©o±
Éiy (%.) 10 30 40 200 25 100 20 150

el¥ò M©o±
Éiy (%.) 12 35 50 300 50 150 25 180

9) 1995 I mo¥gil M©lhf¡ bfh©L/ FL«g tuî bryî¤
½£l KiwÆ± ¾¬tU« Étu§fS¡F th³¡if¤ ju F¿Þ£L
v©iz¡ fz¡»Lf.
   bghU´         Ãiw         Éiy (xU my»¦F)

          1995       1996

A 40 16.00 20.00

B 25 40.00 60.00

C 5 0.50 0.50

D 20 5.12 6.25

E 10 2.00 1.50
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10) 1976 I mo¥gil M©lhf¡ bfh©L/ 1986 M« M©o¦F
¾¬tU« Étu§fis¡ bfh©L FL«g tuî bryî¤ ½£l
KiwÆ± th³¡if¤ ju F¿Þ£bl©iz¡ fz¡»Lf.

bghU´ P Q R S T U

mo¥gil M©L
1976 ± msî 50 25 10 20 30 40

1976 ± Éiy (%.)
(xU my»¦F) 10 5 8 7 9 6

1986 ± Éiy (%.)
(xU my»¦F) 6 4 3 8 10 12

10.5  ò´ËÆa± ju¡f£L¥ghLò´ËÆa± ju¡f£L¥ghLò´ËÆa± ju¡f£L¥ghLò´ËÆa± ju¡f£L¥ghLò´ËÆa± ju¡f£L¥ghL (SQC)

c¦g¤½ br­a¥gL« bghU£f´ x²bth¬W« xU
F¿¥¾£l ga¬gh£L¡F¤ njit¥gL«.  xU bghU´ mj¦fhd
ga¬gh£o¬ Ãa½fis Ãiwî br­tjhf mikíkhdh±
m¥bghUË¬ ju« ¼w¥ghf ,U¥gjhfî« ,±iybaÅ± mj¬
ju« Fiwthf ,U¥gjhfî« bfh´syh«.

v²tsîjh¬ ftdkhf bra±gL¤½dhY« ½U«g¤
½U«g¢ br­a¥gL« bra±f´ xnu kh½Çahf ,U¡fhJ.
ntWghLf´ ,U¡fjh¬ br­í«.  ¼y ca® E£g§fisíila
,aª½u§f´ jahÇ¡F« bghU´fË¬  g±ntW myFfS¡»ilna
ntWghLf´ fhz¥gLtJ mrhjhuzkhdj±y. vL¤J¡fh£lhf
j¡if mil¥gh¬f´/ F¥¾f´ Kjyhdt¦iw ½w¬Ä¡f
,aª½u§fis¡ bfh©L jahÇ¤jhY« g±ntW c¦g¤½
myFfS¡»ilna ¼¿jsî ntWghLf´ ,U¥gij¡ fhzyh«.
ntWghLf´ bgÇa msÉ± ,±iybaÅ± m²ntWghLfis¥
bghU£gL¤jhk± m²î¦g¤½¥ bghU´fË¬ msîf´
bfhL¡f¥g£l Ãa½fS¡F  c£g£L´sd vd¡ bfh´syh«.
Mdh± khWghLf´ xU F¿¥¾£l msî¡F nk± ,U¡Fkhdh±
mªj c¦g¤½¥ bghU£fis ÃuhfÇ¡f nt©L« k¦W«
m«khWghLfS¡fhd fhuz Éisîfis M­î br­a
nt©L«.
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10.5.1 khWghLfS¡fhd fhuz§f´khWghLfS¡fhd fhuz§f´khWghLfS¡fhd fhuz§f´khWghLfS¡fhd fhuz§f´khWghLfS¡fhd fhuz§f´  (Causes for

variation)

khWghLf´ V¦gLtj¦fhd ,u©L tif Éisîfshtd
(i) j¦bra± fhuz§f´  (ii)  F¿¥¾£l fhuz§f´.

(i) j¦bra± fhuz§f´j¦bra± fhuz§f´j¦bra± fhuz§f´j¦bra± fhuz§f´j¦bra± fhuz§f´     (Chance causes)

fhuzÄ¬¿ ,a±ghfnt j¦bra± fhuzkhf V¦gL«
khWghLf´ j¦bra± khWghLf´ (m) j¬Å¢ir khWghLf´
MF«. j¦bra± khWghLf´ V¦f¡Toait/ mDk½¡f¡
Toait k¦W« jÉ®¡f Koahjit.  mit c¦g¤½¥ bghUË¬
ju¤ij btFthf gh½¥g½±iy.

(ii) F¿¥¾£l fhuz§f´F¿¥¾£l fhuz§f´F¿¥¾£l fhuz§f´F¿¥¾£l fhuz§f´F¿¥¾£l fhuz§f´     (Assignable causes)

jtwhd ½£l« k¦W« bra±gLf´ fhuzkhf V¦gL«
khWghLf´ F¿¥¾£l fhuz§fsh± V¦gL« khWghLfshF«.
,it j¦brayhf el¥git m±y.  j¦bra± khWghLfË¬
fhuz§fis m¿aKoahJ.  Mdh± F¿¥¾£l fhuz§fsh±
V¦gL« ¾iHfis¡ f©l¿ªJ/ bra±gh£il¢ Ó® br­a Koí«.

10.5.2 ò´ËÆa± ju¡f£Lggh£o¬ g§F k¦W«ò´ËÆa± ju¡f£Lggh£o¬ g§F k¦W«ò´ËÆa± ju¡f£Lggh£o¬ g§F k¦W«ò´ËÆa± ju¡f£Lggh£o¬ g§F k¦W«ò´ËÆa± ju¡f£Lggh£o¬ g§F k¦W«
mj¬ ga¬f´mj¬ ga¬f´mj¬ ga¬f´mj¬ ga¬f´mj¬ ga¬f´

xU bra±ghL/ ò´ËÆa± ju¡f£Lgh£o¦F ,z§f
bra±gL»wjh v¬gij¡ f©L¾o¡f¤ njitahd
Étu§fis¢ nrfÇ¥gJ« mt¦iw Muh­tJ« ò´ËÆa±
ju¡f£L¥gh£o¬ g§fhF«.  xU bra±gh£o¬/ F¿¥¾£l fhuz
Éisîfsh± V¦gL« khWghLfis ÉiuªJ f©L¾o¡f
ò´ËÆa± ju¡f£L¥ghL cjî»wJ v¬gJ mj¬ ¼w¥ghF«.
c¦g¤½ahF« bghU´ Fiwí´sitahf khW« K¬dnu
khWghLfis¡ f©L¾o¤J mt¦iw¡ fisa Koí«.

ò´ËÆa± ju¡f£L¥ghL v¬gJ e¬F V¦W¡
bfh´s¥g£L gutyhf¥ ga¬gL¤j¥gL« bra±Kiw MF«.
khWghLfË¬ mo¥gilÆ± Koîf´ vL¥gj¦fhd neh¡f§f´
k¦W« c¤½f´ M»at¦iw e¬F òÇªJ bfh´tj¦fhd
mo¥gilna ò´ËÆa± ju¡f£L¥ghL MF«.  ò´ËÆa±



221

ju¡f£L¥ghL v¬gJ nfhshWfis f©L¾o¡F« Kiw
k£Lnk MF«.  ju« guhkÇ¡f¥gL»wjh ,±iyah v¬gij ,J
ek¡F TW»wJ.  jFªj Ó®gL¤J« tÊKiwfis¡ ifah©L
bjhl®ªJ c¦g¤½ahF« bghU´fË¬ ju¤ij¢ Óuhf
it¤½U¥gJ r«gªj¥g£l bjhÊ± E£g t±Yd®fËl« c´sJ.

ò´ËÆa± ju¡fh£Lgh£o¬ ga¬ghL ,Utif¥gL«
(a) bra±gh£L¤ ju¡f£L¥ghL (process control) (b) c¦g¤½
bghUË¬ ju¡ f£L¥ghL (product control)

bra±gh£L f£L¥gh£odh± F¿¥¾£l bra±ghL
f£L¥gh£o± c´sjh ,±iyah vd m¿a Ka±»nwh«.  c¦g¤½
bghUË¬ ju¡f£L¥ghL v¬gJ v½®fhy bra±gh£il¥ g¦¿
m¿tj¦F cjî»wJ.

10.5.3  bra±gh£L¤ ju¡ f£L¥ghL k¦W« c¦g¤½bra±gh£L¤ ju¡ f£L¥ghL k¦W« c¦g¤½bra±gh£L¤ ju¡ f£L¥ghL k¦W« c¦g¤½bra±gh£L¤ ju¡ f£L¥ghL k¦W« c¦g¤½bra±gh£L¤ ju¡ f£L¥ghL k¦W« c¦g¤½
bghUË¬ ju¡ f£L¥ghLbghUË¬ ju¡ f£L¥ghLbghUË¬ ju¡ f£L¥ghLbghUË¬ ju¡ f£L¥ghLbghUË¬ ju¡ f£L¥ghL

c¦g¤½ br­a¥gL« bghU´fË¬ ju« F¿¥¾£l ju
Ãa½fS¡F V¦g ,U¡FkhW br­tJ c¦g¤½¢
bra±KiwÆ¬ K¡»a neh¡fkhF«.  mjhtJ c¦g¤½
br­a¥gL« bghU£fË± FiwghLila bghU£fË¬ É»j
msî bgÇa msÉ± ,±yhkÈU¡FkhW br­a ÉiH»nwh«.
,j¦F bra±gh£L ju¡ f£L¥ghL v¬W bga®.  ju¡
f£L¥gh£L¥ gl§f´ (control charts) _y« ,jid eh«
rh½¡»nwh«.

c¦g¤½ bghUË¬ ju¡ f£L¥ghL v¬gJ c¦g¤½
br­a¥g£l bghU£fË¬ ju¤ij K¡»akhd f£l§fË±
fLikahf M­î br­J ju¤ij Ãiy ÃW¤JtjhF«.  lh÷
k¦W« nuhÄ¡ (Dodge and Romig)  M»nahuh± cUth¡f¥g£l
TbwL¤j± M­î ½£l§fsh± (sampling inspection plans)

c¦g¤½ bghUË¬ ju¡ f£L¥ghL bra±gL¤j¥gL»wJ.
c¦g¤½ahs® vªj msÉ± ju¤ij¥ guhkÇ¤jhY«/
Ef®nthU¡F xU F¿¥¾£l msî ju¤½± bghU£f´ »il¡f¢
br­tJ c¦g¤½ bghUË¬ ju¡ f£L¥gh£o¬ neh¡fkhF«.
rªij¡F mD¥g¥gL« bghU£fË± bgÇa msÉ±
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FiwghLfisíila bghU£f´ ,±yhkÈU¡FkhW c¦g¤½
bghUË¬ ju¡ f£L¥ghL cW½ br­»wJ.

10.5.4  ju¡ f£L¥gh£L¥ gl§f´ju¡ f£L¥gh£L¥ gl§f´ju¡ f£L¥gh£L¥ gl§f´ju¡ f£L¥gh£L¥ gl§f´ju¡ f£L¥gh£L¥ gl§f´     (Control Charts)

bra±gh£L¤ ju¡ f£L¥gh£o± ga¬gL« ò´ËÆa±
fUÉahdJ ju¡ f£L¥gh£L¥ gl§f´ MF«.  khWghLfË¬
g±ntW mik¥òfis És¡F« tifÆ± mit mikí«.  1924

M« M©L bg± bjhiyng¼ ÃWtd¤ij¢ rh®ªj ,a¦¾a±
m¿…® th±l® A. µOth®£ (Walter A. Stewart) v¬gtuh± ju¡
f£L¥gh£L gl§f´ cUth¡f¥g£L nk«g¥gL¤j¥g£ld.
f£L¥gh£L gl§f´ _¬W tÊfË± ga¬gLbkd mt®
F¿¥¾£lh®.  Kjyhtjhf ÃWtd« Ãiy ÃW¤j ÉU«ò«
ju¤½¬ msit mW½Æ£L F¿¥¾l f£L¥gh£L gl§f´
ga¬gL«.  ,u©lhtjhf mªj mW½Æ£l ju¤ij
v£Ltj¦fhd fUÉahf¥ ga¬gL«.  _¬whtjhf/
bra±ghLf´/ v£l ÉiHí« ju¤ij milí« t©z«
mikªJ´sdth vd m¿a cjî«.  ju¡f£L¥ghL v¬gJ
Ãa½f´ mik¡fî« mj¦nf¦g c¦g¤½ br­aî« k¦W«
mjid nrhjid br­aî« ga¬gL« xU fUÉahF«.

F¿¥¾£l ju¤½ÈUªJ khWghLf´ v¤jid Kiwf´
k¦W« vªj msîfË± V¦gL»¬wd v¬gij tiugl« thÆyhf
És¡Ftnj xU ju¡ f£L¥gh£L gl¤½¬ mo¥gilahF« ju¡
f£L¥gh£L gl§fis cUth¡FtJ vËJ.  mjdo¥gilÆ±
És¡fkË¥gJ« vËJ.  bra±ghLf´ f£L¥gh£o± ,U¡»wjh
,±iyah v¬gij nknyh£lkhf neh¡F«bghGJ nkyhs®
òÇªJ bfh´s¤ ju¡ f£L¥gh£L gl§f´ cjî»wJ.

bghJthf¤ ju¡ f£L¥gh£L gl« _¬W »ilk£l¡
nfhLfis¡ bfh©oU¡F«.

(i) bra±gh£o± Ãiy ÃW¤j ÉU«ò« ju¤½¬ msit¡
F¿¡F« k¤½a¡ nfhL (CL)

(ii) nk±k£l f£L¥gh£L v±iy¡ nfhL (UCL) k¦W«

(iii) Ñ³k£l f£L¥gh£L v±iy¡ nfhL (LCL)
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ju¡ f£L¥gh£o¬ És¡f¥gl«ju¡ f£L¥gh£o¬ És¡f¥gl«ju¡ f£L¥gh£o¬ És¡f¥gl«ju¡ f£L¥gh£o¬ És¡f¥gl«ju¡ f£L¥gh£o¬ És¡f¥gl«

TWf´

m²t¥nghJ xU TW vL¡f¥g£L mj¦fhd Égu§f´
tiugl¤½± F¿¡f¥gL»¬wd.  v±yh TW¥ ò´ËfS«
nk±k£l k¦W« Ñ³k£l f£L¥gh£L v±iy¡nfhLfS¡»ilna
mikíkhdh± bra±ghL `f£L¥gh£o±p ,U¥gjhf¡
bfh´s¥gL« k¦W« j¦bra± fhuz§f´ k£Lnk
fhz¥gL»¬wd vd¡ bfh´syh«.  xU TW ò´Ë f£L¥gh£L
v±iyfS¡F btËna mikíkhdh± khWghLf´ F¿¥¾£l
fhuz§fsh± V¦gL»¬wd v¬W bfh´syh«.

ju¡ f£L¥gh£L gl§fË¬ tiff´ju¡ f£L¥gh£L gl§fË¬ tiff´ju¡ f£L¥gh£L gl§fË¬ tiff´ju¡ f£L¥gh£L gl§fË¬ tiff´ju¡ f£L¥gh£L gl§fË¬ tiff´

bghJthf ju¡ f£L¥gh£L¥ gl§f´ ,U tif¥gL«

(i) kh¿fË¬ f£L¥gh£L¥ gl§f´

(ii) g©òfË¬ f£L¥gh£L¥ gl§f´

bjhl®ªJ khW« j¬ikí´s kh¿fË¬ f£L¥gh£L¥
gl§f´ X  k¦W« R gl§fis¥ ga¬gL¤J»¬wd.

c, np k¦W« p ngh¬w g©òf´ g¦¿a f£L¥gh£L¥
gl§f´/ msÉl Koahj juFzh½ra§fis m±yJ g©òfis
(Fiwí´s m±yJ Fiwa¦w c¦g¤½¥ bghU´) g¦¿¤
bjÇÉ¡»wJ.

O

↑

→

j
u 

m
y

F

1 2 3 4 5 6 7 8

f£L¥gh£o¦F btËna

f£L¥gh£o¦F btËna

UCL

CL

LCL

+3 σ

 −3 σ

↑

↑
↓

↓

(gl« 10.9)
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,¥ghl¤½± eh« kh¿fË¬ f£L¥gh£L¥ gl§fshd 

X

k¦W« R f£L¥gh£L¥ gl§f´ g¦¿ k£L« go¡fÉU¡»nwh«.

R-gl«gl«gl«gl«gl« (å¢R gl«å¢R gl«å¢R gl«å¢R gl«å¢R gl«)

xU bra±gh£o± ju¤½¬ ¼jw± m±yJ khWghLfis¡
F¿¡f  R gl« (range chart) ga¬gL¤j¥gL»wJ.  R gl« 

X

gl¤½¬ Jiz¥ glkhF«. eh« vL¤J¡bfh©l bra±gh£oid
nghJkhd msî M­î br­a ,U gl§fSnk njit¥gL«.
bghJthf R gl« 

X

gl¤Jl¬ bfhL¡f¥gL«. R gl« jah®

br­tJ 

X

gl« jah® br­tJ ngh¬wnj/  R gl« tiua¤
njitahd k½¥òf´ :

(i) x²bthU T¿¬ å¢R, R.

(ii) å¢RfË¬ ruhrÇ, 

R

(iii) U.C.L = D
4

R

L.C.L  = D
3

R
v¬gd v±iy¡nfhLfshF«.  D

4
 k¦W« D

3
 k½¥òfis

m£ltizÆÈUªJ bgwyh«.
X

 gl« gl« gl« gl« gl« (

X

 chart)

xU bra±gh£o¬ TWfË¬ ju¡ f£L¥ghL ruhrÇfis

fh£Ltj¦fhf 

X

 gl« ga¬gL¤j¥gL»wJ. 

X

 gl« tiutj¦F

¾¬tU« Étu§fis¡ f©L¾o¡f nt©L«.

i)

X

i
  : i = 1, 2 ... n v¬w TWf´ x²bth¬¿¬ ruhrÇ

ii) mid¤J TW ruhrÇfË¬ ruhrÇ

 

X

 = 

n
nX ...  X  X

21
+++

,½± n  v¬gJ TWfË¬ v©Â¡if

iii) U.C.L. = X + A
2

R
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LCL  = 

X

−  A
2

R

, ,½±  

R

 = 

n

i

n

i
R

1=
Σ

 v¬gJ

TWå¢Rf´ R
i
 ,¬ ruhrÇ MF«.

n ,¬ bt²ntW k½¥òfS¡fhd  A
2
 k½¥òfis

m£ltizÆÈUªJ bgwyh«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 28

Ä¬ És¡Ff´ c¦g¤½ br ­a¥gL«Ä¬ És¡Ff´ c¦g¤½ br ­a¥gL«Ä¬ És¡Ff´ c¦g¤½ br ­a¥gL«Ä¬ És¡Ff´ c¦g¤½ br ­a¥gL«Ä¬ És¡Ff´ c¦g¤½ br ­a¥gL«
bra±gh£o± xU kÂ¡F xU Ä¬ És¡F åj« bra±gh£o± xU kÂ¡F xU Ä¬ És¡F åj« bra±gh£o± xU kÂ¡F xU Ä¬ És¡F åj« bra±gh£o± xU kÂ¡F xU Ä¬ És¡F åj« bra±gh£o± xU kÂ¡F xU Ä¬ És¡F åj«  6

Ä¬És¡Ff´ vL¡f¥gL»¬wd. ,njngh± Ä¬És¡Ff´ vL¡f¥gL»¬wd. ,njngh± Ä¬És¡Ff´ vL¡f¥gL»¬wd. ,njngh± Ä¬És¡Ff´ vL¡f¥gL»¬wd. ,njngh± Ä¬És¡Ff´ vL¡f¥gL»¬wd. ,njngh± 10

TWf´ vL¡f¥gL»¬wd.  ¾¬tU« Étu§f´TWf´ vL¡f¥gL»¬wd.  ¾¬tU« Étu§f´TWf´ vL¡f¥gL»¬wd.  ¾¬tU« Étu§f´TWf´ vL¡f¥gL»¬wd.  ¾¬tU« Étu§f´TWf´ vL¡f¥gL»¬wd.  ¾¬tU« Étu§f´
mt¦¿¬ ga¬gh£L¡ fhy¤ij (kÂÆ±)mt¦¿¬ ga¬gh£L¡ fhy¤ij (kÂÆ±)mt¦¿¬ ga¬gh£L¡ fhy¤ij (kÂÆ±)mt¦¿¬ ga¬gh£L¡ fhy¤ij (kÂÆ±)mt¦¿¬ ga¬gh£L¡ fhy¤ij (kÂÆ±)
F¿¡»¬wd vÅ±F¿¡»¬wd vÅ±F¿¡»¬wd vÅ±F¿¡»¬wd vÅ±F¿¡»¬wd vÅ±  X  k¦W«k¦W«k¦W«k¦W«k¦W«  R gl§f´ tiuªJgl§f´ tiuªJgl§f´ tiuªJgl§f´ tiuªJgl§f´ tiuªJ
m½ÈUªJ c¬ Koîfis¡ F¿¥¾Lf.m½ÈUªJ c¬ Koîfis¡ F¿¥¾Lf.m½ÈUªJ c¬ Koîfis¡ F¿¥¾Lf.m½ÈUªJ c¬ Koîfis¡ F¿¥¾Lf.m½ÈUªJ c¬ Koîfis¡ F¿¥¾Lf.

   TW v©TW v©TW v©TW v©TW v© ga¬gh£L fhy« (kÂÆ±)ga¬gh£L fhy« (kÂÆ±)ga¬gh£L fhy« (kÂÆ±)ga¬gh£L fhy« (kÂÆ±)ga¬gh£L fhy« (kÂÆ±)

1 620 687 666 689 738 686

2 501 585 524 585 653 668

3 673 701 686 567 619 660

4 646 626 572 628 631 743

5 494 984 659 643 660 640

6 634 755 625 582 683 555

7 619 710 664 693 770 534

8 630 723 614 535 550 570

9 482 791 533 612 497 499

10 706 524 626 503 661 754

(n = 6 vÅ±vÅ±vÅ±vÅ±vÅ±, A
2
 = 0.483,  D

3
 = 0,  D

4
 = 2.004 vdvdvdvdvd

bfhL¡f¥g£L´sJbfhL¡f¥g£L´sJbfhL¡f¥g£L´sJbfhL¡f¥g£L´sJbfhL¡f¥g£L´sJ)
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Ô®î :

TWf´        TLj± TW TW
          ruhrÇ 

X

å¢R R

1 4086 681 118

2 3516 586 167

3 3906 651 134

4 3846 641 171

5 4080 680 490

6 3834 639 200

7 3990 665 236

8 3622 604 188

9 3414 569 309

10 3774 629 251

         TLj± 6345 2264

k¤½anfhL 
X

 = TWfË¬ ruhrÇfË¬ ruhrÇ = 634.5
R

= TWfË¬ å¢RfË¬ ruhrÇ = 226.4

U.C.L. = 

X

+ A
2

R

= 634.5 + 0.483 x 226.4

= 634.5 + 109.35 = 743.85

L.C.L. = 

X

- A
2

R

= 634.5 - 0.483 x 226.4

= 634.5 - 109.35 = 525.15

k¤½a¡ nfhL

R

 = 226.4

U.C.L. = D
4

R

 = 2.004 x 226.4

= 453.7056

L.C.L. = D
3

R

 = 0 x 226.4 = 0
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.

.

. . .
.

.
.

X

 gl«

R gl«

0 1 2 3 4 5 6 7 8 9 10

TWf´

750

725

700

675

650

625

600
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550

525

T
W

 r
uh

r
Ç

.

(gl« 10.10)
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.

→
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→
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KoîKoîKoîKoîKoî :

R gl¤½± TWå¢RfË¬ xU ò´Ë  UCL ¡F btËÆ±
c´sJ.  vdnt bra±ghL f£L¥gh£o± ,±iy.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 29

x²bth¬W« msîx²bth¬W« msîx²bth¬W« msîx²bth¬W« msîx²bth¬W« msî  5 c´s g¤J TWfË¬c´s g¤J TWfË¬c´s g¤J TWfË¬c´s g¤J TWfË¬c´s g¤J TWfË¬
ruhrÇ k¦W« å¢Rf´ g¦¿a Étu§f´ ÑnHruhrÇ k¦W« å¢Rf´ g¦¿a Étu§f´ ÑnHruhrÇ k¦W« å¢Rf´ g¦¿a Étu§f´ ÑnHruhrÇ k¦W« å¢Rf´ g¦¿a Étu§f´ ÑnHruhrÇ k¦W« å¢Rf´ g¦¿a Étu§f´ ÑnH
bfhL¡f¥g£L´sd.  ru hrÇ k¦W« å¢RbfhL¡f¥g£L´sd.  ru hrÇ k¦W« å¢RbfhL¡f¥g£L´sd.  ru hrÇ k¦W« å¢RbfhL¡f¥g£L´sd.  ru hrÇ k¦W« å¢RbfhL¡f¥g£L´sd.  ru hrÇ k¦W« å¢R
gl§fS¡fhd k¤½a¡ nfhL k¦W« f£L¥gh£L¡gl§fS¡fhd k¤½a¡ nfhL k¦W« f£L¥gh£L¡gl§fS¡fhd k¤½a¡ nfhL k¦W« f£L¥gh£L¡gl§fS¡fhd k¤½a¡ nfhL k¦W« f£L¥gh£L¡gl§fS¡fhd k¤½a¡ nfhL k¦W« f£L¥gh£L¡
nfhLfË¬ v±iyfis¡ f©L bra±ghLnfhLfË¬ v±iyfis¡ f©L bra±ghLnfhLfË¬ v±iyfis¡ f©L bra±ghLnfhLfË¬ v±iyfis¡ f©L bra±ghLnfhLfË¬ v±iyfis¡ f©L bra±ghL
f£L¥gh£o± c´sjh v¬W f©L¾o.f£L¥gh£o± c´sjh v¬W f©L¾o.f£L¥gh£o± c´sjh v¬W f©L¾o.f£L¥gh£o± c´sjh v¬W f©L¾o.f£L¥gh£o± c´sjh v¬W f©L¾o.

TWf´TWf´TWf´TWf´TWf´ 1 2 3 4 5 6 7 8 9 10

ruhrÇruhrÇruhrÇruhrÇruhrÇ 

X

11.2 11.8 10.8 11.6 11.0 9.6 10.4 9.6 10.6 10.0

å¢Rå¢Rå¢Rå¢Rå¢R (R) 7 4 8 5 7 4 8 4 7 9

(n = 5 vÅ± vÅ± vÅ± vÅ± vÅ±,  A
2
 = 0.577,  D

3
 = 0  D

4
 = 2.115 vdvdvdvdvd

bfhL¡f¥g£L´sJbfhL¡f¥g£L´sJbfhL¡f¥g£L´sJbfhL¡f¥g£L´sJbfhL¡f¥g£L´sJ)

Ô®î :

X

 gl¤½± f£L¥gh£L v±iyf´

X

= 

n
1

 Σ X

= 
10

1
(11.2 + 11.8 + 10.8 + ...+ 10.0) = 10.66

       R = 

n
1

ΣR = 
10

1
(63) = 6.3

U.C.L = X + A
2

R

= 10.66 + (0.577 x 6.3) = 14.295

L.C.L. = 

X

− A
2

R

= 10.66 − (0.577 x 6.3) = 7.025

    CL = k¤½a nfhL = 

X

 = 10.66

å¢R gl«
U.C.L. = D

4

R

 = 2.115 x 6.3 = 13.324

L.C.L. = D
3

R

 = 0

C.L. = 

R

= 6.3
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X

 gl«

R gl«

KoîKoîKoîKoîKoî :

TWfË¬ ruhrÇf´ k¦W« å¢RfË¬ mid¤J
ò´ËfS« ju¡f£L¥gh£L v±iyfS¡F´nsna ,U¥gjh±
bra±ghL f£L¥gh£o± c´sJ vd¡ Twyh«.

0 1 2 3 4 5 6 7 8 9

     TWf´

16

14
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10

9

8

7

6

.

→

→

→UCL
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.
.

. .
.

.
.

. .

(gl« 10.12)
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(gl« 10.13)

↑
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.5

1) ¾¬tUtd 5 g½îfisíila 20 TWfË¬ 

X

 k¦W« R k½¥òf´
MF«. 

X

k¦W« R gl§fis tiuªJ Koîfis¤ jUf.

TWf´ 1 2 3 4 5 6 7 8 9 10

    

X

34 31.6 30.8 33 35 33.2 33 32.6 33.8 37.8

    R 4 4 2 3 5 2 5 13 19 6

 TWf´ 11 12 13 14 15 16 17 18 19 20

    

X

35.8 38.4 34 35 38.8 31.6 33 28.2 31.8 35.6

    R 4 4 14 4 7 5 5 3 9 6

(n = 5 vÅ±,  A
2
 = 0.58,  D

3
 = 0  D

4
 = 2.12)

2) ¾¬tUtdt¦¿¦F 

X

 k¦W« R gl§f´ tiuªJ Koîfis¡
F¿¥¾Lf.

TWf´ 1 2 3 4 5 6 7 8 9 10

140 138 139 143 142 136 142 143 141 142

143 143 133 141 142 144 147 137 142 137

137 143 147 137 145 143 137 145 147 145

134 145 148 138 135 136 142 137 140 140

135 146 139 140 136 137 138 138 140 132

TWf´ 11 12 13 14 15 16 17 18 19 20

137 137 142 137 144 140 137 137 142 136

147 146 142 145 142 132 137 142 142 142

142 142 139 144 143 144 142 142 143 140

137 142 141 137 135 145 143 145 140 139

135 140 142 140 144 141 141 143 135 137

(n = 5 vÅ±,  A
2
 = 0.58,  D

3
 = 0,  D

4
 = 2.12)

3) ¾¬tU« Étu§fËÈUªJ 

X

 k¦W« R gl§f´ tiuªJ
Koîfis¡ F¿¥¾Lf.

TWf´ 1 2 3 4 5 6 7 8 9

46 41 43 37 37 37 44 35 37

40 42 40 40 40 38 39 39 44

48 49 46 47 46 49 43 48 48
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TWf´ 10 11 12 13 14 15 16 17 18

45 48 36 40 42 38 47 42 47

43 44 42 39 40 40 44 45 42

49 48 48 48 48 48 49 37 49

(n = 3 vÅ±,  A
2
 = 1.02,  D

3
 = 0,  D

4
 = 2.58)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  10.6

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f
1) fhy«rh® bjhl® tÇir v¬»w bjhF¥ò Étu§f´ g½î

br­a¥gLtJ
(a) fhytu«¾¦nf¦g           (b) rkfhy ,ilbtËÆ±
(c) bjhl®¢¼ahd fhy¥ ò´ËfË± (d) nk¦f©l mid¤J«

2) fhy« rh® bjhl® tÇirÆ± ,U¥gJ
(a) ,u©L TWf´ (b) _¬W TWf´
(c) eh¬F TWf´ (d) ,t¦¿± VJÄ±iy

3) Ú©lfhy khWgh£Ll¬ bjhl®òila fhy«rh® bjhl®
tÇirÆ¬ xU TW ¾¬tUkhW miH¡f¥gL»wJ
(a) RH¦¼ khWghL (b) Ú´fhy ngh¡F
(c) Óu¦w khWghL (d) nk¦f©lit mid¤J«

4) FW»a fhy V¦w ,w¡f§fis¡ bfh©l fhy«rh® bjhl®
tÇirÆ¬ xU TW v¬gJ
(a) gUtfhy khWghL (b) RH¦¼ khWghL
(c) Óu¦w khWghL (d) nk¦f©lit mid¤J«

5) fhy«rh® bjhl® tÇirÆ± RH¦¼ khWghLf´ V¦gLtj¦fhd
fhuz«
(a) xU bjhÊ¦rhiyÆ± fjtil¥ò
(b) xU eh£o± el¡F« ngh®
(c) xU eh£o± V¦gL« bt´s« (d) ,t¦¿± VJÄ±iy

6) m¾ÉU¤½/ ¾¬Åw¡f«/ å³¢¼ k¦W« Û£¼ M»ait
F¿¥ghf ,jndhL bjhl®òilaJ

(a) RH¦¼ khWghL (b) gUt khWghL
(c) RH¦¼ mirîf´ (d) Óu¦w khWghL
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7) TWf´ T, S, C k¦W« I ,t¦iw¡ bfh©l T£L totik¥ò
(a) Y = T + S + C − I (b) Y = T + S X C + I

(c) Y = T + S + C + I (d) Y = T + S + C X I

8) et«g® Kj± kh®¢ tiuÆyhdfhy¤½± Iµ »ß« É¦gid
msÉ¬ å³¢¼ ,jndhL bjhl®ò bfh©ljhF«
(a) gUt khWghL (b) RH¦¼ khWghL
(c) Óu¦w khWghL (d) Ú´fhy ngh¡F

9) F¿Þ£L v© v¬gJ
(a) x¥Õ£L khWj±fË¬ msit (b) ruhrÇÆ¬ xU ¼w¥ò tif
(c) ÉG¡fh£o¬ x¥ÕL (d) nk¦f©lit mid¤J«

10) F¿Þ£L v©f´ ÉtÇ¡f¥gLtJ
(a) ÉG¡fhLfË± (b) É»j§fË±
(c) ½irÆyh v© k½¥òfË± (d) nk¦f©lit mid¤J«

11) bgU«gh¬ikahf ga¬gL¤j¥gL« F¿Þ£L v©f´
(a) gut± F¿Þ£L v© (b) Éiy F¿Þ£L v©
(c) k½¥ò F¿Þ£L v© (d) ,t¦¿± VJÄ±iy

12) m½f msÉ± ga¬gL¤j¥gL« F¿Þ£L v©fË¬ N¤½u§f´
(a) ÃiwÆ£l N¤½u§f´ (b) ÃiwÆlh N¤½u§f´
(c) Ãiyahd vilíila N¤½u§f´  (d) ,t¦¿± VJÄ±iy

13) yhµ¾aÇ¬ F¿Þ£L v©Â± ga¬gL¤j¥gL« vilf´
(a) mo¥gil M©o¬ msîf´ (b) el¥ò M©o¬ msîf´
(c) gy M©LfË¬ msîfË¬ ruhrÇ
(d) ,t¦¿± VJÄ±iy

14) gh¼Æ¬ F¿Þ£L v©Â± ga¬gL« vilf´
(a) mo¥gil M©il¢ nr®ªjit
(b) bfhL¡f¥g£l M©il¢ nr®ªjit
(c) VnjD« xU M©il¢ nr®ªjit   (d) ,t¦¿± VJÄ±iy

15) xU bjhÊ¦rhiyÆ± c¦g¤½ br­a¥gL« bghU´fË¬
khWghLfS¡F ,it fhuzkhF«
(a) j¦bra± khWghLf´ (b) F¿¥¾£l khWghLf´
(c) (a) k¦W« (b) ,u©L« (d) (a) k¦W« (b) ,±iy

16) c¦g¤½ br­a¥gL« bghU´fË± fhz¥gL« j¦bra±
fhuz§fsh± V¦gL« khWghLf´
(a) f£LgL¤j¡ Toad (b) f£L¥gL¤j Koahjit
(c) (a) k¦W« (b) ,u©L« (d) ,t¦¿± VJÄ±iy
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17) c¦g¤½ bghU´fË¬ ju Ãa½fË± V¦gL« bgU«
khWghLfS¡F bghJthd fhuz«
(a) rkth­¥ò bra±ghLf´   (b) F¿¥¾£l fhuz Éisîf´
(c) f©L¾o¡f Koahj fhuz Éisîf´
(d) nk¦f©l mid¤J«

18) c¦g¤½ bghU´fË± F¿¥¾£l fhuz§fsh± V¦gL«
khWghLfS¡F fhuz«
(a) jtwhd bra±ghL   (b) ,a¡Fgt®fË¬ my£¼a¤ j¬ik
(c) f¢rh bghU£fË¬ ju¡Fiwî   (d) nk¦f©l mid¤J«

19) ju¡ f£L¥gh£L gl§f´
(a) _¬W f£L¥gh£L¡ nfhLfis¡ bfh©lJ
(b) nk± k£L« Ñ³ f£L¥gh£L v±iyfis¡ bfh©lJ
(c) bra±gh£o¬ v±iyfis¡ bfh©lJ
(d) nk¦f©l mid¤J«

20) x£Lwî¡ bfGÉ¬ v±iyf´
(a) 0 ,± ,UªJ ∞ tiu (b) −∞ ,± ,UªJ ∞ tiu
(c) −1 ,± ,UªJ 1 tiu (d) ,t¦¿± VJÄ±iy

21) X k¦W« Y v¬gd ,U kh¿fbsÅ± m½f g£r« ,U¡f¡ ToaJ
(a) xU bjhl®ò ngh¡F¡ nfhL
(b) ,U bjhl®ò ngh¡F¡ nfhLf´
(c) _¬W bjhl®ò ngh¡F¡ nfhLf´
(d) ,t¦¿± VJÄ±iy

22) X ,¬ ÛJ Y ,¬ bjhl®ò ngh¡F¡ nfh£o± X v¬gJ
(a) rhuh kh¿ (b) rh®òila kh¿
(c) (a) k¦W« (b) (d) ,t¦¿± VJÄ±iy

23) (X, Y) v¬w kh¿fË¬ ¼jw± gl« F¿¥gJ
(a) mt¦¿¬ rh®ò¤ bjhl®ò (b) bjhl®ò ngh¡F totik¥ò
(c) ¾iHfË¬ gut± (d) ,t¦¿± VJÄ±iy

24) bjhl®ò ngh¡F¡ nfhLf´ bt£o¡ bfh´S« ò´Ë

(a) (X, Y) (b) (

X

, 

Y

)

(c) (0, 0 ) (d) ,t¦¿± VJÄ±iy

25) bjhl®ò ngh¡F v¬w brh±iy m¿Kf¥gL¤½at®
(a) R.A.¾\® (b) r® ~¾uh¬¼µ f±gh¬
(c) fh± ¾a®r¬ (d) ,t®fË± vtU« ,±iy
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Éilf´

tif¡bfG¢ rk¬ghLf´tif¡bfG¢ rk¬ghLf´tif¡bfG¢ rk¬ghLf´tif¡bfG¢ rk¬ghLf´tif¡bfG¢ rk¬ghLf´

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.1

1) (i) 2 k¦W« 1 (ii) 3 k¦W« 1   (iii) 2 k¦W« 2    (iv) 2 k¦W« 1

    (v) 2 k¦W« 3 (vi) 2 k¦W« 1   (vii) 2 k¦W« 3   (viii) 2 k¦W« 1

    (ix) 2 k¦W« 1 (x) 2 k¦W« 2

2) (i) 
dx

dy
x − y = 0    (ii) y = x 








dx

dy
 − 

dx

dy
 + 

2









dx

dy

    (iii) x

2









dx

dy
 − y

dx

dy
 + a = 0     (iv) 

2

2

dx

yd
 = 0

3) x
dx

dy
 + y = 0 4) 2xy

dx

dy
 + x2 − y2 = 0

5) y

2









dx

dy
 + 2x

dx

dy
 − y = 0 6) 

2

2

dx

yd
− 5

dx

dy
 + 6y = 0

7) 
2

2

dx

yd
 + 9y = 0    8) y 








2

2

dx

yd
 − 

2









dx

dy
 = 0   9) y

dx

dy
 + x = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.2

1) (i) sin−1y + sin−1x = c (ii) y − x = c(1 + xy)

    (iii) y + 2 = c(x − 1) (iv) 
22

11 yx +++ = c

2) (i) ey − 
2

2 xe
 − 

4

4x
 = c (ii) tan y = c 3

)1(
xe−

3) (i) log (y + a) = x2 + c (ii) (x2 + 1)(y2 + 1) = c2

   (iii) −
y
1

−log y − 
x
1

+ logx = c

4) (i) sin-1xy + 4x = c (ii) 
y
x

 + 
3x

e  = c
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5) (i) tan-1 (y + 2) = tan-1(x − 1) + c

    (ii) 
3

2
tan-1 







 +

3

12y
 + 

3

2
tan-1 







 +

3

12x
 = c

6) y = x3 + 2x − 4       7) y = x2       8) y(sin-1x) = 
3

π

9) x = c pn  10) x = c

P

11) bryî¢ rh®ò C = 
3

7e
 (e3x −1)

     ruhrÇ bryî¢ rh®ò = 
3

7e
x

e x
1

3 −

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.3

1) (i)
y
x

 = log x + c (ii) 
y

xy +
 = c

x

(iii) 
y
x

 + 3 log 
x

y
 + log x = c

(iv) 
x

y
 − log y = c (v) 

x

y
 








−1

x

y
x3 = c

(vi) log y + 2

2

2y

x
 = c (vii) 2tan-1 








x

y
 = log x + c

(viii) y + 22
yx +  = cx2 2)  c2 = q2 + 6q

3) y2 = 12x2 − 
2

128

x

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.4

1) (i) y sin x = x + c (ii) y cosec x = 2sin x +  c

(iii) y sinx = 

3

2
3
xSin

 + c (iv) y sinx = 2x2 − 
2

2π

(v) y = −2sin2x + 4sin3x (vi) 
3

x

y
 = 

x
1−

 + c

(vii) y(1 + x2) = tan-1x −

4

π

(viii) y cosx = ex + c
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(ix) y logx = −

2

2cos x

 + c 2)  Rs.13,720

3)  
1

C
−b

x
−

1

0

0
C

−b
x

 = b
x

a
−

b
x

a

0

    4) cq = 
2

a
(q2 − q

0

2) + c
0
 q

0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.5

1) (i) y = Ae4x + Be6x (ii) y = A + Be−x

(iii) y = Acos 2x + Bsin 2x (iv) y = (Ax + B)e−2x

2) (i) y = A
x

e 3

2

+ Be−3x (ii) y = (Ax + B) 
x

e 2

3

     (iii) y = 
x

e 6

1

(Acos
6

11
 x + Bsin

6

11
x)

3) (i) y = Ae12x + Bex + 
42

1
e−2x − 

11

5
xex

    (ii) y = Ae2x + Be3x + 
12

xe−

+ 
20

3
e−2x

    (iii) y = (Ax + B)e7x + 
49

3
 + 

2

2x
e7x

    (iv) y = A
5

x

e
−

 + 3

x

e (B + 
8

x
)

4) P = Ae−4t + Be2t + 3

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 6.6

1) a 2) c 3) b 4) b 5) c 6) a 7) c 8) a

9) b 10) c 11) a 12) c 13) c 14) a 15) d 16) a

17) c 18) a 19) b 20) c

,il¢brUf± k¦W« ne®¡nfhL bghU¤Jj±,il¢brUf± k¦W« ne®¡nfhL bghU¤Jj±,il¢brUf± k¦W« ne®¡nfhL bghU¤Jj±,il¢brUf± k¦W« ne®¡nfhL bghU¤Jj±,il¢brUf± k¦W« ne®¡nfhL bghU¤Jj±

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.1

1) 33     2) 41 ,y£r§f´     3) 7    4) 18      5) 384 l¬f´

6)  56.8672     7) 12.7696 8) 147411.91       9) 7237.87

10)  262.75    11) 124.1568 12) 478.625   13) 19    14) 32.93
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.2

3) y = x + 6.66

4) 4 ; -3 5) y = 0.38 x + 1.63    6) y = 1.19 x + 0.65

7) y = 0.0041x + 0.048       8) y = 1.33x + 0.72  ;  y = 5.375

9) y = 1.125x + 38     10) y = 1.48x + 1.26

11) y = 3.14x + 27.34  ;  y = 81 (njhuhakhf)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 7.3

1) c 2) b 3) a 4) b 5) c

6) a 7) c 8) c 9) b 10) c

Ãf³jfî gut±f´Ãf³jfî gut±f´Ãf³jfî gut±f´Ãf³jfî gut±f´Ãf³jfî gut±f´

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 8.1

1)  (ii)  k¦W«  (iii)   2) M«     3) (i)  
81

1
 ;  (ii) 

81

9
 , 

81

65
, 

81

24

4) (i) M«   (ii) F(x) =








≥

<≤

<

    2    ,1

21   ,
3

1

      1    ,0

x

x

x

5) 1     6) (a) 
2

1
  ; (b) 

4

1
  (c) 

4

3

7) (i) 
4

1
    (ii) F(x) =














≥

<≤

<≤

<≤

    3    ,1

30  ,
16

11

20  ,
16

7

10  ,
16

1

x

x

x

x

8)  k = 0.003 ;  (i) 0.00012  ;  (ii) 0.027      9)  1

10) (i) 
2

1
  ; (ii) 

2

1
    11) 2000

12) (i) 0.3935  (ii) 0.1481    (iii) 0.2231
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 8.2

1) 2.50    2)  7    3) 1.25    4) 3.4   5) -6.5,  6

6) 4 ; 4 ; 2        7) 2 ; 
4

1

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 8.3

1) 
1024

176
    2) 0.2    3) n = 9,  p = 

3

2
,  q = 

3

1
   4) 0.544320

5) 0.345     6) 0.762     7) 0.264    8) 0.0008

9) (i) 0.04979    (ii) 0.14937     10) 0.4060

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 8.4

1) (i) 0.0035   (ii) 0.9582

2) (i) 0.0581   (ii) 0.1519

3) 0.1587     4) 0     5) 125     6) (i) 123  (ii) 341

7) 66.01   8)  µ = 50,  σ = 10    9)  µ = 50.09,  σ = 19.4

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 8.5

1) b 2) a 3)c 4) a 5) c 6) b 7) b

8) b 9) c 10) a 11) b 12) c 13) b 14) c 15) c

TbwL¥ò c¤½f´ k¦W«TbwL¥ò c¤½f´ k¦W«TbwL¥ò c¤½f´ k¦W«TbwL¥ò c¤½f´ k¦W«TbwL¥ò c¤½f´ k¦W«
ò´ËÆa± c­¤Jz®j±ò´ËÆa± c­¤Jz®j±ò´ËÆa± c­¤Jz®j±ò´ËÆa± c­¤Jz®j±ò´ËÆa± c­¤Jz®j±

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.2

1)  (a) 9.0    (b) 4.47     (c) 9.0     (d) 3.06

2) (a) 9.0     (b) 4.47     (c) 9.0     (d) 2.58

3) (a) 22.4 ».». ;  0.008 ».».   (b) 22.4 ».».  ; 0.0079 ».».

4) 0.0122

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.3

1) (a) 6.35 ÄÛ. ; (b) 0.00055 ÄÛ2

2) (0.818,  0.829)  ; (b) (0.816, 0.832)
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3) ruhrÇ ,yhg« 72.6 ,y£r¤½¦F« k¦W« 77.4 ,y£r¤½¦F«

,ilÆ± ,U¡F«

4) ruhrÇ k½¥bg©f´ 72.6 ¡F« k¦w«  77.4 ¡F« ,ilÆ±

,U¡F«.

5) FiwghL´s bghU´fË¬ v©Â¡if 1230 ¡F« k¦W«

2270 ¡F« ,ilÆ± ,U¡F«.

6) (a)  45% k¦W« 65%  ;  (b) 42% k¦W« 68%

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.4

1) H
0
 : F¿¥¾l¥¾£l KGik¤ bjhF½Æ± ,UªJ vL¡f¥g£l

TW ; | Z | = 2.67 :     H
0
 MdJ ÃuhfÇ¡f¥g£lJ.

2) H
0
 : F¿¥¾l¥¾£l KGik¤ bjhF½Æ± ,UªJ vL¡f¥g£l

TW,    5% k£l¤½±,  | Z | = 2.2 ; H
0
 MdJ ÃuhfÇ¡f¥g£lJ

    1% k£l¤½±,   | Z | = 2.2 ; H
0
 MdJ V¦f¥g£lJ

3) H
0
 : µ = 10,   | Z | = 5.91 ; H

0
 MdJ 5% k£l¤½±

ÃuhfÇ¡f¥g£lJ.

4) H
0
 : P = 0.60,  | Z | = 5.9 ; H

0
 MdJ 1% k£l¤½±

ÃuhfÇ¡f¥g£lJ.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 9.5

1) c 2) c 3) b 4) c 5) a 6) c     7) c

ga¬gh£L¥ ò´ËÆa±ga¬gh£L¥ ò´ËÆa±ga¬gh£L¥ ò´ËÆa±ga¬gh£L¥ ò´ËÆa±ga¬gh£L¥ ò´ËÆa±

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.1

1) 60x
1
 + 120x

2
 < 12000,

8x
1
 + 5x

2
 < 600,

3x
1
 + 4x

2
 < 500,

x
1
,  x

2
 > 0  v¬w f£L¥ghLfS¡F ,z§f

Z = 30x
1
 + 40x

2
  ¬ bgUk k½¥ig¡ fh©f.
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2) x
1
 + x

2
 < 450,

2x
1
 + x

2
 < 600,

x
1
,  x

2
 > 0 v¬w f£L¥ghLfS¡F ,z§f

Z = 3x
1
 + 4x

2
  ¬ bgUk k½¥ig¡ fh©f.

3) x
1
 = 24, x

2
 = 14,  Z = 2200

4) x
1
 = 2.5,   x

2
 = 35,  Z = 147.5

5) x
1
 = 1, x

2
 = 5,  Z = 13.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.2

1) 0.9485 2) 0.2555     3) 0.7689     4) -0.9673

5) 0.3566 6) y = −0.65x + 11.90 ;  x = −1.30y + 16.40

7)  x = y + 6,  x = 26

8) y = 0.5932x + 38.79  ;  x = 0.7954y + 13.34

9) y = 0.25x + 24.75  ;  x = 0.2683y + 27.88

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.3

3) 100, 110, 120, 130, 140, 150, 160.

4) 42.31,  40.94,  39.56,  38.19,  36.81,  35.44,  34.06, 32.69.

5) −, 22, 23.33, 24, 23.67, 23.67, 24.33, 26, 26.33, −.

6) −, 87.33, 88.33, 89.67, 92, 95, −.

7) −, −, 495.75, 503.63, 511.63, 529.50, 553, 572.50, −, −.

8) −, −, 648.125, 661.500, 674.625, 687.875, 696.375,

715.250, 735.750, −, −.

9) y
t
 = 89 + 2(x − 1992) ; 83, 85, 87, 89, 91, 93, 95.

10) y
t
 = 55 − 2.65(x − 1996) ; 65.60, 62.95, 60.30, 57.65, 55,

52.35, 49.70, 47.05, 44.40, 39.10.

11) y
t
 = 15 + 1.83(x − 1986.5) ;

10.43, 12.26, 14.09, 15.92, 17.75, 19.58.
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12) y
t
 = 44 − 1.0714 





 −

.5

5.1995x
 ; 51.497, 49.355, 47.213,

45.071, 42.929, 40.787, 38.645, 36.503.

13) 105.10, 95.68, 99.35, 99.87

14) 98.4, 92.2, 108.9, 100.5       15) 98.4, 92.14, 108.9, 100.52

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.4

1) 136.54, 135.92, 136.23   2) 125, 126.21, 125.6

3) 125, 126.21, 125.6   4) 114.74, 112.73, 113.73

5) 139.79   6) 124.34   7) 119.09    8) 135.90

9) 124.41 10) 98.91

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.5

1) X = 33.6 ,   

R

= 6.2

X

 gl« : UCL = 37.446, LCL = 30.254

R

gl« : UCL = 0,  LCL = 13.14

2)
X

= 140.5 ,   
R

= 8.6
X

 gl« : UCL = 145.564, LCL = 135.356

R

gl« : UCL = 18.656,  LCL = 0

3)

X

= 43.1472 ,   

R

= 8.39

X

 gl« : UCL = 51.7078, LCL = 34.59

R

gl« : UCL = 21.6462,  LCL = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 10.6

1) d 2) c 3) b 4) d 5) d 6)c 7) c 8) a

9) d 10) a 11) d 12) a 13) a 14) b 15) c 16) d

17) b 18) d 19) a 20) c 21) b 22) a 23) a 24) b   25) b
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   Z     .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

0.0 .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0279 .0319 .0359

0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753

0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 .1141

0.3 .1179 .1217 .1255 .1293 .1331 .1368 .1406 .1443 .1480 .1517

0.4 .1554 .1591 .1628 .1664 .1700 .1736 .1772 .1808 .1844 .1879

0.5 .1915 .1950 .1985 .2019 .2054 .2088 .2123 .2157 .2190 .2224

0.6 .2258 .2291 .2324 .2357 .2389 .2422 .2454 .2486 .2518 .2549

0.7 .2580 .2612 .2642 .2673 .2704 .2734 .2764 .2794 .2823 .2852

0.8 .2881 .2910 .2939 .2967 .2996 .3023 .3051 .3078 .3106 .3133

0.9 .3159 .3186 .3212 .3238 .3264 .3289 .3315 .3340 .3365 .3389

1.0 .3413 .3438 .3461 .3485 .3508 .3531 .3554 .3577 .3599 .3621

1.1 .3643 .3665 .3686 .3708 .3729 .3749 .3770 .3790 .3810 .3830

1.2 .3849 .3869 .3888 .3907 .3925 .3944 .3962 .3980 .3997 .4015

1.3 .4032 .4049 .4066 .4082 .4099 .4115 .4131 .4147 .4162 .4177

1.4 .4192 .4207 .4222 .4236 .4251 .4265 .4279 .4292 .4306 .4319

1.5 .4332 .4345 .4357 .4370 .4382 .4394 .4406 .4418 .4429 .4441

1.6 .4452 .4463 .4474 .4484 .4495 .4505 .4515 .4525 .4535 .4545

1.7 .4554 .4564 .4573 .4582 .4591 .4599 .4608 .4616 .4625 .4633

1.8 .4641 .4649 .4656 .4664 .4671 .4678 .4686 .4693 .4699 .4706

1.9 .4713 .4719 .4726 .4732 .4738 .4744 .4750 .4756 .4761 .4767

2.0 .4772 .4778 .4783 .4788 .4793 .4798 .4803 .4808 .4812 .4817

2.1 .4821 .4826 .4830 .4834 .4838 .4842 .4846 .4850 .4854 .4857

2.2 .4861 .4864 .4868 .4871 .4875 .4878 .4881 .4884 .4887 .4890

2.3 .4893 .4896 .4898 .4901 .4904 .4906 .4909 .4911 .4913 .4916

2.4 .4918 .4920 .4922 .4925 .4927 .4929 .4931 .4932 .4934 .4936

2.5 .4938 .4940 .4941 .4943 .4945 .4946 .4948 .4949 .4951 .4952

2.6 .4953 .4955 .4956 .4957 .4959 .4960 .4961 .4962 .4963 .4964

2.7 .4965 .4966 .4967 .4968 .4969 .4970 .4971 .4972 .4973 .4974

2.8 .4974 .4975 .4976 .4977 .4977 .4978 .4979 .4979 .4980 .4981

2.9 .4981 .4982 .4982 .4983 .4984 .4984 .4985 .4985 .4986 .4986

3.0 .49865 .4987 .4987 .4988 .4988 .4989 .4989 .4989 .4990 .4990

3.1 .49903 .4990 .4991 .4991 .4992 .4992 .4992 .4992 .4993 .4993

3.2 .4993129 .4993 .4994 .4994 .4994 .4994 .4994 .4995 .4995 .4995

3.3 .4995166 .4995 .4995 .4996 .4996 .4996 .4996 .4996 .4996 .4997

3.4 .4996631 .4997 .4997 .4997 .4997 .4997 .4997 .4997 .4998 .4998

3.5 .4997674 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998 .4998

3.6 .4998409 .4998 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999

3.7 .4998922 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999 .4999

3.8 .4999277 .4999 .4999 .4999 .4999 .4999 .4999 .5000 .5000 .5000

3.9 .4999519 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000

½£l ,a±Ãiy¥ gut±½£l ,a±Ãiy¥ gut±½£l ,a±Ãiy¥ gut±½£l ,a±Ãiy¥ gut±½£l ,a±Ãiy¥ gut±


